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• Consider many particles with positions  , velocities   , and charges  . The 
radiation field at large distances can be found by adding together the  from each particle.

• However, the radiation field equations refer to conditions at retarded time, and the retarded times 
will differ for each particle. Therefore, we must keep track of the phase relations between the 
particles.

Dipole approximation: there are situations in which it is possible to ignore this difficulty. The 
condition for dipole approximation is simply equivalent to the nonrelativistic condition.

• Let  be the distance from some point in the system to the field point. Then,   
as  . Finally, we have

where the electric dipole moment is defined as

Note that the right-hand side of the above equations must still be evaluated at a retarded time, but 
using any point within the region, say, the position used to define . 
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• As before, for a single particle, we find the generalized formulas 
for the radiation patter and the total power, which are called the 
dipole approximation:

Note that the instantaneous polarization of  lines in the plane 
of    and n.

• Spectrum of radiation in the dipole approximation:

For simplicity we assume that  always lies in a single direction. 
Then, the magnitude of the electric field is given by

Fourier transform of  is defined as

Then, 
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As before, we find 

sin’ 0, dP d2 -=- 
dQ 4nc3 

P=,. 2d2 
3c 

(3.23a) 

(3.23b) 

This is called the dipole approximation and is a generalization of the 
formulas [Eqs. (3.18) and (3.19)] for a single nonrelativistic particle. The 
instantaneous polarization of E lies in the plane of d and n (see Fig. 3.5). 

As an application of the preceding analysis, let us consider the spectrum 
of radiation in the dipole approximation. For simplicity we assume that d 
always lies in a single direction. Then from Eq. (3.22a), we have 

sin 0 
c2R, 

E ( t )  = a( t)- , (3.24) 

where E ( t )  and d(t)  are the magnitudes of E(t) and d(t) ,  respectively. The 

Figure 3.5 Geometry and emission pattern for dipole radiation. 

where  is the magnitude of the 
dipole moment.

d(t)



• The energy per unit solid angle per frequency range in the dipole approximation is given 
by

The total energy per frequency range is

• The above formulas describe an interesting property of dipole radiation, namely, that the 
spectrum of the emitted radiation is related directly to the frequencies of oscillation of the 
dipole moment. However, this property is not true for particles with relativistic velocities.

• It is also worthwhile to note the dependence of  in the power spectrum.ω4 ∝ λ−4
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A general Multipole Expansion*
• The above treatment was obtained only qualitatively. We would like to be more explicit.

• Recall that the vector potential is

• Consider a Fourier analysis of the sources and fields:

Then, the vector potential becomes

This equation now relate single Fourier components of source  and potential .j A
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Note that this exponential term 
is caused by the retardation.



• Let’s choose an origin of coordinates inside the source of size L.  Then, at field points such that 
, we will expand the potential in a power series of .

Similarly,

r ≫ L kr′ 
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(1) The factor  outside the integral expresses the effect of retardation from the source 
as a whole.

(2) The factor  inside the integral expresses the relative retardation of each 
element of the source.

In our slow motion approximation, , the first and second integrals can be 
approximated, respectively, to be

Then, the vector potential becomes

exp(ikr)

exp(−ikn ⋅ r′ )

kL = 2πL /λ ≪ 1
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• The “electric” dipole approximation results from taking just the first term in the above 
equation:

• The second term give the “electric” quadrupole and “magnetic” dipole terms.

The term inside the integral can be expressed in terms of a symmetric and asymmetric 
terms for  and .

The first and second terms correspond to the electric quadrupole and magnetic dipole 
terms, respectively.

• Lamor’s formula is obtained by assuming , or in other words, by taking the far 
zone approximation in addition to the dipole approximation.

r′ j

kr ≫ 1
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Free electron: Thomson Scattering (Electron Scattering)
• Recall the dipole formula

• Let us consider the process in which a free charged particle (electron) radiates in response to 
an incident electromagnetic wave, as an important application of the dipole formula.

In non-relativistic case, we may neglect magnetic force.

        magnetic/electric force ratio in Lorentz force:

Consider a monochromatic wave with frequency  and linearly polarized in direction   :

Thus the force on a particle with the charge e is

the acceleration of the electron is

the dipole moment is

This describes an oscillating dipole.

ω0 ̂ϵ
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(recall )|E | = |B |



• We obtain the time-averaged power per solid angle  :

Recall that the time-averaged incident flux is

The differential cross section,   , for linearly polarized radiation is obtained by

where the quantity   gives a measure of the “size” of the point charge. (Note electrostatic 
potential energy  ). For an electron, the classical electron radius has a value  

.

The total cross section is found by integrating over solid angle .

For an electron, this scattering process is called Thomson scattering or electron scattering, and the 
Thomson cross section is

(⟨sin2 ω0t⟩ = 1/2)

dσ
dΩ

r0
eϕ = e2/r0 = mc2

r0 = 2.82 × 10−13 cm
(μ ≡ cos Θ)
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For an electron u = uT = Thomson cross section =0.665 X cm’. The 
above scattering process is then called Thomson scattering or electron 
scattering. 

Note that the total and differential cross sections above are frequency 
independent, so that the scattering is equally effective at all frequencies. 
However, this is really only valid for sufficiently low frequencies, so that a 
classical description is valid. At high frequencies, where the energy of 
emitted photons hv becomes comparable to or larger than m2, then the 
quantum mechanical cross sections must be used; this occurs for X-rays of 
energies hv20.511 MeV for electron scattering (see Chapter 7). Also, for 
sufficiently intense radiation fields the electron moves relativistically; then 
the dipole approximation ceases to be valid. 

We note that the scattered radiation is linearly polarized in the plane of 
the incident polarization vector E and the direction of scattering n. 

It is easy to get the differential cross section for scattering of unpolarized 
radiation by recognizing that an unpolarized beam can be regarded as the 
independent superposition of two linear-polarized beams with perpendicu- 
lar axes. Let us choose one such beam along E , ,  which is in the plane of the 
incident and scattered directions, and the second along c2, perpendicular to 
this plane. (See Fig. 3.7.) Let 0 be the angle between E ,  and n. Note that 
the angle between c2 and n is 7 / 2 .  We also have introduced the angle 
B = n / 2 - 0 ,  which is the angle between the scattered wave and incident 
wave. Now the differential cross section for unpolarized radiation is the 
average of the cross sections for scattering of linear-polarized radiation 

Figure 3.7 Geotnety for scattering impohtized mdiatim 

• Properties:

The total and differential cross sections are frequency independent.

The scattered radiation is linearly polarized in the plane of the incident polarization vector  and 
the direction of scattering .

: electron scattering is larger than ions by a factor of .

We have implicitly assumed that electron recoil is negligible. This assumption is only valid for 
nonrelativistic energies. For higher energies, the (quantum-mechanical) Klein-Nishina cross 
section has to be used.

• What is the cross section for scattering of unpolarized radiation?

An unpolarized beam can be regarded as the independent superposition of two linear-polarized 
beams (with the same strengths) with perpendicular axes.

Let us assume that   = direction of scattered radiation

                                 = direction of incident radiation

Choose

   the first electric field along  to be is in the  plane and

   the second one along  orthogonal to this plane and to .

̂ϵ
n

σ ∝ 1/m2 (mp/me)2 = (1836)2 ≈ 3.4 × 106

n
k

̂ϵ1 n − k
̂ϵ2 n
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• Let   = angle between  and , and note that angle between  and   is  .

         = angle between the scattered wave and incident wave 

Then, the differential cross section for unpolarized radiation is given by the average of the cross 
sections for scattering of two electric fields.

This depends only on the angle between the incident and scattered directions, as it should for 
unpolarized radiation.

Total cross section:

Θ ̂ϵ1 n ̂ϵ2 n π/2
θ = π/2 − Θ
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Properties of Thomson Scattering
• Forward-backward symmetry: differential cross section is symmetric under  

.

• Total cross section of unpolarized incident radiation = total cross section for 
polarized incident radiation. This is because the electron at rest has no preferred 
direction defined.

• Scattering creates polarization
The scattered intensity is proportional to , of which  1  arises from 
the incident electric field along    and    from the incident electric field 
along  .

“  ” of the polarization along   will be cancelled out by

the independent polarization along  .

Therefore, the degree of polarization of the scattered wave:

Electron scattering of a completely unpolarized incident wave produces a 
scattered wave with some degree of polarization.
No net polarization along the incident direction , since, by symmetry, 
all directions are equivalent.
100% polarization perpendicular to the incident direction , since the 
electron’s motion is confined to a plane normal to the incident direction.

θ → − θ

1 + cos2 θ
̂ϵ2 cos2 θ

̂ϵ1

cos2 θ ̂ϵ2

̂ϵ2 × n

(θ = 0)

(θ = π/2)
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Classical model to the motion of an electron in an atom
• Lorentz Oscillator Model to describe the interaction between atoms and electric fields: The 

electron (with a small mass) is bound to the nucleus of the atom  (with a much larger mass) by a 
force that behaves according to Hooke’s Law (a spring-like force). An applied electric field would 
then interact with the charge of the electron, causing “stretching” or “compression” of the spring.

• Hooke’s law: the force needed to extend or compress a spring by some distance ( ) scales linearly 
with respect to that distance — that is, , where  is a constant factor characteristic of the 
spring.

• The electron’s equation of motion:

x
F = kx k

external force, driving force, or external electric field
radiation reaction force (radiation damping)
the damping of a charge’s motion which arises because 
of the emission of radiation)

15
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[1] Spontaneous Emission: Radiation Damping, Free Oscillator
• Undriven Harmonically Bound Particles (free oscillator)

Since an oscillating electron represents a continuously accelerating charge, the electron will 
radiate energy. The energy radiated away must come from the particle’s own energy (energy 
conservation). In other words, there must be a force acting on a particle by virtue of the 
radiation it produces. This is called the radiation reaction force.

Let’s derive the formula for the radiation reaction force from the fact that the energy radiated 
must be compensated for by the work done against the radiation reaction force.

(1) On one hand, the radiative loss rate of energy, averaged over one cycle of the oscillating 
dipole, can be represented by the radiative reaction force:

(2) On the other hand, from the Larmor’s formula for a dipole, the radiative loss will be:

16



Abraham-Lorentz formula

Here,

We assume that the initial and final states are the same:

Then,

Therefore, we can obtain :  Abraham-Lorentz formula

17

Here,  is the oscillation period.τ



• Abraham-Lorentz formula:

This formula depends on the derivative of acceleration. This increases the degree of the equation 
of motion of a particle and can lead to some nonphysical behavior if not used properly and 
consistently.

For a simple harmonic oscillator with a frequency , we can avoid the difficulty by using

• This is a good assumption as long as the energy is to be radiated on a time scale that is long 
compared to the period of oscillation. In this regime, radiation reaction may be considered as a 
perturbation on the particle’s motion. We then rewrite the radiation reaction force as

ω0

damping constant  (Einstein A coefficient)
Note     in Quantum Mechanicsγ = A21

friction

This is the equation for a string-mass system 
subject to friction damping.

18
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Condition for this approximation:

T = the time interval over which the kinetic energy of the particle is changed substantially by the 
emission of radiation:

 = the typical orbital time scale for the particle:

Then, the condition is

where    is the time for radiation to cross a distance comparable to the classical electron radius.

In terms of frequency of the oscillator, this condition is equivalent to:

In terms of wavelength of the oscillator,

Therefore, in most cases, the approximation is valid.

tp

τc
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Here,  = acceleration.a

condition:



At this limit:

20



• Equation of motion of the electron in a Lorentz atom:

This equation may be solved by assuming that                   .

Assuming initial conditions 

we have

• Power spectrum:

This becomes large in the vicinity of    and   .

We are ultimately interested only in positive frequencies, and only in regions in which the values 
become large. Therefore, we obtain

ω = ω0 ω = − ω0

Damping oscillator

� Natural line broadening

8

2. Types of line broadening

Lineshape derivation from damped oscillator model (Ref. Demtröder)
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Emission Line profile
Recall the Lamor’s formula

Energy radiated per unit frequency:

For a harmonic oscillator, note that the equation of motion is  , the spring 
constant is   , and  the potential energy (energy stored in spring) is  .

From

Total emitted energy = initial potential energy of the oscillator:

Profile of the emitted spectrum:

F = − kx = − mω2
0x

k = mω2
0 (1/2)kx2

0

This is the Lorentz (natural) 
line profile for the  
spontaneous emission.
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Damping constant is the full width at half maximum (FWHM).

The line width    is a universal constant when expressed in terms of wavelength:Δω = γ

98 Radiotion fmm Moving Charges 

dW 
dW 

f 

WO 

Figme 3.8 
damped by mdiation neaction. 

Power spctmm for M tutdnmn, hrmonieally b o u n d  pnrtiele 

Equation (3.53) gives the frequency spectrum typical of a “decaying 
oscillator.” Note that this has a sharp maximum in the neighborhood of 
a= wo, since I’/wo< 1.  This is illustrated in Fig. 3.8, where it is seen that r 
is the full width at half maximum (FWHM). 

Using the definition of I‘ and k=mwi=spring constant, we can write 
Eq. (3.53) in the form 

dW 1 - 1 2 ~  
- =(;kx;) 
dw (w - wo)2  + (r12)~ 

(3.54) 

The first factor gives the initial potential energy of the particle (energy 
stored in spring). The second factor gives the distribution of the radiated 
energy over frequency. The integral over w can be performed easily, if we 
note that the range of integration can be taken as infinite, since the 
function is confined essentially to a small region about wo: 

W dw=-tan-’[  I 2(w-oo) ] = l .  

- w  
7r 

Thus we find that 

(3.55) 

is the total emitted energy, as it should by conservation of energy. 

    

Note: ϕ(ω)dω = ϕ(ν)dν

However, in Quantum Mechanics, the line width is not a universal constant.
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[2] Scattering: Driven Oscillator
• Driven Harmonically Bound Particles (forced oscillators)

Electron’s equation of motion (electric charge = -e): 

Steady-state solution of this equation:

The response is slightly out of phase with respect to the imposed field.

For  , the particle “leads” the driving force and for  , it “lags.”

Time-averaged total power radiated:

Fext = − eE0eiωt

ω > ω0 ω < ω0

Rybicki & Lightman use the 
following equation.

friction
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• Scattering cross section:

• Limiting Cases of Interest

(a)    (Thomson scattering by free electron)

At high incident energies, the binding becomes negligible. Therefore, this corresponds to the case 
of a free electron.

(b)   (Rayleigh scattering by bound electron)

- Rayleigh scattering refers to the scattering of light by particles smaller than the wavelength of the light.

- (blue color of the sky at sunrise) The dependence results in the indirect blue light coming from all 
regions of the sky.

- (red color of the sun at sunset) Conversely, glancing toward the Sun, the colors that were not scattered 
away - the longer wavelengths such as red and yellow light - are directly visible, giving the Sun itself a 
slightly yellowish color.

- However, view from space, the sky is black and the Sun is white.

ω ≫ ω0

ω ≪ ω0
This is the case where the electric filed appears 
nearly static and produces a nearly static force.

25



(c)   (Resonance scattering of line radiation)

In the neighborhood of the resonance, the shape of the scattering cross section is the same as 
the emission line profile from the free oscillator.

Total scattering cross section:

In evaluating this integral, we have apparently neglected a divergence, since the cross section 
approaches  for large .

However, note that the approximate formula for radiation reaction is only valid for   . 
Therefore, we must cut off the integral at a    such that  .

ω ≈ ω0

σT ω
ω0 ≪ ωc

ωmax ω0 ≪ ωmax ≪ ωc

Note that  and ν = 2πω σsca(ν) = σscat(ω)/2π
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We also note that the contribution to the integral from the constant Thomson limit is less than

The contribution is therefore negligible.

In the quantum theory of spectral lines,

we obtain similar formulas, which are

conveniently stated in terms of the classical results as

where          is called the oscillator strength or f-value for the transition between states n and n’.

Classical radiation
reaction invalid
At this regime, ionization 
and excitation to higher 
energy levels will occur.
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Resonance Line
• Resonance Line

A spectral line caused by an electron jumping between the ground state and the first energy level 
in an atom or ion. It is the longest wavelength line produced by a jump to or from the ground 
state.

Because the majority of electrons are in the ground state in many astrophysical environments, and 
because the energy required to reach the first level is the least needed for any transition, 
resonance lines are usually the strongest lines in the spectrum for any given atom or ion.



Resonance Lines

88 CHAPTER 9

Ca will be in the form of Ca III, which is unobservable. But from the Ca I/Ca II
the ionization conditions can be characterized, and the amount of Ca III estimated,
allowing the total gas-phase column density of Ca to be estimated. Unfortunately,
an unknown (but usually large) fraction of the Ca is generally locked up in dust
grains (this will be discussed in Chapter 23), and therefore from the Ca I and Ca II
observations alone, one cannot reliably estimate the total amount of H associated
with the observed Ca II absorption.

Another interesting case is Ti, where Ti I and Ti II, the two dominant ion stages
for Ti in an H I cloud, both have resonance lines in the optical, allowing the total
column of gas-phase Ti to be determined from ground-based observations. How-
ever, Ti also shares with Ca the problem that a large, but unknown, fraction of the
Ti is generally locked up in dust.

Most of the abundant atoms and ions, with a few exceptions (e.g., He, Ne, O II)
have permitted absorption lines in the vacuum ultraviolet with wavelengths long-
ward of 912 Å so that they will not photoionize hydrogen. Table 9.4 lists selected
resonance lines with 912 Å < ! < 3000 Å.

Table 9.4 Selected Resonance Linesa with ! < 3000 Å

Configurations ! u E!/hc( cm!1) "vac( Å) f!u
C IV 1s22s! 1s22p 2S1/2

2P o
1/2 0 1550.772 0.0962

2S1/2
2P o

3/2 0 1548.202 0.190
N V 1s22s! 1s22p 2S1/2

2P o
1/2 0 1242.804 0.0780

2S1/2
2P o

3/2 0 1242.821 0.156
O VI 1s22s! 1s22p 2S1/2

2P o
1/2 0 1037.613 0.066

2S1/2
2P o

3/2 0 1037.921 0.133

C III 2s2 ! 2s2p 1S0
1P o

1 0 977.02 0.7586
C II 2s22p! 2s2p2 2P o

1/2
2D o

3/2 0 1334.532 0.127
2P o

3/2
2D o

5/2 63.42 1335.708 0.114
N III 2s22p! 2s2p2 2P o

1/2
2D o

3/2 0 989.790 0.123
2P o

3/2
2D o

5/2 174.4 991.577 0.110

C I 2s22p2 ! 2s22p3s 3P0
3P o

1 0 1656.928 0.140
3P1

3P o
2 16.40 1656.267 0.0588

3P2
3P o

2 43.40 1657.008 0.104
N II 2s22p2 ! 2s2p3 3P0

3D o
1 0 1083.990 0.115

3P1
3D o

2 48.7 1084.580 0.0861
3P2

3D o
3 130.8 1085.701 0.0957

N I 2s22p3 ! 2s22p23s 4S o
3/2

4P5/2 0 1199.550 0.130
4S o

3/2
4P3/2 0 1200.223 0.0862

O I 2s22p4 ! 2s22p33s 3P2
3S o

1 0 1302.168 0.0520
3P1

3S o
1 158.265 1304.858 0.0518

3P0
3S o

1 226.977 1306.029 0.0519
Mg II 2p63s! 2p63p 2S1/2

2P o
1/2 0 2803.531 0.303

2S1/2
2P o

3/2 0 2796.352 0.608
Al III 2p63s! 2p63p 2S1/2

2P o
1/2 0 1862.790 0.277

2S1/2
2P o

3/2 0 1854.716 0.557
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Table 9.4 contd.

Configurations ! u E!/hc ( cm!1) "vac( Å) f!u
Mg I 2p63s2 ! 2p63s3p 1S0

1P o
1 0 2852.964 1.80

Al II 2p63s2 ! 2p63s3p 1S0
1P o

1 0 1670.787 1.83
Si III 2p63s2 ! 2p63s3p 1S0

1P o
1 0 1206.51 1.67

P IV 2p63s2 ! 2p63s3p 1S0
1P o

1 0 950.655 1.60
Si II 3s23p! 3s24s 2P o

1/2
2S1/2 0 1526.72 0.133

2P o
3/2

2S1/2 287.24 1533.45 0.133
P III 3s23p! 3s3p2 2P o

1/2
2D3/2 0 1334.808 0.029

2P o
3/2

2D5/2 559.14 1344.327 0.026

Si I 3s23p2 ! 3s23p4s 3P0
3P o

1 0 2515.08 0.17
3P1

3P o
2 77.115 2507.652 0.0732

3P2
3P o

2 223.157 2516.870 0.115
P II 3s23p2 ! 3s3p3 3P0

3P o
1 0 1301.87 0.038

3P1
3P o

2 164.9 1305.48 0.016
3P2

3P o
2 469.12 1310.70 0.115

S III 3s23p2 ! 3s3p3 3P0
3D o

1 0 1190.206 0.61
3P1

3D o
2 298.69 1194.061 0.46

3P2
3D o

3 833.08 1200.07 0.51
Cl IV 3s23p2 ! 3s3p3 3P0

3D o
1 0 973.21 0.55

3P1
3D o

2 492.0 977.56 0.41
3P2

3D o
3 1341.9 984.95 0.47

P I 3s23p3 ! 3s23p24s 4S o
3/2

4P5/2 0 1774.951 0.154
S II 3s23p3 ! 3s23p24s 4S o

3/2
4P5/2 0 1259.518 0.12

Cl III 3s23p3 ! 3s23p24s 4S o
3/2

4P5/2 0 1015.019 0.58

S I 3s23p4 ! 3s23p34s 3P2
3S o

1 0 1807.311 0.11
3P1

3S o
1 396.055 1820.343 0.11

3P0
3S o

1 573.640 1826.245 0.11
Cl II 3s23p4 ! 3s3p5 3P2

3P o
2 0 1071.036 0.014

3P1
3P o

2 696.00 1079.080 0.00793
3P0

3P o
1 996.47 1075.230 0.019

Cl I 3s23p5 ! 3s23p44s 2P o
3/2

2P3/2 0 1347.240 0.114
2P o

1/2
2P3/2 882.352 1351.657 0.0885

Ar II 3s23p5 ! 3s3p6 2P o
3/2

2S1/2 0 919.781 0.0089
2P o

1/2
2S1/2 1431.583 932.054 0.0087

Ar I 3p6 ! 3p54s 1S0
2[1/2] o 0 1048.220 0.25

a Transition data from NIST Atomic Spectra Database v4.0.0 (Ralchenko et al. 2010)

Note that the ultraviolet resonance lines allow detection of many different ioniza-
tion stages of a given element: a prime example is carbon, which can be detected
as C I, C II, C III, or C IV. On the other hand, ! > 912 Å ultraviolet absorption
spectroscopy cannot detect neon at all, while oxygen can be detected via permitted
ultraviolet absorption lines only if either neutral or 5-times ionized.

Draine, Physics of the interstellar and intergalactic medium
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Homework (due date: 10/11)
Solve the Problem 3.3 in the textbook.

30

c. For M =  1MO-2X ld3 g, R =  lo6 cm, B,= 10l2 gauss, cx=90°, find P 
and 7 for w =  104 s- l ,  Id s- ' ;  I d  s-' .  (The highest rate, O= 10" s-l, is 
believed to be typical of newly formed pulsars.) 

3.2-A particle of mass rn and charge e moves at constant, nonrelativis- 

a. What is the power emitted per unit solid angle in a direction at angle 8 

b. Describe qualitatively and quantitatively the polarization of the radia- 

c. What is the spectrum of the emitted radiation? 

d. Suppose a particle is moving nonrelativistically in a constant magnetic 
field B. Show that the frequency of circular motion is w, = eB/rnc, and 
that the total emitted power is 

tic speed.u, in a circle of radius a. 

to the axis of the circle? 

tion as a function of the angle 8. 

and is emitted solely at the frequency 0,. (Thls nonrelativistic form of 
synchrotron radiation is called cyclotron or gyro radiation). 

e. Find the differential and total cross sections for Thomson scattering of 
circularly polarized radiation. Use these results to find the cross 
sections for unpolarized radiation. 

33-Two oscillating dipole moments (radio antennas) d, and d, are 
oriented in the vertical direction and are a horizontal distance L apart. 
They oscillate in phase at the same frequency w.  Consider radiation at 
angle 8 with respect to the vertical and in the vertical plane containing the 
two dipoles. 

a. Show that 

_-  d p  -- W 4 S i n 2 8 ( d ~ + 2 d , d 2 c o s S + d ~ ) ,  
8TC3 

where 

OL sin8 SE-. 
C 

b. Thus show directly that when L<<h, the radiation is the same as from a 
single oscillating dipole of amplitude d ,  + d2. 

3.4-An optically thin cloud surrounding a luminous object is estimated 
to be 1 pc in radius and to consist of ionized plasma. Assume that electron 
scattering is the only important extinction mechanism and that the 
luminous object emits unpolarized radiation. 

a. If the cloud is unresolved (angular size smaller than angular resolution 
of detector), what is the net polarization observed? 

b. If the cloud is resolved, what is the polarization direction of the 
observed radiation as a function of position on the sky? Assume only 
single scattering occurs. 

c. If the central object is clearly seen, what is an upper bound for the 
electron density of the cloud, assuming that the cloud is homogeneous? 

3.5-A plane-polarized wave is incident on a sphere of radius a, com- 
posed of a solid material. We assume that the wavelength h is large 
compared with a. In that case it is known that the electric field at any 
instant of time is constant throughout the sphere and has the value 
E'=E/(l+4aa/3),  where E is the external (applied) field and a is the 
polarizability of the material. The dipole moment per unit volume is simply 
proportional to the internal electric field P = aE'.  Show that the total cross 
section for scattering the radiation is 

where 

8( ka)4 
Qscatt = 

3( 1 + 3/47r(~)~ 

3.6-Consider a medium containing a large number of radiating par- 
ticles. (For definiteness you may wish to imagine electrons emitting 
bremsstrahlung.) Each particle emits a pulse of radiation with an electric 
field Eo(t) as a function of time. An observer will detect a series of such 
pulses, all with the same shape but with random amval times t , ,  t,, t,, . . . , t,. 
The measured electric field will be 

N 
E ( t ) =  2 Eo( t -  ti). 

i =  1 
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Hint (page 329 in the textbook)
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328 Solutiom 

to obtain 

To obtain the cross section for unpolarized radiation we should 
average this cross section with one for circular polarization of the 
opposite helicity. But since these cross sections do not depend on 
helicity the unpolarized results are the same: 

This is the same result obtained previously in Eq. (3.40). The total 
cross section is just equal to the Thomson cross section, independent of 
the polarization: 

3.3 

a. Use Eq. (3.15a) with qti= - a2dcos~f  for each dipole, noting that the 
retarded times for each differ by A t  = (L/c)sinB (see Fig. S.3). Then 

W L  

rc 
IE,,J = - 7 [ d,coswt + d, cosw(t -At)]  sin0 

W L  

rc2 
=- -  [(d,+d,cosS)coswt+ d2sin6sinwr]sin8, 

To observer 

Figure S.3 
distance L. 

Geometry for emission fmm two dipole radiators sepmted by 

where S = wAt = W L  sin 8 / c .  Squaring and averaging over time, we find 

w4 sin2 8 
(IEr,dl2> = [ (d, + d2cosI?)2+(d2sin8)2] 

w4 sin2 8 
=--- (df+2d,d2cosS+d~) .  

2 ~ 4  

We have finally, 

u4sin2B 
8 T C 3  

=- (d: + 2d,d2cosS + dj). 

b. When L<<X, we have 6 r2~LsinB/?,<< 1, and 

dP ~ ~ s i n ' 8  
d!2 8nc3 

(-)=- (dl + dd2. 

which is the radiation from an oscillating charge with dipole moment 
d, + d2. 

3.4 

If the cloud is unresolved, then by symmetry there can be no net 
polarization. Physically, the polarization from different regions of the 
cloud cancel. 

Figure S.4a shows a typical scattering event in the scattering plane. 
Radiation from the object can be decomposed into two linearly 
polarized beams of equal magnitude, one in the plane of scattering and 
one normal to it. The first produces scattered radiation with polariza- 
tion direction in the plane of scattering, the second having direction 
normal to it. These are not of equal magnitude, being in the ratio 
cos28 : 1 respectively [cf. discussion leading to Eq. (3.41)) The normal 
component thus dominates for each value of 8. Integration along the 
line of sight then gives an observed intensity with dominant compo- 
nent normal to the scattering plane, or, to the observer viewing the 
plane of the sky, normal to the radial line connecting the object and 
the point of observation. The plane of the sky with its observed 
polarization directions is illustrated in Fig. S.4b. 

That the central object can be clearly seen implies that T~ = n,a ,R5  1, 
and thus neS(Ra , ) - '=5X 1 6  cmp3. 
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