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[Synchrotron Radiation]
• Particles accelerated by a magnetic field will also radiate. Acceleration by a magnetic field 

produces magnetobremsstrahlung, the German word for “magnetic braking radiation.”

• Cyclotron radiation: For non-relativistic velocities, the radiation is called cyclotron radiation. 
The frequency of emission is simply the frequency of gyration in the magnetic field.

• Synchrotron radiation: For extreme relativistic particles, the frequency spectrum is much more 
complex and can extend to many times the gyration frequency. This radiation is known as 
synchrotron radiation.

• Synchrotron radiation is ubiquitous in astronomy.

It accounts for most of the radio emission from active galactic nuclei (AGN), which are thought 
to be powered by supermassive black holes in galaxies and quasars.

It dominates the radio continuum emission from star-forming galaxies.
Galactic Synchrotron

• WMAP 23GHz emission and polarization map

WMAP 23GHz 
emission and 
polarization map
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Puzzling radiation from the Crab nebula
• A large part of the supernova remnant called the Crab nebula 

appears as an bluish haze on the sky, and the origin of this light 
was, for a long time, a big mystery.

The bluish luminosity in the optical band could be considered to 
indicate the presence of a hot, optically thin thermal plasma with 
a temperature of ~ 50,000 K.

Such a hot plasma would radiate strong optical emission lines 
from excited atoms in the plasma. However, no strong spectral 
lines are observed. The spectrum is a smooth continuum.

The puzzle of the source of radiation from the Crab nebula was 
solved dramatically when a Russian scientist (Iosif Shklovsky) 
postulated in 1953 that the bluish radiation might be the same as 
that previously discovered in man-made electron accelerators.

He therefore suggested that optical astronomers look to see if the 
radiation from the Crab is polarized. They did (in 1954) and 
found it to be so.

Nevertheless, this explanation was quiet a surprise; it required 
that the radiating electrons have energies in excess of  eV. 
This raised the question of how the electron attained such high 
energies. Later (1969), it was found that the energy source is a 
spinning neutron star, the Crab pulsar.
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Crab Nebula (HST mosaic image) 
The rapidly spinning (30 times a second) 
neutron star embedded in the center of the 
nebula is powering the nebula’s interior bluish 
glow. The blue light comes from electrons 
whirling at nearly the speed of light around 
magnetic field lines from the neutron star.

Pulsar Wind Nebula (HST in red + 
Chandra X-ray image in blue)
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• Consider a particle of mass m and charge q moving in a uniform magnetic field, with no electric field.

• Equations of motion:

The first equation implies that  . Therefore, it follows that

Decompose the velocity into  ,  and take dot product with B.

Therefore,

Helical motion: The perpendicular velocity component processes around B. Thus, the motion is a 
combination of the uniform circular motion and the uniform motion along the field.

γ = constant (or equivalently |v | = constant)

v = v∥ + v⊥

[Equation of Motion in a uniform magnetic field]
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Four-force:

Lorentz Four-force:

Four-momentum:Recall



- Rearrange the above equations:
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: harmonic oscillator

a∥ = 0
a⊥ = ωBυ⊥

<latexit sha1_base64="GAy8cY7H1AyGJgWk2ZkvxO9SrUM="></latexit>

dv?
dt

=
�e

�mec
v? ⇥B = �!B

B
v? ⇥B

d2v?
dt2

= �!B

B

dv?
dt

⇥B

=
!2
B

B2
(v? ⇥B)⇥B

=
!2
B

B2
[�v? (B ·B) +B (v? ·B)]



- Solution: 
‣ Assuming the initial conditions   ,   ,  and   at , we obtain the following solution 

- Helical motion: The perpendicular velocity component processes around B. Therefore, the 
motion is a combination of the uniform circular motion perpendicular to the magnetic field 
and the uniform motion along the field.

v⊥ ∥ y r ∥ x z = 0 t = 0
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: harmonic oscillator



- The particle gyrates along the magnetic field lines with the angular velocity . 

- Its trajectory has a helicoidal shape, with gyro radius  and pitch angle .

ωB

rB α
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Larmor frequency:           Larmor radius:  

(It is also called as Cyclotron frequency or non-relativistic gyrofrequency.)

ωL =
eB
mec

rL =
υ⊥

ωL

ωB =
17.6

γ
B

μG
(Hz)

rB = 1.7 × 109 γβ⊥ ( B
μG ) (cm)

gyrofrequency:    

gyroradius:           

pitch angle  :    ,  
angle between the magnetic field and velocity
or angle between  and 

ωB =
eB

γmec

rB =
υ⊥

ωB

α υ∥ = υ cos α υ⊥ = υ sin α

v∥ v

pitch angle α



[Synchrotron Power Radiated by a Single Electron]
• Total emitted power:

Since  and ,

where  is the pitch angle, the angle between magnetic field and velocity. 

For an isotropic distribution of velocities, it is necessary to average the formula over all angles.
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- Cooling Time
• The energy balance equation becomes:

• Cooling time: the typical timescale for the electron to loose about of its energy is approximately

In the vicinity of a supermassive AGN black hole,  Gauss and for  .B ≈ 103 γ ≈ 103
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7.3. COOLING TIME OR RADIATIVE LIFETIME 93

where re = e2/mc2 - classical electron radius, σT = 8π
3 r

2
e =

2
310

−24 cm2 - Thomson
cross-section and UB = B2/(8π) is the magnetic energy density. One can consider
UB as the energy density of virtual magnetic field photons of energy !ωB with
number densityUB/(!ωB). The emitted power= cross-section × velocity× energy
density.

One can view the process quantum-mechanically as if the electron collides
(scatters) with virtual B-field photons and ”knocks” them free, this produces radi-
ation.

If the electron velocity distribution is isotropic then one can average over the
pitch angle (

∫

sin2 αdΩ4π =
2
3):

Pemitted =
4
3
σTcβ2γ2UB. (7.11)

This formula is valid for any velocity β.

7.3 Cooling time or radiative lifetime
Consider how the electron loose energy. The energy equation becomes:

mc2
dγ
dt
= −Pemitted = −2σTc(γ2β2)UB sin2 α. (7.12)

One can solve this ODE. (At home: assume β = 1 and solve this equation!)
The typical timescale for the electron to loose about half of its energy (i.e.

cooling time) is approximately

tcool =
Energy

cooling rate
=
γmc2

−mc2 dγdt
=
γmc2

Pemitted
=
4πmc2

σTc
1

γB2 sin2 α
=
15 years
γB2 sin2 α

,

(7.13)
thus for γ = 103 this results in the following cooling times:

Location Typical B tcool cooling length size of object
≈ ctcool

Interstellar medium 10−6 G 1010 years 1028 cm 1022 cm
Stellar atmosphere 1 G 5 days 1015 cm 1011 cm
Supermassive black hole 104 G 10−3 sec 3 107 cm 1014 cm
White dwarf 108 G 10−11 sec 3 mm 1000 km
Neutron star 1012 G 10−19 sec 3 10−9 cm 10 km

In strong B-fields, the electron loses its energy before it can cross the source.



[Spectrum of Synchrotron Radiation: A Qualitative Discussion]

• Because of beaming effects the emitted radiation fields appear to be concentrated in a narrow set 
of directions about the particle’s velocity.

The observer will see a pulses of radiation confined to a time interval much smaller than the 
gyration period. The spectrum will thus be spread over a much broader frequency range than one 
of order  .

The cone of emission has an angular width . Therefore, the observer will see emission over 
the angular range of  .

The radiation appears beamed toward the direction of the observer in a series of pulses spaced in 
time (period)    apart, but with each pulse lasting only  .

ωB

∼ 1/γ
Δθ ≃ 2/γ

2π/ωB Δθ ≃ 2/γ

  

Observer
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• To Fourier analyze the pulse shape, we need to 
calculate the interval of the arrival times of the 
pulse corresponding to . 
- Let’s consider an instantaneous rest frame of the 

electron. 

- From the equation of motion, we find the curvature 
radius: 

- Therefore the path length is given by 

Δθ ∼ 2/γ
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     = the path length from point 1 to 2 
                    = the radius of curvature of the path 

     = time interval from point 1 to 2 
   = velocity change
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- Time interval that the particle passes from point 1 to 2: 

- However, this is the time interval for the particle to travel from point 1 to 2. We need to 
calculate the interval of the arrival times of the pulse measured in the observer frame. 

- Note that point 2 is closer than point 1 by  . Therefore, the difference of the arrival times 
of the pulse is 

Δs/c
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• Temporal pattern of received pulses: 

• We define a critical frequency: 

- From the properties of Fourier transformation, we 
expect that the spectrum will be fairly broad, 
within the frequency range of  .ωB ≲ ω ≲ ωc
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The factor 3/2 is from the accurate calculation. (See Pacholczyk 
1970, Radio Astrophysics. Nonthermal Processes in Galactic and 
Extragalactic Sources)
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• We can derive an important property of the spectrum for the synchrotron radiation.

Remember that the electric field is a function of  , where   is a polar angle about the direction 
of motion, because of the beaming effect. Then we can write

Let time t = 0 and the path length s = 0 when the pulse is centered on the observer. Then, we find

Then we have

Hence, the time dependence of the electric field can be written as .

The Fourier transform of the electric field is

Therefore, the power per unit frequency is a function of    :

γθ θ
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[Spectral Index for Power-law Electron Distribution]
• Often the number density of particles with energies between E and E + dE can be approximately 

expressed in the form (“power law”):

• The total power radiated per unit volume per unit frequency by such a distribution is given by

• Then, the spectrum is also a power law and the power-law spectral index  s  is related to the 
particle distribution index  p  by

16

The extra factor B comes from the more detailed formula.
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[Spectrum of Synchrotron Radiation: A Detailed Discussion]
• We will use the formula derived in Chapter 3.

• The coordinate system is chosen so that the particle has velocity v along the  axis at time .

 is a unit vector along the  axis in the orbital ( ) plane.

Let    represent the angle between the observing direction (n) and the velocity vector v at .

Then, an equivalent circular orbit at    is given by

Note that

x′￼ t′￼= 0
ϵ⊥ y′￼ x′￼− y′￼

θ t′￼= 0
t′￼

v(t0) = v(x̂0 cos'+ ŷ0 sin'), where ' ⌘ vt0

R = (!B sin↵)t0

r(t0) = R(x̂0 sin'� ŷ0 cos')
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• We note that

t0 � n · r(t0)
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• We also note that

• We can identify the contribution to the received power in the two orthogonal polarized directions.

Now, define the following variables
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• The integrals are functions only of the parameter  .   Since most of the radiation occurs at     
angle  ,    can be written as

The frequency dependence of the spectrum depends on    only through  . 
The angular dependence uses    only through the combination  .

• The integrals can be expressed in terms of the modified Bessel functions of 1/3 and 2/3 order.

• The energy per frequency range radiated by the particle per complete orbit in the projected 
normal plane can be obtained by integrating over solid angle.

η
θ ≈ 0 η

ω ω/ωc
θ γθ

From 10.4.26, 10.4.31, and 10.4.32 of Abramovitz & Stegun (1965)
See Westfold 1959, ApJ, 130, 241
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• We note that the emitted radiation is almost completely confined to the solid angle shown shaded 
in the following figure, which lies within an angle    of a cone of half-angle . Therefore, the 
integral over the solid angle can be approximated by

• Therefore,

• The emitted power per frequency is obtained by dividing

the orbital period of the charge  T = 2𝜋/𝜔B :

1/γ α
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1

T

dWk
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T

dW?
d!
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The infinite integral limits on the integral are convenient 
and permissible, because the integrand is concentrated to 
small values of  about , of order .Δθ α 1/γ



• Emitted power:

• Total emitted power per frequency:

where F (x) ⌘ x

Z 1

x
K5/3(⇠)d⇠

G(x) ⌘ xK2/3(x)

x ⌘ !/!c
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• For a power-law distribution of electrons                                                    , we obtain the total 
power per unit volume per unit frequency:

• For the complete derivation of the formula, see Westfold (1959).

N(�)d� = C��pd� (�1 < � < �2)
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[Polarization of Synchrotron Radiation]
• In general, the radiation from a single charge will be elliptically polarized.

The electric field is in the same plane as the acceleration vector, which is perpendicular to the 
magnetic field. For any reasonable distribution of particles that varies smoothly with pitch angle, 
the elliptical component will cancel out as emission cones will contribute equally from both sides 
of the line of sight. Thus, on average, the radiation will be partially linearly polarized 
perpendicular to the magnetic field.

Recall the electric field is in the plane made by the 
acceleration vector and line of sight (Lecture 04).
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Fig. 8.1: (a) Electron spiraling around a magnetic field line emitting polarized radiation in the
electron’s forward direction. (b) Line of sight through a nebula with partially ordered magnetic
fields.

the optical radiation from the nebula is from filaments that are mostly reddish; they exhibit
hydrogen Balmer emission lines, forbidden nebular lines, and so on, indicating temperatures
of ∼104 K.

The bluish luminosity in the optical band might have been considered to signify the pres-
ence of a hot, optically thin thermal plasma with a temperature of ∼106 K. This temperature
was inferred from the decreasing intensity I(n) of the spectrum in the optical band and that
expected for thermal bremsstrahlung emission (Fig. 5.5). Such a plasma, though, would radi-
ate pronounced emission lines from excited atoms in the plasma. In fact, no spectral lines are
observed; the spectrum is a smooth continuum.

Another difficulty was that the inferred mass of the plasma was uncomfortably large; it
was comparable to the most massive of stars. The nature of the bluish emission was indeed
a puzzle.

Spectral energy distribution (SED)

Spectra are sometimes plotted as nS(n) on a log-log plot, as in Fig. 8.2, where S(n)
∫

I d!

is the spectral energy flux density (W m−2 Hz−1). The units of nS(n) are thus W/m2. This
type of plot is known as a spectral energy distribution (SED). Remember that, in this text,
we drop the subscript n , thus, S ≡ Sn . We sometimes call S(n), simply, “flux density.”

In the SED presentation, the logarithmic slope of a power-law spectrum is increased by
unity. A photon spectrum S ∝ n−1 with logarithmic slope a = −1 would have a flat SED,
nSn ∝ n0. For such a flat spectrum, direct integration shows that equal logarithmic intervals
contain equal energy fluxes. That is, one decade of frequency in a low-energy x-ray band
would have the same energy flux, !=

∫
S dn (W/m2), as that in a decade of frequency at

some higher x-ray or gamma-ray energy.
The spectrum of the Crab nebula is plotted as an SED in Fig. 8.2. Note that it is quite

flat from ∼10 eV in the ultraviolet to ∼100 keV in the hard x-ray region. It would appear
even flatter if the compressed horizontal scale were uncompressed. The spectrum S(n) in this
region is thus just slightly steeper than a = −1; that is, S ∝ n −1.1. In the radio region, it is
about S ∝ n −0.3 (Prob. 23).
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• Degree of linear polarization of a single energy:

• For particles with a power law distribution of energies:

• For particles of a single energy, the polarization degree of the frequency integrated radiation is
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[Transition from Cyclotron to Synchrotron Emission]
• For low energies, the electric 

field components vary 
sinusoidally with the same 
frequency as the gyration in the 
magnetic field. The spectrum 
consists of a single line.

• When  increases, higher 
harmonics of the fundamental 
frequency begin to contribute.

• For very relativistic velocities, 
the originally sinusoidal form of 
E(t) has now become a series of 
sharp pulses, which is repeated 
at time intervals  2𝜋/𝜔B. The 
spectrum now involves a great 
number of harmonics, the 
envelope of which approaches 
the form of the function F(x).
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4.4 Emission from Many Electrons 55

Fig. 4.5 From cyclo to synchro: If the emitting particle has a very small velocity, the observer sees
a sinusoidal (in time) electric field E(t). Increasing the velocity the pattern becomes asymmetric,
and the second harmonic appears. For 0 < β ≪ 1 the power in the second harmonic is a factor
β2 less than the power in the first. For relativistic particles, the pattern becomes strongly beamed,
the emission is concentrated in the time "tA. As a consequence the Fourier transformation of
E(t) must contain many harmonics, and the power is concentrated in the harmonics of frequen-
cies ν ∼ 1/"tA. Broadening of the harmonics due to several effects ensures that the spectrum in
this case becomes continuous. Note that the fundamental harmonic becomes smaller increasing γ
(since νB ∝ 1/γ )

The queen of the particle energy distributions in high energy astrophysics is the
power law distribution:

N(γ ) = Kγ −p = N(E)
dE

dγ
; γmin < γ < γmax (4.21)

Now, assuming that the distribution of pitch angles is the same at low and high γ ,
we want to obtain the synchrotron emissivity produced by these particles. Beware
that the emissivity is the power per unit solid angle produced within 1 cm3. The
specific emissivity is also per unit of frequency. So, if Eq. 4.21 represents a density,
we should integrate over γ the power produced by the single electron (of a given γ )
times N(γ ), and divide all it by 4π , if the emission is isotropic:

js(ν, θ) = 1
4π

∫ γmax

γmin

N(γ )P (γ ,ν, θ)dγ (4.22)

Doing the integral one easily finds that, in an appropriate range of frequencies:

js(ν, θ) ∝ KB(p+1)/2ν−(p−1)/2 (4.23)

[Ghisellini] Radiative Processes in High Energy Astrophysics



(2) The emitted power was found by dividing the energy by the period T. But the received power 
must be obtained by dividing by  TA.  Thus we have  Pr = Pe/sin2𝛼.

The average power emitted and received will be the same, because the total number of emitted and received 
pulses must be the same in the long run. These corrections are not important for most cases of interest.

• If  T = 2𝜋/𝜔B  is the orbital period of the projected 
motion, then time-delay effects will give a period 
between the arrival of pulses  TA  satisfying

Therefore, the fundamental observed frequency is         
  rather than  .

• This leads to two modifications to the preceding results, 
neither of which is serious, fortunately.

(1) Spacing of the harmonics is . For extreme 
relativistic particles this is not important, because one 
sees a continuum rather than the harmonic structure. Note 
that we did take the Doppler effects in deriving the pulse 
width  𝛥tA  and consequently for the critical frequency 𝜔c. 
The continuum radiation is still a function of  𝜔/𝜔c.

ωB/sin2 α ωB

ωB/sin2 α

[Distinction between Received and Emitted Power]

TA = T
⇣
1�

vk
c
cos↵

⌘
= T

⇣
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⌘

⇡ T
�
1� cos2 ↵

�
=

2⇡

!B
sin2 ↵
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[Synchrotron Self-Absorption]
• Opacity

In order to calculate the opacity for non-thermal velocity distribution of electrons. We first need to 
generalize the Einstein coefficients to include continuum states.

For a given energy of a photon  there are many possible transitions, meaning that the absorption 
coefficient should be obtained by summing over all upper states 2 and lower stats 1:

The profile function    is essentially a Dirac delta-function  that restrict 

the summations to those states differing by an energy .

In terms of the Einstein coefficients, the emitted power is given by

- Using this, the part due to stimulated emission of 𝛼𝜈 can be represented in terms of P:

- The true absorption coefficient (first part) is:

hν

ϕ21(ν) ϕ21(ν) = δ (ν − (E2 − E1)/h)
hν = E2 − E1
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Therefore, we have

We need to convert the discrete summation to an integral over continuum energy (or momentum).

(1) Let   f(p)d3p  ≡  number of electrons per volume with momenta in  d3p  about  p.

(2) Number of quantum states per volume in   (g = 2 for spin 1/2 particles)

(3) Electron density per quantum state  =

Therefore, we can make the replacements

Then, the absorption coefficient becomes

where  p2*  is the momentum corresponding to energy  E2 - h𝜈.

d3p = g
d3p
h3
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• For a thermal distribution of particles, we can derive the Kirchhoff’s Law for continuum states.

Thus, the absorption coefficient is

Therefore, we obtained the Kirchhoff’s Law for thermal emission.

f(p) = K exp
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• For an isotropic, and extremely relativistic electron distribution, we can use energy instead of 
momentum:

Then,

Assume that                (in fact, a necessary condition for the application of classical 
electrodynamics) and expand to first order in  h𝜈. 

• For a power law distribution of particles:
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Note                         indicates that the synchrotron emission is optically thick at low 
frequencies and optically thin at high frequencies.

The source function is

For optically thin synchrotron emission,

For optically thick emission,

Therefore, the synchrotron spectrum from a power-law distribution of electrons has a shape like 
the following figure.
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- Observations of the self-absorption 
part could determine .

- Observations of the thin part can then 
determine the proportional constant  
and the electron slope .

B

K
p

4.6 Synchrotron Absorption: Electrons 59

Fig. 4.6 The synchrotron
spectrum from a partially
self-absorbed source.
Observations of the
self-absorbed part could
determine B . Observations of
the thin part can then
determine K and the electron
slope p

Since we have already obtained I (ν) ∝ ν5/2B−1/2 in the absorbed regime, we
can derive the dependencies of the absorption coefficient:

αν = j (ν)

I (ν)
∝ KB(p+1)/2ν−(p−1)/2

ν5/2B−1/2 = KB(p+2)/2ν−(p+4)/2 (4.36)

Note the rather strong dependence upon frequency: at large frequencies, absorption
is small.

The obvious division between the thick and thin regime is when τν = 1. We call
self-absorption frequency, νt , the frequency when this occurs. We then have:

τνt = Rανt = 1 → νt ∝
[
RKB(p+2)/2]2/(p+4) (4.37)

The self-absorption frequency is a crucial quantity for studying synchrotron sources:
part of the reason is that it can be thought to belong to both regimes (thin and thick),
the other reason is that the synchrotron spectrum peaks very close to νt (see Fig. 4.6)
even if not exactly at νt (see the Appendix).

4.6 Synchrotron Absorption: Electrons

In the previous section we have considered what happens to the emitted spectrum
when photons are emitted and absorbed. This is described by the absorption co-
efficient. But now imagine to be an electron, that emits and absorbs synchrotron
photons. You would probably be interested if your budget is positive or negative,
that is, if you are loosing or gaining energy. This is most efficiently described by
a cross section, that tells you the probability to absorb a photon. Surprisingly, the
synchrotron absorption cross section has been derived relatively recently [1], and its
expression is:

σs(ν,γ , θ) = 16π2

3
√

3

e

B

1
γ 5 sin θ

K5/3

(
ν

νc sin θ

)
(4.38)

high frequency

low frequency



Homework (due date: 11/13)
[Q10]

An ultrarelativistic electron emits synchrotron radiation. We derived that its energy decreases 
with time according to (page 10 in this lecture; problem 6.1 in Rybicki & Lightman):

In contrast, we showed  is constant (page 5 in this lecture; page 168 in Rybicki & Lightman). 
These two results seem to be inconsistent with each other.

How does one reconcile the decrease of  with the result of constant ? What is your idea to 
reconcile this apparent discrepancy.

γ

γ γ

33

<latexit sha1_base64="EDrCkO6bmr/3E/77E2g4fTOW69w=">AAACEXicbVBNSwMxEJ312/q16tFLsAgVoeyKVi+i4sWjglWhLSWbZmtosrsks0JZ9i948a948aCIV2/e/Bf+BNNWQVsfBN68N8NkXpBIYdDzPpyx8YnJqemZ2cLc/MLikru8cmniVDNeZbGM9XVADZci4lUUKPl1ojlVgeRXQeek51/dcm1EHF1gN+ENRduRCAWjaKWmW6q3qVK0hJsH9VBTlg3qppdn/tbxT0Ewb7pFr+z1QUaJ/02Kh5/Qx1nTfa+3YpYqHiGT1Jia7yXYyKhGwSTPC/XU8ISyDm3zmqURVdw0sv5FOdmwSouEsbYvQtJXf09kVBnTVYHtVBRvzLDXE//zaimG+41MREmKPGKDRWEqCcakFw9pCc0Zyq4llGlh/0rYDbXBoA2xYEPwh08eJZfbZb9S3j3fKR5VBmnADKzBOpTAhz04glM4gyowuIMHeIJn5955dF6c10HrmPM9swp/4Lx9AcC+nb4=</latexit>

�(t) =
�0

1 +A�0t


