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Four-velocity

The (infinitesimally small) difference between the coordinates of two events 1s also a four-vector.
Dividing by the proper time yields a four-vector, the four-velocity:

dr dT' or 0— " (C) I
bbb ' ) dxz 7 u U —= d—
L dr =dt/y U = dr — YU t

length of the four-velocity : | U - U = UFU, = — (7,¢)° + (yuu)” = —¢?

Transformation of the four-velocity: The first two equations become:

1 /) 2
U0 — (U9 — U™ Ywe =7 —Byu') Y = VYu (1 — v’ /c?)
/1 1 /1 1
Ut =5 (-pU° +U) — W T (=Bevu + Yuw) Yt =7 (u —v)
U2 = [J? Tuw W = YU i Note: y denotes the factor for the relative
13 __ 3 : velocity between two frames.
U = u : :
U =u? Tu Vu 1y, and y,, are the factors for a velocity vector !
i measured in K and K’, respectively.
e
. 1 U —v .. . .
velocity component: | v = This is the previously derived formula.
1 —vul/c?
’U’LLl . .
speed: Yo =YYu |1 — 2 This is the transform for speed.
'=ucosO and u' = u' cos @

Here, u



Momentum and Energy

e Four-momentum of a particle with a mass my is defined by

0 _
PH = moU* P = mocyy

P = ~v,moV

e [n the nonrelativistic limit,

0 2 2 02\ 7 5 1 5
PC:mocvzmoc 1—C—2 = MmyoC —|—§m0fv _|_

Therefore, we interpret E = P'c = va0C2 as the total energy of the particle.
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The quantity myc“ 1s interpreted as the rest energy of the particle.

Then, p = vy,mov, P! = (E / C, P) Here, p 1s the spatial component of the four-momentum.

Since U? = — ¢?,we obtain P2 — —mac? . Comparing with p2 — _=_ 4 |p|®, we obtain

E? = m%c4 + 2 \p]z

 Photons are massless, but we can still define

P* = (E/c, p), E=|plec — P2?=0 | for photons




Wavenumber vector and frequency

e (Quantum relations:

p=E/c=hk ko=2m/A
We can define four wavenumber \17€ct0r: Note that it’s a null vector:
— — W - =
:_p:(_,k) k= |k|]? —w?/c? =
; - k-k=1|k|"—w*/c* =0

Then, we obtain an invariant:

E-f:kﬂa’;“ =k -x—wt
Therefore, the phase of the plane wave is an invariant.

67j(k-x—(,ut) _ ei( ’-x’—wt)

o Transform of k gives the Doppler shift formula.

K =~ (k” — BkY) — | W =7 (w—Bck') =wy (1—%(:038)
k/l —= (_Bko + kl) A T
k/2 _ k2 Kk

k' = (w/c) cos b
k/3:k3 /{} (/)




* Tensor Analysis *

Definition:

zeroth-rank tensor : Lorentz invariant (scalar) s =s

first-rank tensor : four-vector o't = AP x¥

second-rank tensor: T'H = AM_AY_T°7

Covariant components and mixed components:
Tow = Npo w17 TF, =T Tuy = Nuo 17"

Transformation rules:

T;W = nuanuBT’O‘[j T/MV — UyaT/Ma T/uy _ nuaT/OW
= Nuatp A AT = Do AV, AT = Nua A A TOT
o  dTo o AU o T
- n“anyﬂAa’YA/BdnvanaTTaT = Mual\y A% 17 — nuozA BA 7-776 T,
N oA T — A To _ > BAv -
= AN Tor AFGATTY, APAYT,

Symmetric tensor = a tensor that i1s invariant under a permutation of its indices.
e

Antisymmetric tensor : if it alternates sign when any two indices of the subset are interchanged.

THY _ TV



* Examples of the second-rank tensors

A product of two vectors:  A*B”
AIMB/V — AMJAVTAUBT

The Minkowski metric:

—1 0 0 O
w |0 100
=10 01 0
0O 0 0 1
The Kronecker-delta:
/1 0 0 0\
s _ [0 1 00
o O 0 1 O
\0 0 0 1)




Higher-rank tensors

Addition: A* + B, F** + G
Multiplication: A¥B*, FF''G__

Raising and Lowering Indices: The metric can be used to change contravariant indices into covariant
ones, and vice versa, by the processes of raising and lowering.

Contraction: A"B, — A!B, scalar
T TR vector

(o)

T/, = A N A, TTOP = AP 67 TP = A T,

Gradients of Tensor Fields: A tensor field is a tensor that 1s a function of the spacetime coordinates in
Cartesian coordinate systems. The gradient operation d/dx* = d,, acting on such a field produces a

tensor field of on higher rank with p as a new covariant index.

N . . ., DA
Ao S =0, vector (gradient) A" — S

= 0, A" = A" scalar (divergence)

Invariance of form or Lorentz covariance or covariance: A fundamental property of a tensor
equation 1s that if it 1s true in one Lorentz frame, then it 1s true in all Lorentz frames. Covariance plays a
powerful role in helping decide what the proper equations of physics are.



[Covariance of Electromagnetic Phenomena]

e Equation of charge conservation:

o TV =0 o=l -(2 220y
B 0ar  \cot’ Ox’ Oy’ 0z .
The above equation can be written as a tensor equation, o 0 (_ o 9 9 9 )
Oz, \ cOt’ 9x’ Oy’ 9z) i
o+ e 5
_ 1 H—
@—0, ]’H—O or 8#] =0

if the four-current is defined by

pc —pc
]‘/«L — . ju — .
J J

o Note that the Jacobian (determinant) of the transtormation from x, to x/; is simply the

determinant of A, which is unity. Therefore, the four-volume element is an invariant.

drgdx’drydry = det Adrgdrdradrs = drodridradrs

Since p is the zeroth component of the four-current, the charge element within a three-volume
element is an invariant.

de = pdxidradrs de' = de

It 1s also an empirical fact that e 1s invariant.



* The set of vector and scalar wave equations in the Lorentz gauge is

1 0°A 47
A — = = — ]
v c2 Ot? c !
1 0%¢ 47
2 _
VO aar = ¢ )

If we define the four-potential

r-(3) 2 (%)

then the wave equations can be written as the tensor equations

2
o~ A¥ _ _4_7Tju7 0, 0" AF = _4_7Tju7 AR = _4_7Tju
oxrv 0z, C C ’ C
: , 0? N A .,
d’Alembertian operator: U= -— —| A" = ——7
ox¥ 0z, C

* The Lorentz gauge should be preserved under Lorentz transformations.

1 9¢
VAT o =0 7 G

AW
0 =0, 9,A" =0, or A" =0
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e Electromagnetic field tensor:

The fields are expressed in terms of the potentials as

The x components of the electric and magnetic fields are explicitly

104, O¢
T ¢ Ot Ox
A, 0A,
oy Oz

E=-V¢p-—
B=VxA

10A
c Ot

=9'At — 9t A

= 0%A% — 9’ A?

These equations imply that the electric and magnetic fields, six components in all, are the
elements of a second-rank, antisymmetric field-strength tensor, because a rank two
antisymmetric tensor has exactly six independent components.

0
~E,
~E,
—E,

FHY = QFAY — 9 Al =

<

E
B,

0
~-B,

L,
_By
B,
0

F% =E,
FY = _F;
F12:_F21 2337
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covariant field-strength tensor

Fuy = NpanupF” .
0 -E, —E,
ESU O BZ
Fuw = 0us = 04w = | " 5
E. B, -B,

Foi = noanigF** = —F"
Fig = NianogF " = —F%
Fij = NianjsF* = FY

—&; Foi = —E;
—B
Bxy > Lo =E;
0 Fi9 = —F5n =Bs, -

e The two Maxwell equations containing sources (inhomogeneous equations):

3 3
1 |
VB =dmp Z@’iEi:—WjO —Z@iF'LO—
1 0E 4 . —_ i—1 = _— i—1
VXB-—ar = Am
cot ¢ 02B; — 03B — By = — ' _9gFOt — 9,F?! — 9 31
1 1 1 1
9, FH = —%TJV or 8, %j’“‘ OHE,, = —""j, or 'F,, = %ju

= —j
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e The conservation of charge easily follows from the above equation and the asymmetric property.

0,0, F™ = 8,0, (—F"") = —8,0,F"  +.| 0,0,F" =0

T

index exchange . c
0vj" = = -0, " =0
s

e The “internal” Maxwell equations (homogeneous equations):

3
V-B=0 D 0B =0 01F% + 0, F3! + 03F'% = 0
vaE4+ 9B = 9, 30 1 9, 20 1 g, 23
c Ot B 82E3—83E2+8031:O ’ T o =0

[ama + 0, F" 4+ 9, FH = oj or O"F,y+ 8" Fyy+0°Fu =0

The equation can be written concisely as F¥°l =0 or F w.o] = O s where [ ] around indices

denote all permutations of indices, with even permutation contributing with a positive sign and
. odd permutation with a negative sign, for example, '
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- Transformation of Electromagnetic Fields

e Since F*¥ is a second-rank tensor, its components transform in the usual way:

ox'™ Ox'v

F/,ul/ _

- Oz OB

For a pure boost along the x-axis:

Fo8 = AP AV G FoP

E:/E _ F/Ol — A00A11F01 _|_A01A10F10 :A)/QEx _5272Ex — Ea:
E; _ F/02 _ AOOA22F02 _|_A01A22F12 — ,}/Ey . BFYBz
E; _ F/OS — AOOA33F03 _|_A01A33F13 _ ’YEZ ‘I‘ﬁ'}/By

B,; _ F/31 _ A33 <A10F3O —A11F31> _ 57Ez _l_,yBy
B, = F"? = A" A?,F% + AY A% P2 = —ByE, + B,

vy =By 00
Y 0 0O 1 0 B = F’ = A2,A3,F? = B,
0 0 0 1
e In general,
g / /
| =5 | =B
/ /
L =7EL+BxB) L =7BL-BxE)
.

J

The concept of a pure electric or pure magnetic 1s not Lorentz invariant.
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Lorenz invariants:

- The dot product of F' with itself or “square” of F'1s

3 3
FWF, =Y FOFy+Y FOFg+)Y FYF;
i=1 i=1 ij
=2 (B? — E?)

Therefore, B?> — E? is invariant under Lorentz transformations.

- The determinant of F' 1s invariant.

det F = (E - B)’

Thus E - B is also an invariant.

- The determinant of any second-rank tensor is scalar, since

det A,z = det AJ]\BVALV
N2
= (det A) det A},
=det 4],
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[Relativistic Mechanics and the Lorentz Four-Force]

 We can define a four-acceleration a” in exactly the same way as we obtained the four-velocity.

dUH*
po—
@ = dr

Note that the four-acceleration and four-velocity are orthogonal:

dUH 1 d 1 d
_U - UNU _
d’T M ( )

a-u 2 dT 2dr

(~et) =0

e We can also define the four-force F* from the Lorentz force, so as to obtain a relativistic form
of Newton’s equation.

Ft = = —— F= —
ot ¢ dt’ di

dPH dP dﬁ __(1dE dp
dr ar ~ dt

1

e Since YLorentz =4 [E T (v x B)], the Lorentz four-force should involve (1) the electromagnetic

field tensor and (2) the four-velocity and should also be (3) a four-vector and (4) proportional to
the charge of the particle. Therefore, the simplest possibility 1s

F,LL

Lorentz

_ Lpwyy
C
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e [et’s check to see if it 1s indeed what we want. - =F.v=qE-v
0 q Ov q > L q dE . ---------------------------------- , ----------------------
Florentz = 477Uy =~ ; Eiyoy = "y (E-v) —> = qE - v : conservation of energy

The rate of change of particle energy 1s the mechanical work done on the particle by the field.

Fﬂorentz — gFlyU’/ — g (Flo (_fyc) + F12702 + F13,y,03) dp 1

g ¢ —5 —=q|E+-vxB
= E’)/ (Elc + Bg?)g — BQ’Ug) dt C

Therefore, we obtained the desired expression for the four-Lorentz force.

e Note that the four-force is always orthogonal to the four-velocity:

It implies that every four-force must have some velocity dependence, although this dependence
might become negligible in the nonrelativistic limit.
For the Lorentz four-force, in particular, we find
ﬁLorentz ) ﬁ — QFMVU/.LUV =0
c

because F* is antisymmetric and U U 1is symmetric.
U=v
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Mathematical Formulae

e Gamma function
I(z) = /O rletar, T(z) = (z—1) = (x— )T(z —2), T(3/2)= %m/z)

e FEuler-Mascheroni constant

n—oo

n 1 o0
v = lim < Z ln(n)> = —/ e " Inzdr = 0.577215664901532
k=1 0

e Modified Bessel function of the second kind

K, (z) = I'(n+1/2)(2x)" /000 ; Jrcost gt

/T 22)" /2 Recurrence formulae
2
(1) 0<z<+vntl Ky 1(2) = Kpa () = —?”Kn(a:)
( X .
—In (5) —v ifn=0 Kn_1(z) + Kpya(x) = —2K ()
M (2) if n >0
. 2 \= Integral formula
(2) z>> |n* —1/4] /mg(x)daz = %xQ (K7 (z) — Kn—a
T, (4n2 — 1) ’ :
Kn(@) = y\foze" |1+ g5 ] L (K2 (2) - K2,
2

\/%

(x)KnJrl(xﬂ

(z)]
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[Fields of a Uniformly Moving Charge]

e Recall that the electromagnetic field from a single moving charge 1s given by

velocity field acceleration field
_ [m=-p)a-5% q[ n { H
E(I’, t) — (q [ /€3R2 ot - c /ﬁ)gR X (n /8) X /8 -

B(r,t) = [n x E(r,1)]

ret

e The velocity field 1s caused by a motion of the charge relative to the observer frame. Hence, the

velocity field would be obtained by Lorentz transforming the static electromagnetic field
(Coulomb field).
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e Let’s find the fields of a charge moving with constant velocity v along the x axis. In the rest
frame K’ of the particle the fields are given by

E = 1 Coulomb field in K’

E' = (E, E, E,) = T% (@', y', ) where 1 = (22+y?+22)""
B’ = (0, 0, 0)
/
Inverse transformation of the previous one: E, = % B, =0
r /
/ gz
E| =E B| =B, —~ B =  B=703
E. = (E, -8xB) B.=y(B,+8xE) 4
qz , =81
Ez p— "}/TTS 75 ,,a/3
Now, we need to express these equations in terms of the unprimed coordinates. Since
p q p
x'=y(x—ot), y =y, 7=z, we obtain
r N ,
E. :fyq(x;vt) B, =0 where 7 = [72 (a;—vt)z—l—y2+22} (=1")
r
qz
7y By =63 :
Ly = 3 Y 73 Question:
> qz B, =~ % Is this equivalent to the velocity field given
: =73 r by the Lienard-Wiechert potentials?
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- Velocity field from the retarded potential

e For simplicity, assume z = 0.
E = (E,, E,, E.) = 75 (z —t, y, 2)
r
q

) 7(72522 +y2)%/? (@5, 0) where X =x—ui

Let us first find where the retarded position of the particle is.

tret =t — R/c
R? = (z — vtyet)” + 42 = (T + BR)” + 3

p— ([(—=p)R*—25pR-7°—y* =0
R? — 277?BR — ~* (:E‘2+y2) =0

(z, y)

R:fy2/3§3j: [7452f2+,}/2 (5:2+y2)}1/2

_ 72553 + {'723252 X (j2 +y2)}1/2
=2z £ (122 + %)’

positive solution — R =~%8%Z +~ (,y%z X yg)

1/2

vt
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e Let us first find where the retarded position of the particle is.

(x —vt+ovR/c) X+ yy

(I) n= R
_(Z+BR). y.
— = X—I—RY
(T a) ks Y
_(R+B)x+RY ___________________
'i‘ """""" y """""""" 8=
n—,BZEX‘i‘Ey ....................
qR
(7257:2+y2)/2

This 1s identical to the
velocity field component!



- Time-dependence of the electric field at a point

e For simplicity, let us choose the field point to be at Y
(O, D, O) . This involves no loss in generality. Then, E 1
(0, b, 0)
B o _ gyvt o q ~yut /b
v 21242 1 p2\3/2 B2 (2,242 /p2 3/2
(7?0212 + b?) (v?02t?/b% + 1) B b
qvb QY 1
By = 3/2  p2 3/2 > T
(,}/2,02152 _|_bQ) b (72,02152/[)2 + 1) vt v
L, =0 (z=0att=0)
B, =0, B,=0, B,=pE, <
e E Max B, =7~/
(1) The fields are strong only during a time interval : v T2
of |vt| < bly, implying that the field of the moving 3
charge are concentrated in the plane transverse to its :
motion into an angle of order 1/y. :
AO ~ vAt/b~ 1/~ MaXQE“” 3
_ Dbl
T 3322 |
(2) As Y >1 — ‘Ex‘max < ‘Ey‘max
The field of a highly relativistic charge appearsto === E— 1 | b """""" b """ E—
be a pulse of radiation traveling in the same t| = T3 70 t] ~ "
direction as the charge and confined to the see the animation and python code:
transverse plane, https://seoncafe.github.io/Teaching files/2023b_astrophysics/ani pulse.mp4

https://seoncafe.github.io/Teaching files/2023b_astrophysics/plot_pulse.py



https://seoncafe.github.io/Teaching_files/2023b_astrophysics/ani_pulse.mp4
https://seoncafe.github.io/Teaching_files/2023b_astrophysics/plot_pulse.py
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- Spectrum of the pulse

e Spectrum of this pulse 1s given by (if the x-axis component is ignored)

A 1 :
E(w) = %/Ey(t)ezmdt
b [ _ : b [ _ . .
_ P (721)2152 + b2) 3/2 et gt — qar (72v2t2 4 b2) 3/2 (ezwt 4 e—zwt) dt
2T PN 2T 0
b [ _
_ o (727)2152 - b2) 372 cos widt
™ Jo

This integral can be done in terms of the modified Bessel function:

K, (z) = L 1/2)(22)" /OO (t2 Coj)th/th Gamma function: T'(3/2) = %F(l/Z) =
0 +x

VT
NG 2

2,2\ —3/2 00 2, 2\ —3/2
) 1
Blw) = D0 (’V Y > - /O <w2t2+ b2°"2) (coswt) d(wt) 35

T w? W v2v

_ 4 bw g (b_w) 1
mhv yv YU

Thus the spectrum 1s

A 2_ q2 bw 2 2 bw ()_5_
E(w)‘ m2h202 \ yw Ki VU I
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e The spectrum starts cut off for w > yv/b.

This 1s predicted from the uncertainty principle, since the pulse 1s confined roughly to a time
interval of order At = b/yv.

1
Aw~ — ~ b
W A7 yv/

db

» Total energy per unit frequency range is obtained by

b d >
dW max W
— =27 / bdb
dw b dAdw
bmax — 00, bmin # 0 (a finite value)
The lower limit has been chosen not as zero but as some minimum distance b such that the

min’
approximation of the field by means of classical electrodynamics and a point charge is valid.

dw  2q¢°c [
W w2 [, wb Whmin
2q2¢ where y=— and x =

0 kK@) — Sa® (K3) — K3 w o
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e Two limiting cases:

(1) w< = (@ < 1),
PKo(2)Ki (@) = 502 (K@) — K3(2))
~x(—In(x/2) — ) é — % [% — (In(z/2) + )

2
1 1
SO e T a2 N
2 2 2z 8x 8x
_ z —2x
= 4@

YU
© s bmin
dW  2q°c 9%y,
= 1 .
dw T2 (0 68wbmin)
0%’
w > T
dW  q¢%c ~ 2wWhmin
dw 202 P U




[Emission from Relativistic Particles]

e Total emitted power:

Imagine an instantaneous rest frame K’, such that the particle has zero velocity at a certain
time. We can then calculate the radiation emitted by use of the dipole (Larmor) formula.

Suppose that the particle emits a total amount of energy dW’ in this frame in time dt'. The
momentum of this radiation is zero, dp’ = 0, because the emission is symmetrical in the frame.

The energy in a frame K moving with velocity —v w.r.t. the particle is:
dW = ydW' <«—— dE =cdP® = cA° dP" = cA°(dP® = vdE'  Brd 40

The time interval dt is simply
dt = ~vdt’ o

The total power emitted in frames K and K’ are given by

/
p_ AW, AW

dt’ dt/

Thus the total emitted power is a Lorentz invariant for any emitter that emits with front-back
symmetry in its instantaneous rest frame.

2 OSSOSO 5
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e The Larmor formula in covariant form:

Recall that a - U = 0, and because U = (c, 0) in the instantaneous rest frame of the particle,

we have
;. N2 o ok 1 u =
ap=0 — l|a|"=aa” =a,a"=d-d
Therefore,
2¢° 2 2¢° ,
P/ p— —3 a,‘ > — _Sa/ - A
3c 3c
nonrelativistic relativistic

* Expression of P in terms of the three-vector acceleration

Recall ,
dt = vydt' o
4 p
dt =~ (dt’ + Edaj/ o= (1 + vu) /02) duh uﬁ + v
— 240) | —> || s duy = I g
. dt = ~dt’ o o2
= o
w = by _dw oty
L+ wuy /e uH:u“—HJ =2 \17a) = 5y
v/ o du/ /
o= ~ 2 _ duy = —L — —L —duj
7(1+qu/c ) Ul = yo o yo?c

~ / e 1 vu’
= — <Jdui — = du’|>
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Hence, Transformation of three-vector acceleration:
e
duy 1 du _ ]
a| = —, aj = 367,”
dt o3 dt’ 3o
1 vu’
a4, = —— = — V203 L2 ||
dt V203 7Tt 02 dt’
qu
where o= 1[1+ —
In an instantaneous rest frame of a particle, L ¢
uy=u) =0, o=1
4 N
3 /
a =7 q Note | tan @ = a—f — lal — 1 tan 8,
) =~%ay L
\ J
Thus we can write
26]2 712 2q2 /2 /2 20>
_ 4“4 _“q q
P= 3c3 = 3c3 (a” +ai) - P = 3.3 1 (72aﬁ +ai)

nonrelativistic

relativistic
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Differential Power

o Angular Distribution of Emitted and Received Power
dp, dW dp’, dW’
Note: d¢' = d¢

dp:c — ‘p‘ cos 0 dp; _ ]p]cos@’

In the instantaneous rest frame of the particle, let us consider an amount of energy dW’ that is
emitted into the solid angle d€2' = sin0'df’'d¢’ (see the above figure).

p=cosf — dS)=dudg
u =cost® — dQY =du'dg’

Recall the aberration formula:

cos ' + 3 u + B ,  u—=f
0: p— p—
o8 1+ B cosb’ - 1+ B’ - 1 —Bu
4 g )

_ % QY
M1y = )2
H v (1 + Bu')

d /: dlu / dQ
T =By’ = 2
72 (1 — Bu)
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Recall that energy and momentum form a four-vector

P= (E/c, p) and |p|=E/c —> dW =~(dW' +vdp)) =~(1+ Bu')dW’

AW =~y(1 + Bu)dw’, dW' =~(1 — Bu)dWw

—q = A+ B) —er e =7 (1= Br)” —g
. . P . . dP’ dW’
In the rest frame, the power emitted in a unit time interval is =
df)  dt'dSY

However, in the observer’s frame, there are two possible choices for the time interval to calculate
the power.

(1).dt = ydt'.

This 1s the time interval during which the emission occurs. With this choice we obtain the
emitted power.

2)_dt, =y(1 = pu)dt’ _or dt, =y~ 1 + pu)~'ar"

This 1s the time interval of the radiation as received by a stationary observer in K. With this
choice we obtain the received power.
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e Thus we obtain the two results:

( )
dP. 5 AP’ 1 P
a0 = PR G = e d
P, )4 dP’ 1 P

=" (14 Bw) =

. df? dSY 74 (1 — 6:“)4 dSY )

P, 1s the power actually measured by an observer. It has the expected symmetry property of
yielding the inverse transformation by interchanging primed and unprimed variables, along with a
change of sign of f3.

P, 1s used 1n the discussion of emission coefficient.

In practice, the distinction between emitted and received power is often not important, since
they are equal in an average sense for stationary distributions of particles.

* Beaming effect:

It the radiation 1s 1sotropic in the particle’s frame, then the angular distribution in the observer’s
frame will be highly peaked in the forward direction for highly relativistic velocities.

The factor 4% (1 — Bu)~* is sharply peaked near 9 ~ 0 with an angular scale of order 1/y.

1 p2\1* 1 2\ * 9 4
—4 1 o _ L v R N _ Y
v A=) ey [1 (1 272) (1 2 )] ! <2v2 5 ) (1 +7292>
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Homework (due date: 10/31)

[Q8] Problem 4.13 (page 153) in Radiative Processes in Astrophysics (Rybicki & Lightman)

(1) Show that an observer moving with respect to a blackbody field of temperature 1" will see
blackbody radiation with a temperature that depends on angle according to

(1 — 1)2/6‘2>1/2

= T.
1+ (v/c)cos &

/

(2) The isotropy of the 2.7 K universal blackbody radiation at A = 3 cm has been established to
about one part in 10°. What is the maximum velocity that the earth can have with respect to the
frame in which this radiation isotropic? Hint: Isotropy is measured by the following ratio:

p. = Imax B Imin

1SO
Ji

max + 1 min




