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• Thus we obtain the two results:

Pr  is the power actually measured by an observer. It has the expected symmetry property of 
yielding the inverse transformation by interchanging primed and unprimed variables, along with a 
change of sign of  β.

Pe is used in the discussion of emission coefficient.

In practice, the distinction between emitted and received power is often not important, since 
they are equal in an average sense for stationary distributions of particles.

• Beaming effect:

If the radiation is isotropic in the particle’s frame, then the angular distribution in the observer’s 
frame will be highly peaked in the forward direction for highly relativistic velocities.

The factor                          is sharply peaked near           with an angular scale of order  1/𝛾.
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• Angular distribution of the dipole emission from a slowly moving particle in the instantaneous 
rest frame is

Using                                    and                                          , we obtain

(1) Acceleration parallel to velocity:

the angle between the acceleration and
the direction of emission.

To use this formula, we must 
relate      to the angles in K.
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(2) Acceleration perpendicular to velocity:  cos Θ′ = sin θ′ cos ϕ′ (when a is in x-direction in the figure)
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(3) In general

• In the extreme relativistic limit, the radiation becomes 
strongly peaked in the forward direction.

particle’s rest frame: observer’s frame:

parallel acceleration:

perpendicular acceleration:
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[Invariant Phase Volumes and Specific Intensity]
• Phase volume

Consider a group of particles that occupy a slight spread in position and in momentum at a 
particular time. In a rest frame comoving with the particles, they occupy a spatial volume element 

  and a momentum volume element  .

In the observer’s frame,

We note that                              because the velocities are near zero in the comoving frame and the 
energy is quadratic in velocity. Therefore, we have                    . By combining all these, it is 
found that the phase-space volume is invariant.

This contains no reference to particle mass, and therefore it has applicability to photons. The 
phase space density is an invariant, since the number of particles within the phase volume 
element is a countable quantity and itself invariant.

d3x′ = dx′ dy′ dz′ d3p′ = dP′ xdP′ ydP′ z

phase volume in the comoving frame:

: Lorentz invariant
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• Specific Intensity and Source Function

From the definition of the energy density per unit solid angle per frequency range.

Since   ,   we find that

Because the source function occurs in the transfer equation as the difference   ,  the source 
function must have the same transformation properties as the intensity.

• Optical Depth, Absorption Coefficient and Emission Coefficient

The optical depth must be an invariant, since    gives the fraction of photons passing 
through the material, and this involves simple counting.

uν(Ω) = Iν /c

Iν − Sν

exp(−τ)
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• Absorption Coefficient and Emission Coefficient

Consider the optical depth in two frames:

Then, the optical depth is

Note that    is proportional to the y component of the photon four-momentum                    .

Both  and  are the same in both frames, being perpendicular to the motion. Therefore, we have

Finally, we obtain the transformation of the emission coefficient from the definition of the source 
function:

ν sin θ
ky ℓ

~k = (!/c, k)
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• Number density
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Bremsstrahlung
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[Bremsstrahlung]
• Bremsstrahlung (= “breaking radiation” or free-free emission)

Coulomb collisions between electrons and ions in a hot ionized gas (plasma) give rise to photons because 
electrons are accelerated by the Coulomb forces and thereby emit radiation, thus losing energy. The 
German word bremsstrahlung means “braking radiation.”
These are free-free transitions because they are transitions from one free (unbound) state of the atom to 
another such state.

• Bremsstrahlung due to the collision of identical particles (electron-electron, proton-proton) is zero in 
the dipole approximation (in absence of external forces), because the dipole moment is simply 
proportional to the center of mass (a constant of motion).
- Because the accelerations of the two particles are equal in magnitude but opposite in direction. Their radiated 

electric fields are equal in magnitude but opposite in sign, so that the net radiated electric field approaches zero at 
distances much larger than the collision impact parameter.

• The bottom line is that only the electron-ion collisions are important, and only the electrons radiate 
significantly.

• A full understanding of this process requires a quantum treatment. However, a classical treatment is 
justified in some regimes, and the formulas so obtained have the correct functional dependence for most of 
the physical parameters.

• Thermal Bremsstrahlung is the radiation produced by thermal electrons distributed according to the 
Maxwell velocity distribution. Thus, it is thermal emission, because it is produced by a source whose 
emitting particles are in local thermodynamic equilibrium (LTE).

center of mass
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• Electron-ion collisions

Consider the collision of a single electron with a single ion. The velocities of the ions are on 
average much less than those of the electrons because both components are in thermal 
equilibrium. Furthermore, in a given collision, the acceleration of the ion is much less than that of 
the electron owing to momentum conservation or Newton’s third law. Thus, we can consider the 
electron to be traveling through a region of static electric fields and neglect radiation from 
accelerating ions.

electron track

ion

emitted photons
-e

+Ze

observer

clouds of ionized plasma

photons

Cloud of plasma (ionized gas) 
giving rise to photons owing to 
the collisions of the electrons 
and ions. The electrons are 
accelerated and thus emit 
radiation in the form of photons.

[Bradt, Astrophysics Processes]
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• Small angle scattering + perturbation

Consider bremsstrahlung radiated from a plasma of temperature T and densities   
electrons with charge -e and    ions with charge Ze.

We calculate an important ratio:

for typical    and   .

Therefore, Coulomb interaction is only a perturbation on the thermal motions of the electrons.

• Although the classical trajectory of a free electron encountering an ion has an exact representation 
in terms of hyperbola, the expressions that emerge from such a treatment become quite complex.

• The electron moves rapidly enough so that the deviation of its path from a straight line is 
negligible.

ne (cm−3)
ni (cm−3)

ne < 1 cm−3 T ∼ 104 − 108 K
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• Assumptions

The plasma is assumed to be completely ionized and to consist of elections of charge  and ions 
of charge , where  is the atomic number.

In electron-ion bremsstrahlung, we treat the electron as moving in a fixed Coulomb field of the 
ion, since the relative accelerations are inversely proportional to the masses. Therefore, 
radiation from ions can be ignored.

The electrons emit photons with energies    substantially less than their own kinetic energies.

The energy loss of an electron, integrated over an entire collision, is only a small part of the 
electron kinetic energy.

−e
+Ze Z

hν

ai
ae

=
me

mi
⇠ (1800)�1 < 10�3
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[Emission from single particle collisions]
• Small-angle scattering approximation:

The electron moves rapidly enough so that the deviation of its path from a straight line is negligible.

The impact parameter  of a given collision is defined to be the projected distance of the closest 
approach of the electron to the ion for a given encounter.

If the electron loses only a small fraction of its (large) kinetic energy, the trajectory will be deflected 
only slightly from straight line, and the closest approach will be approximately equal to the impact 
parameter .

In a plasma of randomly moving particles, the impact parameter will differ from collision to 
collision. For our purposes, the ion may be considered to be infinitesimally small.
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• Small-angle scattering approximation:

The interaction of a free electron with a free ion is described by the following equation:

Take the Fourier transform of the second derivative of the dipole moment.

dipole moment: d = �eR

d̈ = �ev̇
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(a-1) a rough estimation
Collision time: We assume that the interaction between the electron and the ion happens only 
when the electron passes close to the ion. The characteristic time  is

Then, the radiation consists of a single pulse at an angular frequency of .  The 
characteristic frequency of the radiation due to a single collision is thus

For   , the exponential in the integral oscillates rapidly, and the integral is small.

For   , the exponential is essentially unity, so we may write

τ

ω ≈ 1/τ = υ/b

ωτ ≫ 1
ωτ ≪ 1

Here,    is the change of velocity during the collision.Δv
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The smaller the impact parameter, 
the higher the emitted frequency.
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(a-2)
• Spectrum of the emitted radiation by a single electron:

Let us now estimate      . Since the path is almost linear, the change in velocity is predominantly 
normal to the path.

Thus for small angle scatterings, the emission from a single collision is
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(a-3)
• Total spectrum for a medium with ion density     , electron density       and for a fixed electron 

speed.

• Upper limit: The upper limit is uncertain, but it is of order of . Since  occurs 
inside the logarithm, its precise value is not very important.

The integral is negligible for   .

bmax ∼ υ/ω bmax

b ≫ bmax ∼ υ/ω

- flux of electrons (per unit area per unit time) incident on one ion = neυ
- element of area = 2πbdb
- a good approximation is obtained in low-frequency regimes :b ≪ υ/ω

ni
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Fig. 5.4: Flux of electrons approaching an ion with the annular region representing the target area
at impact radius b in db. The number of electrons that pass through the annuals can be calculated
from the flux of electrons and the target area.

Single-speed electron beam

Consider that the ion is immersed in a parallel beam of electrons of speed v. Let us first con-
sider only the electrons that intersect a narrow annulus of radius b and width db surrounding
the ion (Fig. 5.4). One can then calculate the power emitted by those electrons as a function
of the emitted frequency n and the speed v.

Power from the annulus

If the density of electrons in the beam is ne, the electron flux is nev (electrons m−2 s−1). The
number per second that would strike an annulus of radius b and width db is just this flux
times the area of the annulus, namely, nev 2πb db. The energy emitted by these per unit time
(emitted power per ion) is just this number times Q(b, v), the energy emitted by each electron
with impact parameter b and speed v, namely (17),

Pb(b, v) db = Q(b, v)nev2πb db. (W/ion in db at b) (5.22)

This is the power coming from each ion due to electrons of density ne and speed v impinging
on the ion at radius b in db.

The electrons actually arrive at the ion from all directions, and so the proper density to use
in (22) would have been ne (d!/4π), but integration over all directions would directly yield
the same result because

∫
?d! = 4π sr.

Power per unit frequency interval

The quantity Pb(b, v) is the power emitted per unit impact-parameter interval. We now convert
it to power per unit frequency interval, Pn (n , v), the unit used for photon spectra. The variables
b and n have a one-to-one correspondence (20) as do their differentials (21). Thus, Pb(b, v)
can be integrated over some range of b to obtain the emitted power from that range; similarly,
Pn (n , v) can be integrated over the equivalent range in frequency. Because the ranges are
equivalent, the integrated powers are the same:

∫ b2

b1

Pb(b, v) db = −
∫ n2

n1

Pn (n, v) dn. (5.23)

[Bradt (2008) Astrophysics Processes]
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(b-1) a better calculation 

These equations represent the single particle spectrum resulting from a single collision.

20



(b-2)
• Total spectrum for a medium with ion density     , electron density       and for a fixed electron 

speed.
- flux of electrons (per unit area per unit time) incident on one ion = 
- element of area = 
- a good approximation is obtained in low-frequency regimes :

neυ
2πbdb

b ≪ υ/ω
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Fig. 5.4: Flux of electrons approaching an ion with the annular region representing the target area
at impact radius b in db. The number of electrons that pass through the annuals can be calculated
from the flux of electrons and the target area.

Single-speed electron beam

Consider that the ion is immersed in a parallel beam of electrons of speed v. Let us first con-
sider only the electrons that intersect a narrow annulus of radius b and width db surrounding
the ion (Fig. 5.4). One can then calculate the power emitted by those electrons as a function
of the emitted frequency n and the speed v.

Power from the annulus

If the density of electrons in the beam is ne, the electron flux is nev (electrons m−2 s−1). The
number per second that would strike an annulus of radius b and width db is just this flux
times the area of the annulus, namely, nev 2πb db. The energy emitted by these per unit time
(emitted power per ion) is just this number times Q(b, v), the energy emitted by each electron
with impact parameter b and speed v, namely (17),

Pb(b, v) db = Q(b, v)nev2πb db. (W/ion in db at b) (5.22)

This is the power coming from each ion due to electrons of density ne and speed v impinging
on the ion at radius b in db.

The electrons actually arrive at the ion from all directions, and so the proper density to use
in (22) would have been ne (d!/4π), but integration over all directions would directly yield
the same result because

∫
?d! = 4π sr.

Power per unit frequency interval

The quantity Pb(b, v) is the power emitted per unit impact-parameter interval. We now convert
it to power per unit frequency interval, Pn (n , v), the unit used for photon spectra. The variables
b and n have a one-to-one correspondence (20) as do their differentials (21). Thus, Pb(b, v)
can be integrated over some range of b to obtain the emitted power from that range; similarly,
Pn (n , v) can be integrated over the equivalent range in frequency. Because the ranges are
equivalent, the integrated powers are the same:

∫ b2

b1

Pb(b, v) db = −
∫ n2

n1

Pn (n, v) dn. (5.23)

[Bradt (2008) Astrophysics Processes]

Here, the exponential integral is defined as
 behaves like a negative exponential for large values and like 

a logarithm for small values.  can be bracketed by as follows:
E1

E1

21



• Lower limits for 

What should we choose for  or ?

(1) small-angle approximation: To protect our perturbation procedure from large-angle 
deflections, we can choose by 

(2) from the uncertainty principle:

When                                              

        a classical description of the scattering process is valid. Then,

When                                              

         the uncertainty principle plays an important role. Then,

In summary,

• For any regime the exact results are conveniently stated in terms of correction factor or Gaunt 
factor. Precise expression of the Gaunt factor comes from QED (Quantum Electrodynamics) 
computation.

bmin

bmin ξmin

�v/v ⇠ (Ze2/b)/(mev
2/2) < 1 ! bmin > b(1)min ⌘ Ze2/mev
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• For any regime the exact results are conveniently stated in terms of correction factor or Gaunt 
factor. Precise expression of the Gaunt factor comes from QED (Quantum Electrodynamics) 
computation.

Typically    to a few.

Tables and plots are available by Bressaard and van de Hulst (1962) and Karzas and Latter 
(1961).

gff ≈ 1
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[Thermal Bremsstrahlung Emission]
• We now average the above single-speed expression over a thermal distribution of electron speeds.

At frequency , the incident velocity must be at least such that                      ,  because otherwise a 
photon of energy    could not be created.

This cutoff in the lower limit of the integration over electron velocities is called a photon 
discreteness effect.

The exponential factor can be written as
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Or, using the more precise formula,
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In terms of   , the volume emissivity ( ) is

where        is the velocity-averaged free-free Gaunt factor.

Summing over all ion species gives the emissivity:

ν = ω/2π εff
ν = 4πjff
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Note that main frequency dependence is  ,  which shows a “flat spectrum” 
with a cut off at  . The cut-off of the spectrum can be used to determine the temperature 
of hot plasma. 

εff
ν ∝ exp (−hν/kT)

ν ∼ kT/hP1: RPU/... P2: RPU

9780521846561c05.xml CUFX241-Bradt September 20, 2007 5:19
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Fig. 5.5: Theoretical continuum thermal bremsstrahlung spectrum. The volume emissivity (37) is
plotted from radio to x-ray frequencies on a log-log plot with the Gaunt factor (38) included. The
specific intensity I(n , T) would have the same form. Note the gradual rise toward low frequencies
due to the Gaunt factor. We assume a hydrogen plasma (Z = 1) of temperature T = 5 ×107 K with
number densities ni = ne = 106 m−3.
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Fig. 5.6: Thermal bremsstrahlung spectra (as pure exponentials) on linear-linear, semilog, and
log-log plots for two sources with the same ion and electron densities but differing temperatures,
T2 > T1. Measurement of the specific intensities at two frequencies (e.g., at C and D) permits one
to solve for the temperature T of the plasma as well as for the emission measure ⟨ ne

2 ⟩av !. [From
H. Bradt, Astronomy Methods, Cambridge, 2004, Fig. 11.3, with permission]

exp(−hn/kT) ≈ 1.0. The dashed curve in Fig. 5.5 is thus flat as it extends to low frequencies.
The effect of the Gaunt factor is shown; it modifies the exponential response noticeably but
modestly over the many decades of frequency displayed.

The curves in Fig. 5.6 qualitatively show the function jn (n , T) on linear, semilog and
log-log axes for two temperatures T2 > T1. The exponential term causes a rapid reduction
(“cutoff”) of flux at a higher frequency for T2 than for T1. At low frequencies, because
the exponential is essentially fixed at unity, the intensity is governed by the T −1/2 term if

[Bradt, Astrophysics Processes]

For a hydrogen plasma (Z = 1) with  at 
low frequencies ( ) Gaunt factor is given by

T > 3 × 105 K
hν ≪ kT

g↵ =

p
3

⇡
ln

✓
2.25kT

h⌫

◆

<latexit sha1_base64="sRddm3OS1rXGUzzboh+MsAWrOIo="></latexit>

27



• Note that the values of Gaunt factor for   are not important, since the spectrum 
cuts off for these values.

u = hν/kT ≫ 1

- Gaunt Factor

u = h⌫/kT = 4.8⇥ 1011⌫/T

�2 = Z2Ry/kT = 1.58⇥ 105Z2/T
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Determination of the free–free Gaunt factor 425

temperature Te = 10 000 K, the longest wavelength that can be
modelled with the S98 data is ∼1.44 cm. Radio observations at
longer wavelengths are routinely made and CLOUDY should be able
to model those. In the view of the stated facts, we have used a much
larger parameter space in our calculations: 10log γ 2 = −6(0.2)10
and 10log u = −16(0.2)13. This is larger even than the current needs
of CLOUDY and anticipates possible future modifications to the code,
such as the addition of higher-Z elements and/or lowering the low-
frequency cut-off.

The integration shown in equation (22) is carried out using an
adaptive step-size algorithm based on equation 4.1.20 of Press et al.
(1992) for carrying out a single step. This algorithm is open at
the left-hand side, thus avoiding the awkward evaluation of the
integrand at x = 0. During the evaluation of the integral, at every
step an estimate is made of the remainder of the integral to infinity
by assuming that gff is constant. This estimate is reasonable as gff

is only slowly increasing. The integration is terminated when this
estimate is less than 1 per cent of the requested tolerance. The
requested tolerance of the thermally averaged Gaunt factor is a free
parameter and the routine calculates an estimate of the actual error
in the final result taking into account both the imprecisions due to
the finite step-size and the error in the non-averaged Gaunt factor.
For the electronic table, we used a requested relative tolerance of
10−5. The data are presented in Fig. 2 and Table 3. The data can
also be downloaded in electronic form (see Section 5). Note that
the data shown in Table 3 were calculated to a higher precision to
assure that all numbers shown are correctly rounded. In addition
to the electronic table, we also provide simple programs which
allow the user to interpolate the table. Testing of the interpolation
algorithm showed that the relative error was less than 1.5 × 10−4

everywhere.
Comparing our results with those of S98, we noted the serious

problem that the parameters 10log γ 2 and 10log u were transposed
in table 2 of S98, as well as in the electronic version of that table.
After correcting for this error, there were some minor discrepancies
when we compared the numerical values in the electronic table of
S98 to our results. The largest relative error is for 10log γ 2 = −1.8
and 10log u = 0.5 and amounts to almost 0.13 per cent. The median
relative discrepancy is approximately 5 × 10−5. So it appears that
the discrepancies we reported in Section 2.4 did not have a sig-
nificant impact on the calculation of the thermally averaged Gaunt
factor by S98.

4 TH E TOTA L FR E E – F R E E G AU N T FAC TO R

For completeness we will also include a calculation of the total
free–free Gaunt factor which is integrated over frequency. This
quantity is useful if one wants to calculate the total cooling due
to Bremsstrahlung without spectrally resolving the process. The
formula for this quantity is given by KL61 and S98

⟨gff (γ 2)⟩ =
∫ ∞

0
e−u⟨gff (γ 2, u)⟩du. (23)

Due to the similarity of the integrals in equations (22) and (23), we
can use the same adaptive step-size algorithm discussed in Section 3
to calculate the data. For the evaluations of ⟨gff(γ 2, u)⟩, we used a
relative tolerance of 10−6 to prevent them dominating the error in
⟨gff(γ 2)⟩. The results are shown in Table 4 and Fig. 3. The computed
values are also available in electronic form (see Section 5). The data
in Table 4 show a small systematic offset w.r.t. the data in table 3 of
S98, ranging between +0.000 69 for 10log γ 2 = −4 and +0.000 21
for 10log γ 2 = 4. This offset is likely due to the missing part of the

Figure 2. The base-10 logarithm of the thermally averaged free–free Gaunt
factor as a function of u (top panel) and γ 2 (bottom panel). Thick curves are
labelled with the values of 10log γ 2 (top panel) and 10log u (bottom panel)
in increments of 5 dex. The thin curves have a spacing of 1 dex. In the top
panel the Gaunt factors approach a limiting curve for 10log γ 2 < −2 and are
indistinguishable in the plot.

integral below u = 10−4 in S98. The extended range in γ 2 of the
data presented here makes the limiting behaviour of the function
clear. Both for γ 2 → 0 and γ 2 → ∞ the function approaches an
asymptotic value. Using our data, we determined the following fits
to the limiting behaviour of the function:

⟨gff (γ 2)⟩ ≈ 1.102 635 + 1.186γ + 0.86γ 2 for γ 2 < 10−6, (24)

and

⟨gff (γ 2)⟩ ≈ 1 + γ −2/3 for γ 2 > 1010. (25)

These extrapolations are expected to reach a relative precision of
10−5 or better everywhere they are defined. The data in Table 4 can
be interpolated using rational functions

⟨gff (g)⟩ ≈ a0 + a1g + a2g
2 + a3g

3 + a4g
4

b0 + b1g + b2g2 + b3g3 + b4g4
, (26)

where g = 10log γ 2. To limit the degree of the rational function, we
made two separate fits for the range −6 ≤ g ≤ 0.8 and 0.8 ≤ g ≤ 10.
These fits achieve a relative error less than 3.5 × 10−5 every-
where in its range for the first fit and 8.8 × 10−5 for the sec-
ond. The coefficients are given in Table 5. We have implemented
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To find the energy emitted per unit time by a Maxwellian distribution of electron 
energies, we average this spectrum: 

(W(v) )dv 
rdE^e-^W (v) dv •Shv 

PdEX l/2 -En/kT 
(24) 

Fig. 5.—Temperature-averaged free-free Gaunt factor versus u — hv/kT for various values of 7s = 
Z?Ry/kT. 

If we change to the integration variable Eq — hvm the numerator, we are evaluating 
exactly the same integral that gives the temperature-averaged Gaunt factor. Thus, 
after simplifying and rearranging the constants, we find 

<w{v) ydv=-Ê^z2n‘(^y2due-u{ë"{u’yî)) (25) 

= 1.42 X 10~27Z2neT1/2du < gff (u, y2) ) ergs/sec , 

where u = hv/kT; y2 = Z^Ry/kT; and T is in degrees Kelvin in the second expression. 
The energy emitted per unit volume per unit time is found by multiplying by the 

density of positive ions which serve as targets for the bremsstrahlung production. To 
find the total energy emitted, we integrate over the photon spectrum. Thus 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 



• Novikov & Thorne (1973, in Black Holes, Les Houches)

U.P. = Uncertainty principle
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• To obtain the formulas for non-thermal bremsstrahlung, one needs to know the actual 
distributions of velocities, and the formula for emission from a single-speed electron must be 
averaged over that distribution. One also must have the appropriate Gaunt factors.

• Integrated Bremsstrahlung emission per unit volume:

where frequency average of the velocity averaged Gaunt factor:
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[Thermal Bremsstrahlung (free-free) Absorption]
• Free-free absorption is an inverse process of the free-free emission, which we get by “running the film 

backward.”
• Absorption of radiation by free electrons moving in the field of ions:

For thermal system, Kirchoff’s law says:

We have then

For                 , 

For                  ,

Bremsstrahlung self-absorption: The medium becomes always optically thick at sufficiently small 
frequency. Therefore, the free-free emission is absorbed inside plasma at small frequencies.

1

4⇡

dW

dV dtd⌫
= j↵⌫ = ↵↵

⌫B⌫(T )
<latexit sha1_base64="cJDG8qU4xvn6E36brT+rew96qhA="></latexit>

↵↵
⌫ =

4e6

3mehc

✓
2⇡

3kme

◆1/2

nineZ
2T�1/2⌫�3

⇣
1� e�h⌫/kT

⌘
g↵

= 3.7⇥ 108 nineZ
2T�1/2⌫�3

⇣
1� e�h⌫/kT

⌘
g↵ (cm�1)

<latexit sha1_base64="ZrntSdKW+55mLmmx/p3UuGh0urw="></latexit>

h⌫ � kT
<latexit sha1_base64="8w0lYqbP2U2odbfCRk2gcoeiY6Q=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPBi8cK/cImlM12ky7d3YTdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXppxp47rfTmltfWNzq7xd2dnd2z+oHh51dJIpQtsk4YnqhVhTziRtG2Y47aWKYhFy2g3HdzO/+0SVZolsmUlKA4FjySJGsLHS48iXmR/HaNwaVGtu3Z0DrRKvIDUo0BxUv/xhQjJBpSEca9333NQEOVaGEU6nFT/TNMVkjGPat1RiQXWQzy+eojOrDFGUKFvSoLn6eyLHQuuJCG2nwGakl72Z+J/Xz0x0G+RMppmhkiwWRRlHJkGz99GQKUoMn1iCiWL2VkRGWGFibEgVG4K3/PIq6VzUvcu693BVa1wXcZThBE7hHDy4gQbcQxPaQEDCM7zCm6OdF+fd+Vi0lpxi5hj+wPn8ASK+kIU=</latexit>

h⌫ ⌧ kT
<latexit sha1_base64="gMshzZ5CtobGi5yPnkzihORYLrU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPBi8cK/cImlM120i7dbMLuRiil/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdzfz2EyrNE9kw4xSDmA4kjzijxkqPQ19mvhBk1OiVK27VnYOsEi8nFchR75W//H7CshilYYJq3fXc1AQTqgxnAqclP9OYUjaiA+xaKmmMOpjML56SM6v0SZQoW9KQufp7YkJjrcdxaDtjaoZ62ZuJ/3ndzES3wYTLNDMo2WJRlAliEjJ7n/S5QmbE2BLKFLe3EjakijJjQyrZELzll1dJ66LqXVa9h6tK7TqPowgncArn4MEN1OAe6tAEBhKe4RXeHO28OO/Ox6K14OQzx/AHzucPMgmQjw==</latexit>

↵↵
⌫ = 3.7⇥ 108nineZ

2T�1/2⌫�3g↵ (cm�1)
<latexit sha1_base64="ZEivpDrPxTgpPX04vspURCgoIM0="></latexit>

↵↵
⌫ =

4e6

3mekc

✓
2⇡

3kme

◆1/2

nineZ
2T�3/2⌫�2g↵

= 0.018nineZ
2T�3/2⌫�2g↵

<latexit sha1_base64="1KbEBhgAOLLYLN54LmjxrGeUW8s="></latexit>

31



[Overall Spectral Shape]
• An approximate formula for the free-free Gaunt factor is given by Draine (2011).

• Emission and absorption coefficients:

• Optical depth:

• SED (Spectral Energy Density) from a uniform sphere
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• Spectral shape 
- At low frequencies (optically thick 

emission), 

- At high frequencies (optically thin 
emission), 

• This spectrum shows the bremsstrahlung 
intensity from a source of radius  cm 
and temperature . 

- The Gaunt factor is set to unity for simplicity. 

- The density  varies from  to 
 increasing by a factor 10 for each curve. 

- As the density increases, the optical depth also 
increases and the spectrum approaches the 
blackbody one.

R = 1015

T = 107 K

ne = np 1010 cm−3

1018 cm−3

26 2 Bremsstrahlung and Black Body

Fig. 2.1 The bremsstrahlung
intensity from a source of
radius R = 1015 cm, density
ne = np = 1010 cm−3 and
varying temperature. The
Gaunt factor is set to unity for
simplicity. At smaller
temperatures the thin part of
Iν is larger (∝T −1/2), even if
the frequency integrated I is
smaller (∝T 1/2)

Fig. 2.2 The bremsstrahlung
intensity from a source of
radius R = 1015 cm,
temperature T = 107 K. The
Gaunt factor is set to unity for
simplicity. The density
ne = np varies from
1010 cm−3 (bottom curve) to
1018 cm−3 (top curve),
increasing by a factor 10 for
each curve. Note the
self-absorbed part (∝ν2), the
flat and the exponential parts.
As the density increases, the
optical depth also increases,
and the spectrum approaches
the black-body one

2.1.2 From Bremsstrahlung to Black Body

As any other radiation process, the bremsstrahlung emission has a self-absorbed
part, clearly visible in Fig. 2.1. This corresponds to optical depths τν ≫ 1. The
term ν−3 in the absorption coefficient αν ensures that the absorption takes place
preferentially at low frequencies. By increasing the density of the emitting (and ab-
sorbing) particles, the spectrum is self-absorbed up to larger and larger frequencies.
When all the spectrum is self-absorbed (i.e. τν > 1 for all ν), and the particles be-
long to a Maxwellian, then we have a black-body. This is illustrated in Fig. 2.2: all
spectra are calculated for the same source size (R = 1015 cm), same temperature
(T = 107 K), and what varies is the density of electrons and protons (by a factor 10)
from ne = np = 1010 cm−3 to 1018 cm−3. As can be seen, the bremsstrahlung inten-
sity becomes more and more self-absorbed as the density increases, until it becomes
a black-body. At this point increasing the density does not increase the intensity

1010 cm−3

1011 cm−3

1012 cm−3

self-absorbed
part flat part

exponential
part

Iν = Sν = Bν ∝ ν2

Iν = ∫ jνds ∝ e−hν/kT

= constant if hν ≪ kT
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Astronomical Examples - H II regions
• The radio spectra of H II regions clearly show the flat spectrum of an optically thin thermal 

source. The bright stars in the H II regions emit copiously in the UV and thus ionize the hydrogen 
gas.

• Continuum spectra of two H II regions, W3(A) and W3(OH):

Note a flat thermal bremsstrahlung (radio), a low-frequency cutoff (radio, self absorption), and a 
large peak at high frequency (infrared,                     Hz, 300-30 m) due to heated, but still “cold” 
dust grains in the nebula.
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Fig. 5.7: Continuum spectra (energy flux density) of two H II (star-forming) regions, W3(A) and
W3(OH), in the complex of radio, infrared, and optical emission known as “W3.” The data (filled
and open circles) and early model fits (solid and dashed lines) are shown. In each case, there is a flat
thermal bremsstrahlung (radio), a low-frequency cutoff (radio), and a large peak at high frequency
(infrared, 1012−1013 Hz) due to heated, but still “cold,” dust grains in the nebula. The models fit
well except at the highest frequencies. [P. Mezger and J. E. Wink, in “H II Regions & Related
Topics,” T. Wilson and D. Downes, Eds., Springer-Verlag, p. 415 (1975); data from E. Kruegel
and P. Mezger, A & A 42, 441 (1975)].

shows the expected emission lines. Comparison with real spectra from clusters of galaxies
allows one to deduce the actual amounts of different elements and ionized species in the
plasma as well as its temperature. It is only in the present millennium that x-ray spectra taken
from satellites (e.g., Chandra and the XMM Newton satellite) have had sufficient resolution
to distinguish these narrow lines.

Integrated volume emissivity

Total power radiated

The total power radiated from unit volume is found from an integration of (37) over frequency
and may be expressed as (Prob. 53)

➡ j(T ) =
∫ ∞

0
j(n) dn = C2 ḡ(T, Z ) Z2 ne ni T 1/2,

C2 = 1.44 ×10−40 W m3 K−1/2 (W/m3) (5.39)

where T is in degrees K, and ne and ni, the number densities of electrons and ions, respectively,
are in m−3. The integration is carried out with g = 1, and a frequency-averaged Gaunt factor ḡ
is then introduced. Its value can range from 1.1 to 1.5 with 1.2 being a value that will give
results accurate to ∼20%. Note that the total power increases with temperature for fixed
densities, as might be expected.

Figure from [Bradt, Astrophysics Processes]
Data from Kruegel & Mezger (1975, A&A, 42, 441)

ν ~1011 Hz→ λ ≈ 3 mm
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self-absorption
flat

dust
emission

The term H II is pronounced “H two” by 
astronomers. “H” indicates hydrogen, and 
“II” is the Roman numeral for 2.

Astronomers use “I” for neutral atoms, “II” 
for singly-ionized, “III” for doubly-ionized, 
etc.

An H II region in the Large Magellanic 
Cloud (observed with MUSE, VLT)
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Astronomical Examples - X-ray emission
• Theoretical spectrum for a plasma of temperature  K that takes into account quantum effects. 

- Comparison with real spectra from clusters of galaxies allows one to deduce the actual amounts of 
different elements and ionized species in the plasma as well as its temperature.

- It is only in the present millennium that X-ray spectra taken from satellites (e.g., Chandra and the XMM 
Newton satellite) have had sufficient resolution to distinguish these narrow lines The dashed lines show 
the effect of X-ray absorption by interstellar gas [Bradt, Astrophysics Processes].
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198 Thermal bremsstrahlung radiation

Fig. 5.8: Semilog plot of theoretical calculation of the volume emissivity jn , divided by electron
density squared, of a plasma at temperature 107 K with cosmic abundances of the elements as a
function of hn/kT. The abscissa is unity at the frequency where the exponential term equals e−1.
The various atomic levels are properly incorporated; strong emission lines and pronounced “edges”
are the result. The dashed lines show the effect of x-ray absorption by interstellar gas. The straight-
line portion of the plot falls by about a factor of ∼3 for each change of u by unity, as expected for
the exponential e−u. [From W. Tucker and R. Gould, ApJ 144, 244 (1966)]

White dwarf accretion

One can use the expression (39) for j(T) to deduce the equilibrium temperature of an optically
thin plasma into which energy is being injected. An example is gas that accretes onto the
polar region of a compact white dwarf star from a companion star (Section 2.7). As the matter
flows downward, it is accelerated by gravity to very high energies. Just above the surface, it
may encounter a shock, which abruptly slows the material and raises it to a high density; the
kinetic infall energy is converted into random motions (i.e., thermal energy). The material is
then a hot, optically-thin plasma that slowly settles to the surface of the white dwarf.

This plasma radiates away its thermal energy according to the expressions (36) and (39)
above. At the same time it is continuously receiving energy from the infalling matter. In
equilibrium, the energy radiated by the plasma equals that being deposited by the incoming
material. In effect, the temperature will come to the value required for the plasma to radiate
away exactly the amount of energy it receives.

One can thus use the deposited energy as an estimate of the radiated energy. That is, if
values are adopted for the accretion energy being deposited per cubic meter per second and
for the densities ne and ni, the temperature of the plasma may be determined from (39).

bremsstrahlung                                                 practical applications(2)

A cluster of galaxies:
                                       Coma (z=0.0232), size ~ 1 Mpc

                                                                           Typical values of IC hot     
                                                                           gas have radiative cooling
                                                                           time exceeding 10 Gyr

                                                                           all galaxy clusters are X-    
                                                                           ray emitters

Coma cluster (z = 0.0232), size ~ 1 Mpc
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Astronomical Examples - Supernova Remnants
• SNR G346.6-0.2

X-ray spectra of the SNR from three of the four telescopes on-board Suzaku (represented by 
green, red and black).

The underlying continuum is thermal bremsstrahlung, while the spectral features are due to 
elements such as Mg, S, Si, Ca and Fe.

The roll over in the spectrum at low and high energies is due to a fall in the detector response, 
which is forward-modeled together with the spectrum.

Sezer et al. (2011, MNRAS, 415, 301)
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Cooling function

Figure from the Lecture Note of J. Poutanen
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[Relativistic Bremsstrahlung]*
• Normally, the ions move rather slowly in comparison to the electrons.

However, in a frame of reference in which electron is initially at rest, the ion appears to move 
rapidly toward the electron. The electrostatic field of the ion appears to the electron to be a 
pulse of electromagnetic radiation. This radiation then Compton (or Thompson) scatters off 
the electron to produce emitted radiation. Transforming back to the rest frame of the ion (or 
lab frame) we obtain the bremsstrahlung emission of the electron. Relativistic bremsstrahlung 
can be regarded as the Compton scattering of the virtual quanta of the ion’s electrostatic 
field as seen in the electron’s frame.

• In the (primed) electron rest frame, the spectrum of the pulse of the virtual quanta:

In the low-frequency limit, the scattered radiation is

Transverse lengths are unchanged,           , and                                   . The scattering is forward-
backward symmetric, we therefore have the averaged relation              .

(in the ultrarelativistic limit)
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• For a plasma with a single-speeds

• For a Maxwell distribution of electrons, a useful approximate expression for the frequency 
integrated power is given by Novikov & Thorne (1973).

See also Itoh et al. (2000, ApJS, 128, 125), Zekovic (2013, arXiv:1310.5639v1)

• At higher frequencies Klein-Nishina corrections must be used.
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Homework (due date: 11/06)
[Q9] 천체물리학 (구본철, 김웅태) 문제 7

태양의 위치에서 우리은하 원반에 수직한 방향으로의 제동복사의 광학적 깊이가 1이 되는 주
파수는 약 2 MHz 이다 (Cane 1979). 제동복사의 흡수는 대부분 우리 은하에 퍼져있는 ‘따뜻한 
이온화된 물질’ (WIM, warm ionized medium)에 의한 것으로 추정된다. WIM의 제곱평균제곱
근(rms) 전자 밀도는 얼마인가? WIM의 온도는 약  K이며, 태양의 위치에서 원반의 1/2 두
께는 500 pc라고 가정한다.

(Hint) WIM은 완전히 이온화된 수소원자로 구성되어 있다고 가정한다.
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