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• For an isotropic, and extremely relativistic electron distribution, we can use energy instead of 
momentum:

Then,

Assume that                (in fact, a necessary condition for the application of classical 
electrodynamics) and expand to first order in  h𝜈. 

• For a power law distribution of particles:

h⌫ ⌧ E
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Note                         indicates that the synchrotron emission is optically thick at low 
frequencies and optically thin at high frequencies.

The source function is

For optically thin synchrotron emission,

For optically thick emission,

Therefore, the synchrotron spectrum from a power-law distribution of electrons has a shape like 
the following figure.

↵⌫ / ⌫�(p+4)/2
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- Observations of the self-absorption 
part could determine .

- Observations of the thin part can then 
determine the proportional constant  
and the electron slope .

B

K
p

4.6 Synchrotron Absorption: Electrons 59

Fig. 4.6 The synchrotron
spectrum from a partially
self-absorbed source.
Observations of the
self-absorbed part could
determine B . Observations of
the thin part can then
determine K and the electron
slope p

Since we have already obtained I (ν) ∝ ν5/2B−1/2 in the absorbed regime, we
can derive the dependencies of the absorption coefficient:

αν = j (ν)

I (ν)
∝ KB(p+1)/2ν−(p−1)/2

ν5/2B−1/2 = KB(p+2)/2ν−(p+4)/2 (4.36)

Note the rather strong dependence upon frequency: at large frequencies, absorption
is small.

The obvious division between the thick and thin regime is when τν = 1. We call
self-absorption frequency, νt , the frequency when this occurs. We then have:

τνt = Rανt = 1 → νt ∝
[
RKB(p+2)/2]2/(p+4) (4.37)

The self-absorption frequency is a crucial quantity for studying synchrotron sources:
part of the reason is that it can be thought to belong to both regimes (thin and thick),
the other reason is that the synchrotron spectrum peaks very close to νt (see Fig. 4.6)
even if not exactly at νt (see the Appendix).

4.6 Synchrotron Absorption: Electrons

In the previous section we have considered what happens to the emitted spectrum
when photons are emitted and absorbed. This is described by the absorption co-
efficient. But now imagine to be an electron, that emits and absorbs synchrotron
photons. You would probably be interested if your budget is positive or negative,
that is, if you are loosing or gaining energy. This is most efficiently described by
a cross section, that tells you the probability to absorb a photon. Surprisingly, the
synchrotron absorption cross section has been derived relatively recently [1], and its
expression is:

σs(ν,γ , θ) = 16π2

3
√

3

e

B

1
γ 5 sin θ

K5/3

(
ν

νc sin θ

)
(4.38)

high frequency

low frequency



Polarization of Synchrotron Radiation
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[left] Non-relativistic cyclotron motion. When viewed in orbital plane, radiation is 100% linearly 
polarized with electric vector oscillating perpendicular to magnetic field . Viewed from along , 
emission is 100% circularly polarized. Note that the electric vector depends only on the observer’s 
direction and is independent of the pitch angle.

[right] For relativistic motion, radiation is beamed into direction of motion. The emission for a single 
electron is effectively confined to within a small angle  of  (The electric field depends both on the 
observer’s direction and pitch angle). The fourth Stokes parameter is an odd function of the angle 
between  and . The number of electrons passing with an pitch angle  is the same as that with . 
These two components of circular polarization effectively cancel almost, whereas linear polarization 
largely survives.

B B

1/γ v

n v α −α

Electrons rotate counterclockwise when 
viewed from the positive tip of the  axis.B

Circular
Polarization

Circular
Polarization

Linear
Polarization

Cyclotron Radiation Synchrotron Radiation



Cooling Time Scale
• Emission as synchrotron radiation of relativistic electrons, characteristic frequency:

for average  G in Crab Nebula

• Optical Emission:

Optical emission (HST) at  requires electrons with .

Cooling time scale  age of Nebula.

• X-ray Emission:

Chandra (ACIS, 0.2-10 keV) X-ray emission  Hz requires , electrons cool quicker 
by a factor ~ 10.

X-ray emission spatially less extended.

 yr of Nebula, need continuous supply of fresh electrons.

• Radio Emission:

Crab Nebula also bright in radio (NRAO,  Hz), less energetic electrons needed, 
, size constrained by the age of Nebula

B ∼ 10−4

ν ∼ 5 × 1014 Hz γ ∼ 106

tcool ∼ 2500 (106/γ) yr ≳ tage

ν ∼ 1017 γ ∼ 107

tcool < tage ∼ 950

ν ∼ 5 × 109

γ ∼ 5 × 103



Astrophysical Examples: Synchrotron Emission from Crab Nebula
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9 Example: Synchrotron Emission from the Crab Nebula

Figure 3: Crab Nebula (d ⇠ 2 kpc) caused by SN explosion in 1054 A.D. - composite image: Chandra

X-ray [blue], HST optical [red and yellow], Spitzer infrared [purple]. X-ray image is smaller than others

as extremely energetic electrons emitting X-rays radiate away their energy more quickly than lower-energy

electrons emitting in optical and infrared [Credits: NASA].

16

Crab Nebula (  kpc) caused by SN explosion in 1054 A.D. - composite image. Chandra X-ray 
[blue], HST optical [red and yellow], Spitzer infrared [purple]. X-ray image is smaller than others 
as extremely energetic electrons emitting X-rays radiate away their energy more quickly than 
lower-energy electrons emitting in optical and infrared [Credits: NASA]

d ∼ 2



• Crab nebula - SED

Dots: modified blackbody with T = 46 K.
Thin dashed line: emission at mm wavelengths
Thick dashed line: synchrotron emission

Aharonian et al. (2004)

or possibly injected into a volume similar to that of the soft
X-ray–emitting electrons.

The extra component can be explained by a population of
electrons with a minimum Lorentz factor of !104 and a
maximum Lorentz factor of !106, with a power-law index p
close to 2 (dN=d! ¼ N0!#p). In order to inject such an electron
distribution, a small-scale shock is required at a distance of
!1014 cm from the pulsar. The maximum Lorentz factor
reachable in the downstream region scales with the curvature
radius of the shock. The minimum Lorentz factor, according
to the Rankine-Hugoniot relations for a shock at 1014 cm,
is !104, provided that the spectral index is !2 for the parti-
cle distribution. In recent MHD calculations (Bogovalov &
Khangoulian 2002; Komissarov & Lyubarsky 2003), the ob-
served jet-torus morphology of the Crab Nebula is reproduced
by invoking a modulation of the flow speed with sin2" (" is the
polar angle with respect to the rotation axis of the pulsar). This
assumption is motivated by the solution for the wind flow in
the case of an oblique rotator, assuming a split monopole
magnetic field configuration (Bogovalov 1999). According to
the calculation of Komissarov & Lyubarsky (2003), a multi-
layered shock forms. In the proximity of the polar region, the
shock would form close to the pulsar and could be responsible
for the injection of millimeter-emitting electrons.

This shock region has remained undetected because of the
angular proximity (10 mas) to the pulsar and the fact that the
continuum emission is predominantly produced in the milli-
meter and submillimeter wavelength bands. The inner shock is
in principle visible with high-resolution observations with
interferometers at millimeter wavelengths.

Intriguingly, there is observational evidence for ongoing
injection of electrons radiating at 5 GHz frequency that
show moving, wisplike structures similar to the optical wisps
(Bietenholz & Kronberg 1992; Bietenholz et al. 2001). The
injection of radio- and millimeter-emitting electrons into the
nebula could, e.g., take place at additional shocks much closer
to the pulsar than the previously assumed 1400.

The additional compact millimeter component is of im-
portance for the inverse Compton component. The electron
population with ! ¼ 104 105, introduced here to explain the
excess at millimeter wavelengths, produces via inverse
Compton scattering gamma rays between 1 and 10 GeV. The
contribution is rather small (10%) but could easily become
comparable to that of the other components if the millimeter-
emitting region is smaller than assumed here. In this case, the
EGRET data points would be better described by the model.
Moreover, the millimeter component contributes seed photons
for inverse Compton scattering in the Thomson regime, which
contributes substantially at energies of a few TeV.

The combined inverse Compton spectrum is shown in
Figure 10, decomposed according to the different seed photons
(synchrotron , IR, millimeter, and CMB) and the additional in-
verse Compton component from the millimeter-emitting elec-
trons. Clearly, the synchrotron emission present in the nebula
is the most important seed photon field present. At high en-
ergies (E > 10 TeV), the millimeter radiation contributes sig-
nificantly to the scattered radiation.

5.3. Comparison of the Model with Data

The agreement of the calculated inverse Compton spectrum
with the data is excellent (see Fig. 10). The only free parameter
of the model calculation is the magnetic field, which in turn
can be determined from the data by minimizing the #2 of the
data (see x 5.4). The resulting value of #2 is slightly lower

than for the power-law fit: #2
red dofð Þ ¼ 0:96 14ð Þ for the in-

verse Compton model, as compared with #2
red dofð Þ ¼ 1:3 13ð Þ.

However, the small change in #2 does not convey the full in-
formation. The slope of the spectrum is expected to change
slightly with energy for the inverse Compton model. For the
purpose of testing this gradual softening predicted in the
model, the differential power law was calculated from the data
points by computing the slope between two data points with
index i, j separated by 0.625 in decadic logarithm:

! Eð Þ ¼ ln"i # ln"j

ln Ei # ln Ej
; ð4Þ

E ¼ exp 0:5 ln Ei þ ln Ej

! "# $
; ð5Þ

$! ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
$" ið Þ="i

! "2þ $" jð Þ="j

! "2q

ln Ei # ln Ej
: ð6Þ

For the sake of simplicity, the error on Ei , Ej is ignored. The
effect of including the statistical error on Ei , Ej is negligible.
The interval of 0.625 in decadic logarithm gives sufficient le-
verage to calculate a reliable slope, and at the same time it is
small enough to resolve the features. The expected slope is
calculated from the model for both cases, including and ex-
cluding the millimeter seed photon field. The result is shown in
Figure 11. The straight dashed line shows the predicted slope,
as given by the parameterization of Hillas et al. (1998), and the
open circles indicate the predictions from Aharonian & Atoyan
(1998), which are consistent with the calculation described
here. Note that the data points are independent. As is clearly
seen, the expected and measured changes in slope agree nicely.
The systematic and energy-dependent deviation from the con-
stant photon index determined by the power-law fit is evi-
dent. Ignoring the millimeter component gives, on average,
a slightly softer spectrum, with the same softening with in-
creasing energy. It is remarkable how little the slope is ex-
pected to change over exactly the energy range covered by the
observations. At energies below 200 GeV, a strong flattening

Fig. 10.—Inverse Compton spectrum decomposed into different compo-
nents, as defined by the target seed photons. The synchrotron radiation dom-
inates at all energies. However, the millimeter excess is of equal importance
above 30 TeV. Eventually, beyond 100 TeV, the microwave background con-
tributes significantly to the overall spectrum. Note that the contribution of the
millimeter radiation dominates over the dust component at all energies. Also
shown is the inverse Compton component from the electrons emitting the
synchrotron millimeter radiation. The symbols are the same as for Fig. 9
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that exceeds the extrapolation of the continuum emission from
the radio band. This component is best described by a single
temperature of 46 K (Strom & Greidanus 1992). Unfortunately,
the spatial structure of the dust emission remains unresolved,
which introduces uncertainties for the model calculations. We
have assumed the dust to be distributed like the filaments, with a
scale length of 1A3. Sophisticated analyses of data taken with
the Infrared Space Observatory (ISO) satellite indicates that the
dust emission can be resolved (Green et al. 2004). The resulting
size seems to be consistent with the value assumed here.

3. Cosmicmicrowave background (CMB).—Given the low en-
ergy of the CMB photons, scattering continues to take place in
the Thomson regime even for electron energies exceeding
100 TeV (Aharonian & Atoyan 1995).

The influence of stellar light has been found to be negligible
(Atoyan & Aharonian 1996). The optical line emission of
the filaments is spatially too far separated from the inner region
of the nebula, where the very energetic electrons are injected
and cooled. However, in the case of acceleration taking place
at different places in the nebula, the line emission could be
important.

Given the recent detection of a compact component emitting
millimeter radiation (Bandiera et al. 2002), this radiation field
is included as seed photons for the calculation of the inverse
Compton scattering. A simple model calculation has been
performed that follows the phenomenological approach sug-
gested by Hillas et al. (1998).

In brief , the observed continuum emission from the nebula
up to MeVenergies is assumed to be synchrotron emission. By
setting the magnetic field to a constant average value within the
nebula, a prompt electron spectrum can be constructed that
reproduces the observed SED. Based on the measured size of
the nebula at different wavelengths, the density of electrons
and the produced synchrotron photons can be easily calculated
in the approximation that the radial density profile follows a
Gaussian distribution.

With this simple model, it is straightforward to introduce
additional electron components and seed photon fields to cal-
culate the inverse Compton–scattered emission of the nebula.
The model is described in more detail by Horns & Aharonian
(2004).

In order to extract the underlying electron spectrum, a
broadband SED is required (see Fig. 9). For the purpose of
compiling and selecting available measurements in the litera-
ture, mostly recent measurements have been chosen. The prime
goal of the compilation is to cover all possible wavelengths
from radio to gamma ray. The radio data are taken from Baars
& Hartsuijker (1972) and references therein, millimeter data
from Mezger et al. (1986) and Bandiera et al. (2002) and ref-
erences therein, the infrared data obtained with IRAS in the far-
to mid-infrared band from Strom & Greidanus (1992) and
those with ISO in the adjacent mid- to near-infrared band from
Douvion et al. (2001).

Optical and near-UV data from the Crab Nebula require
some extra considerations. The reddening along the line of
sight toward the Crab Nebula is a matter of some debate. For
the sake of homogeneity, data in the optical (Véron-Cetty &
Woltjer 1993) and near-UVand UV (Hennessy et al. 1992; Wu
1981) have been corrected applying an average extinction
curve for R ¼ 3:1 and E B" Vð Þ ¼ 0:51 (Cardelli et al. 1989).

The high-energy measurements of the Crab Nebula have
been summarized recently in Kuiper et al. (2001), to the extent
of including ROSAT HRI, BeppoSAX LECS, MECS, and PDS,

COMPTEL, and EGRET measurements covering the range
from soft X-rays up to gamma-ray emission. For the interme-
diate range of hard X-rays and soft gamma-rays, data from the
Earth occultation technique with the BATSE instrument have
been included (Ling & Wheaton 2003).

The observations of the Crab Nebula at VHE (E > 100 GeV)
have been carried out with a number of ground-based detec-
tors. Most successfully, Cerenkov detectors have established
the Crab Nebula as a standard candle in the VHE domain. A
summary of the measurements is presented in Aharonian et al.
(2000b). Recently, the MILAGRO group has published a flux
estimate that is consistent with the measurement presented here
(Atkins et al. 2003).

The results from different detectors reveal underlying sys-
tematic uncertainties in the absolute calibration of the instru-
ments. To extend the energy range covered in this work (0.5–
80 TeV), in Figure 9 results from nonimaging Cerenkov
detectors, such as CELESTE (open circle), STACEE ( filled
square), and GRAAL (open diamond ) at lower energy thresh-
olds have been included (de Naurois et al. 2002; Oser et al.
2001; Arqueros et al. 2002), converted into a differential flux
assuming a power law for the differential energy spectrum
with a photon index of 2.4. For energies beyond 100 TeV,
an upper limit on the integral flux from the CASA-MIA air
shower array has been added (Borione et al. 1997) assuming a
power law with a photon index of 3.2, as predicted from the
model calculations.

The resulting broadband SED is shown in Figure 9, including
as solid lines the synchrotron and inverse Compton emission,
as calculated with the electron energy distribution assumed
in this model. Also indicated as a dotted line in Figure 9 is the
thermal excess radiation, which is assumed to follow amodified
blackbody radiation distribution with a temperature of 46 K.
Finally, the emission at millimeter wavelengths is indicated by a
thin dashed line (see also x 5.2). The thick dashed line indicates
the synchrotron emission excluding the thermal infrared and
nonthermal millimeter radiation. The inverse Compton emis-
sion shown in Figure 9 includes the contribution from milli-
meter-emitting electrons (see x 5.2).

Besides the SED, an estimate of the volume of the emitting
region is required to calculate the photon number density in
the nebula to include as seed photons for inverse Compton

Fig. 9.—Calculations described in x 5 (curves). For a wide range of ener-
gies, recent measurements have been compiled from the literature (see the text
for further details and references).
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inverse Compton

dust

synchrotron

compact
mm source
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The solid lines are a fit to the data for a synchrotron self-Compton 
(SSC) model for a nebular magnetic field of 16 nT (= 0.16 mG) 
with contributions from a millimeter synchrotron (radio) region 
and from nebular dust.

The peak at TeV energies is attributed to synchrotron photons that 
have been upscattered via inverse Compton scattering.



[Bradt, Astrophysics Processes]
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• Crab nebula - polarization

Photographs of the Crab nebula in polarized light with the polarizer at different orientations. The arrows show the 
directions or planes of the transmitted transverse electric vector. Note the changing brightness pattern from photo to photo. 
The nebula has angular size 4′ × 6′ and is ∼6000 LY distant from the solar system. North is up and east to the left. The 
pulsar is the southwest (lower right) partner of the doublet at the center of the nebula. [Palomar Observatory/CalTech]

P1: RPU/... P2: RPU

9780521846561c08.xml CUFX241-Bradt October 3, 2007 17:2

8.3 Frequency of the emitted radiation 295

Fig. 8.3: Photographs of the Crab nebula in polarized light with the polarizer at different orienta-

tions. The arrows show the directions or planes of the transmitted transverse electric vector. Note

the changing brightness pattern from photo to photo. The nebula has angular size 4′ × 6′ and is

∼6 000 LY distant from the solar system. North is up and east to the left. The pulsar is the southwest

(lower right) partner of the doublet at the center of the nebula. [Palomar Observatory/CalTech]

The degree of magnetic field organization is reflected in the degree of the polarization. At

the radio frequency of 10 GHz, the degree of linear polarization from the Crab nebula as a

whole is ∼5%. Radiation from local regions of the Crab would be more highly polarized.

Synchrotron radiation is not limited to young supernova remnants such as the Crab nebula.

The general galactic background of radio emission is polarized owing to electron spiraling

in galactic magnetic fields. The lobes of radio-emitting plasma previously ejected from the

active nuclei of galaxies (AGN) are also synchrotron emitters as are jets of relativistic particles

from AGN (Section 7.6).

Polarization of radiation can arise for other reasons. For example, the interstellar grains

(dust) in the Galaxy tend to align themselves with the local magnetic field and thereby to

slightly polarize the visible starlight passing through them (AM, Chapter 10).

8.3 Frequency of the emitted radiation

The q (v × B) force on a charge will cause it to spiral around the magnetic field lines in a

corkscrew pattern if there are velocity components both along and normal to the local B field

lines. If there is no component along the field lines, and if the field is uniform in that region

of space, the motion will be circular.



Astrophysical Examples: Spinning neutron star
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• Spinning neutron star

Spinning neutron star with offset magnetic pole. Electrons spiral outward along magnetic field lines and 
beam radiation in the polar direction. (The spiraling electrons illustrated would not radiate into the 
beam.)

P1: RPU/... P2: RPU
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8.6 Coherent curvature radiation 319

!

B

Beam

Beam

e–

photons

Neutron
    star

(a) Spin
axis

e–

B

B

Beam:
curvature 
radiation

Magnetic
   pole

(b)

"

B

B

B

a

Fig. 8.12: (a) Spinning neutron star with offset magnetic pole. Electrons spiral outward along

magnetic field lines and beam radiation in the polar direction. (The spiraling electrons illustrated

would not radiate into the beam.) (b) Magnetic pole showing the radius of curvature r and curvature-

radiation beam of a single emerging electron.

Our expressions for energy loss and frequency of synchrotron radiation can be adapted

to provide the characteristics of this radiation. Such radiation is thought to be important in

the radiation from rapidly spinning neutron stars, which can have magnetic fields reaching

to and beyond 108 T.

Curved trajectory

A curved magnetic field line can be characterized by its radius of curvature r at any given

position. Imagine that the segment of the field line that contains the radiating electron is

part of a large circle of radius r . For the magnetic field of a neutron star, the typical radius

of curvature would be comparable to, or greater than, the radius of the neutron star itself,

∼10 km (104 m); see Fig. 8.12.

As the electron moves along the field line, it would thus be on a circular path at least

momentarily. The situation is therefore identical to that of Fig. 8.4a, and so the expressions we

had for acceleration, frequency emitted, and power radiated in synchrotron radiation should be

applicable here. The radiation depends only on the acceleration of the charge; it is immaterial

what force caused the acceleration. In the present case, we will describe these characteristics

as a function of r and g , rather than B and g , where g represents the electron energy.

In the formalism earlier in this chapter, we characterized the synchrotron frequency emitted

and power radiated in terms of the magnetic field controlling the radius of the orbit. This

formalism can be used in the present case if we postulate a fictitious magnetic field Bf normal

to the velocity (f = π/2), which would produce the given radius of curvature r for the

specified electron energy U = g mc2. We again assume v ≈ c.



• Galactic radio synchrotron radiation at 150 MHz.

The diffuse radio emission observed over the whole sky is the result of the radiation by cosmic-ray 
electrons interacting with interstellar magnetic fields. It is concentrated toward the galactic plane, 
exhibits a power-law character, and has the expected polarization.

Astrophysical Examples: Galactic radio emission
10
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318 Synchrotron radiation

Fig. 8.11: Continuum emission from the Galaxy at 150 MHz. The coordinates are galactic; the
equator is the galactic equator, and the galactic center is at the center. The contours are bright-
ness temperatures (K). Most of this radiation is synchrotron radiation from electrons spiraling
around magnetic fields in interstellar space within the Galaxy. [T. Landecker and R. Wielebinski,
Australian J. Phys. Astrophys. Suppl., 16, 1 (1970)]

8.6 Coherent curvature radiation

Relativistic electrons in a strong magnetic field radiate high frequencies, nc = (3/2) g 2nB,
according to (13) if they cycle about the field lines with velocity approximately normal to
the field line (f ≈ π/2). As noted after (14), if the energy of the electrons or the magnetic
field is sufficiently high, a synchrotron photon can have energy hnc approaching that of the
emitting electron.

This invalidates the classical (nonquantum) nature of our derivation. When the two energies
are equal, a single emitted photon would remove all the emitting electron’s energy! Recall
that, in our classical derivation, the electron lifetime t ≈ B−2g −1 (37) becomes short as B or
g grows. On the other hand, if an electron follows the field line (i.e, with f ≈ 0) only a very
small fraction of the motion is projected normal to the field line, and the energy of the typical
radiated photon is small. In this case electrons of extremely high energy can be sustained in
a given magnetic field without catastrophic energy loss.

If the field is highly uniform, there would seem to be no limit to the electron energy if
f is sufficiently close to zero. If the field lines are not straight, however, such electrons
will be guided along the curved track of the field lines; they will thus undergo acceleration
normal to their velocity, as in circular motion, and they will radiate. This is called curvature
radiation.

In the magnetic field of a neutron star, the radius of curvature of the field lines will be much
larger than that of the electron track circulating with f ≈ π/2. Thus, the acceleration is less,
the radiated power is less, and the observed power might be undetectable. If, however, the
electrons have extremely high energies and also move in bunches so that each bunch radiates
like a single large charge, the power radiated can be huge. This is called coherent curvature
radiation.

The contours are brightness temperatures (K). Most of this radiation is synchrotron radiation from electrons 
spiraling around magnetic fields in interstellar space within the Galaxy [Landecker & Wielebinski, 1970]

[Bradt, Astrophysics Processes]



Compton Scattering
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Thomson & Compton Scattering
• The simplest interaction between photons and free electrons is scattering. 

- Thomson scattering: When the energy of the incoming photons (as seen in the coming frame 
of the electron) is small with respect to the electron rest mass-energy, the process is called 
Thomson scattering. 

- When  , the scattering is called coherent or elastic. 

- Compton scattering: As the energy of the incoming photons is comparable or greater than the 
electron rest mass-energy, it is called Compton scattering and a quantum treatment is 
necessary (Klein-Nishina regime).

ϵ = ϵ1

12

✏ = ✏1

d�T (⌦)

d⌦
=

1

2
r20

�
1 + cos2 ✓

�

�T =
8⇡

3
r20

<latexit sha1_base64="LT3jcCBTeZ5x9AaBhyAbFJdxeXg="></latexit>

✏ = energy of the incident photon

✏1 = energy of the scattered photon

r0 =
e2

mec2
<latexit sha1_base64="210rI5P5hyF1JxwtodYq+tEYhgA="></latexit>

Thomson scattering condition in the rest frame:

✏0 ⌧ mec
2 = 0.5MeV

<latexit sha1_base64="ClIBuuBn/YyJ76GX9huYinIq/PA="></latexit>



• Conservation of momentum and energy (for the case in 
which the electron is initially at rest)
Let the initial and final four-momenta of the photon:

The initial and final momenta of the electron are:

Then, the conservation of momentum and energy is 
expressed by

Here,  and  denote the electron and photon, 
respectively.  and  represent the initial and final states.

e γ
i f

[Compton Scattering: Scattering from Electrons at Rest]
• Compton scattering:
    However, a photon carries momentum    and energy .

Quantum effects appear in two ways.
(1) The scattering will no longer be elastic   because of the recoil of the electron.

(2) The cross sections are altered by the quantum effects.

hν/c hν

(ϵ1 ≠ ϵ2)

~P�i = (✏/c)(1, ni), ~P�f = (✏1/c)(1, nf )
<latexit sha1_base64="TuczU2e6ptdTtK6I/cCtBXvq9P8="></latexit>

~Pei = (mc, 0), ~Pef = (E/c, p)
<latexit sha1_base64="/EPAmuCmmudR6u2fJjj6HtXlvr4=">AAACKHicbVDLSgMxFM3UV62vUZdugkVoQeqMFnQjFkRwWcE+oC0lk95pQzMPkkyhDOPfuPFX3Igo0q1fYvoAa+uBwMk593LvPU7ImVSWNTJSK6tr6xvpzczW9s7unrl/UJVBJChUaMADUXeIBM58qCimONRDAcRzONSc/u3Yrw1ASBb4j2oYQssjXZ+5jBKlpbZ50xwAjctJOwbMkuucR0+fmh5RPceNrSSvP7++q/27s7mCMMm3zaxVsCbAy8SekSyaodw235udgEYe+IpyImXDtkLViolQjHJIMs1IQkhon3ShoalPPJCteHJogk+00sFuIPTzFZ6o8x0x8aQceo6uHK8oF72x+J/XiJR71YqZH0YKfDod5EYcqwCPU8MdJoAqPtSEUMH0rpj2iCBU6WwzOgR78eRlUj0v2BcF+6GYLRVncaTRETpGOWSjS1RC96iMKoiiZ/SKPtCn8WK8GV/GaFqaMmY9h+gPjO8fsjqmTg==</latexit>

~Pei + ~P�i = ~Pef + ~P�f
<latexit sha1_base64="Acq2CFBxSWzQC86SJwzpfdVHfs4=">AAACKHicbVDLSgMxFM3UV62vqks3wSIIQpnRgm7EghuXFewDOkPJpHfa0GRmSDKFMsznuPFX3Igo0q1fYvrAR+uBCyfn3EvuPX7MmdK2PbZyK6tr6xv5zcLW9s7uXnH/oKGiRFKo04hHsuUTBZyFUNdMc2jFEojwOTT9we3Ebw5BKhaFD3oUgydIL2QBo0QbqVO8cYdA01rWSYFlZ98Pt0eEIJhl1z9+sOwHWadYssv2FHiZOHNSQnPUOsVXtxvRRECoKSdKtR071l5KpGaUQ1ZwEwUxoQPSg7ahIRGgvHR6aIZPjNLFQSRNhRpP1d8TKRFKjYRvOgXRfbXoTcT/vHaigysvZWGcaAjp7KMg4VhHeJIa7jIJVPORIYRKZnbFtE8kodpkWzAhOIsnL5PGedm5KDv3lVK1Mo8jj47QMTpFDrpEVXSHaqiOKHpEz+gNvVtP1ov1YY1nrTlrPnOI/sD6/AJixKfz</latexit>
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• Rearranging terms and squaring gives                                    .

              

       

       

       

       

     
  

In terms of wavelength,

Compton wavelength: for electrons

There is a wavelength change of the order of    upon scattering.
For long wavelengths  , the scattering is closely elastic.

λc
λ ≫ λc (i . e . , hν ≪ mc2)

���~Pef

���
2
=

���~Pei + ~P�i � ~P�f

���
2

<latexit sha1_base64="kpkCc09whPcGweVftMUb3+WXXt0="></latexit>

���~Pef

���
2
c2 =

���~Pei + ~P�i � ~P�f

���
2
c2

E2 � |p|2c2 =
�
mc2 + ✏� ✏1

�2 � |✏ni � ✏1nf |2

(mc2)2 = (mc2)2 + ✏2 + ✏21 � 2✏✏1 + 2mc2(✏� ✏1)�
�
✏2 + ✏21 � 2✏✏1 cos ✓

�

0 = mc2✏� ✏1
�
✏+mc2 � ✏ cos ✓

�
<latexit sha1_base64="1sXLKX7Ouga60iudKmPdJ7SX8Is="></latexit>

✏1 =
✏

1 + ✏
mc2 (1� cos ✓)

<latexit sha1_base64="UncrViT19+grULWEWTKO1tNE5XU="></latexit>

�1 � � =
h

mc
(1� cos ✓)

<latexit sha1_base64="LQxh0ajF1pAEjo2z1VOqHO+3Tq8=">AAACInicbVDLSsNAFJ34tr6iLt0MFqEuLIkK6kIQ3LhUsK3QhDCZ3jSDkwczN0IJ/RY3/oobF4q6EvwYp20Wvg4MHM45lzv3hLkUGh3nw5qanpmdm19YrC0tr6yu2esbbZ0VikOLZzJTNyHTIEUKLRQo4SZXwJJQQie8PR/5nTtQWmTpNQ5y8BPWT0UkOEMjBfaJJ024xwJ3r2L0lHqRYryMh2XCh56ECBvG5Zn2MAZknhL9GHcDu+40nTHoX+JWpE4qXAb2m9fLeJFAilwyrbuuk6NfMoWCSxjWvEJDzvgt60PX0JQloP1yfOKQ7hilR6NMmZciHavfJ0qWaD1IQpNMGMb6tzcS//O6BUbHfinSvEBI+WRRVEiKGR31RXtCAUc5MIRxJcxfKY+Z6QdNqzVTgvv75L+kvd90D5ru1WH97LCqY4FskW3SIC45ImfkglySFuHknjySZ/JiPVhP1qv1PolOWdXMJvkB6/MLBpqj8Q==</latexit>

�c ⌘
h

mc
= 0.02426Å

<latexit sha1_base64="3cmx2XgeMnd8RcbvMyy3TNOuDDA=">AAACGHicbVC7SgNBFJ31GeMramkzGASruBuD2ggGG8sIRoXsssxO7prB2Yczd8Ww7GfY+Cs2ForYpvNvnMQUmnhg4HDOudy5J0il0GjbX9bM7Nz8wmJpqby8srq2XtnYvNJJpji0eSITdRMwDVLE0EaBEm5SBSwKJFwHd2dD//oBlBZJfIn9FLyI3cYiFJyhkfzKvitNuMt8Tl24z8QDdUPFeN4r8ogXJ3bNrjfqhy7CI+Zus1n4larRRqDTxBmTKhmj5VcGbjfhWQQxcsm07jh2il7OFAouoSi7mYaU8Tt2Cx1DYxaB9vLRYQXdNUqXhokyL0Y6Un9P5CzSuh8FJhkx7OlJbyj+53UyDI+9XMRphhDzn0VhJikmdNgS7QoFHGXfEMaVMH+lvMdMMWi6LJsSnMmTp8lVveYc1JyLRvW0Ma6jRLbJDtkjDjkip+SctEibcPJEXsgbebeerVfrw/r8ic5Y45kt8gfW4BuWKp9r</latexit>
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5.4 The Klein–Nishina Cross Section 71

Fig. 5.4 Scattered photons
energies as a function of the
scattering angle, for different
incoming photon energies.
Note that, for x ≫ 1 and for
large scattering angle, the
scattered photon energies
becomes x1 ∼ 1/2,
independent of the initial
photon energy x

5.4.2 Pause

Now pause, and ask if there are some ways to apply what we have done up to now
to real astrophysical objects.

• The Eddington luminosity is derived with the Thomson cross section, with the
thought that it describes the smallest probability of interaction between matter
and radiation. But the Klein–Nishina cross section can be even smaller, as long as
the source of radiation emits at high energy. What are the consequences? If you
have forgotten the definition of the Eddington luminosity, here it is:

LEdd = 4πGMmpc

σT
= 1.3 × 1038 M

M⊙
erg s−1 (5.15)

• In Nova Muscae, some years ago a (transient) annihilation line was detected,
together with another feature (line-like) at 200 keV. What can this feature be?

• It seems that high energy radiation can suffer less scattering and therefore can
propagate more freely through the universe. Is that true? Can you think to other
processes that can kill high energy photons in space?

• Suppose to have an astrophysical source of radiation very powerful above say—
100 MeV. Assume that at some distance there is a very efficient “reflector” (i.e.
free electrons) and that you can see the scattered radiation. Can you guess the
spectrum you receive? Does it contain some sort of “pile-up” or not? Will this
depend upon the scattering angle?

Scattered photons energies are shown as a function of the scattering angle, for different 
incoming photon energies.

Note that, for  and for large scattering angle, the scattered photon energies becomes 
, independent of the initial photon energy .

x ≫ 1
x1 ∼ 1/2 x



• Klein-Nishina formula (the differential cross section for unpolarized radiation, QED)

Total cross section:

    Compton scattering becomes less efficient at high energies.

Approximations:

where

- nonrelativisitic regime:

- extreme relativisitic regime:

10-3 10-2 10-1 100 101 102 103
hi/mc2

10-3

10-2

10-1

100

m
/m
T
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70 5 Compton Scattering

Fig. 5.2 The total
Klein–Nishina cross section
as a function of energy. The
dashed line is the
approximation at high
energies as given in Eq. 5.13

Fig. 5.3 The differential
Klein–Nishina cross section
(in units of σT), for different
incoming photon energies.
Note how the scattering
becomes preferentially
forward as the energy of the
photon increases

5.4.1 Another Limit

We have mentioned that, in order for the magnetic Lorentz force to be negligible,
the electron must have a transverse (perpendicular to the incoming wave direction)
velocity ≪c. Considering a wave of frequency ω and electric field E = E0 sin(ωt),
this implies that:

v⊥
c

=
∫ T/2

0

eE0

cme
sin(ωt)dt = 2eE0

mecω
≪ 1 (5.14)

This means that the scattering process can be described by the Thomson cross sec-
tion if the wave have a sufficiently low amplitude and a not too small frequency (i.e.
for very small frequencies the electric field of the wave accelerates the electron for
a long time, and then to large velocities).

Note that the scattering becomes 
preferentially forward as the energy of 
the photon increases



• Inverse Compton Scattering: Whenever the moving electron has sufficient kinetic energy 
compared to the photon, net energy may be transferred from the electron to the photon.

• What is the energy of photon after the inverse Compton scattering?

 

[Inverse Compton Scattering: Scattering from Electrons in Motion]

(1) In the frame  comoving with electron, 
the incoming photon energy is

K′￼

✏0 = ✏�(1� � cos ✓)
<latexit sha1_base64="LdEzayQv9uwYhfIq2JMp6OS7/kw=">AAACFHicbZBNa1NBFIbnplpj1JpWd24uBjFSGu5NC3VTCLhxGaH5gNwQzp2cmwydj8vMuYUQ8iO68a9000VF3Lpw579x8lHQxBcGHt5zDmfOm+ZSOIqi30Fp79Hj/Sflp5Vnz18cvKweHnWdKSzHDjfS2H4KDqXQ2CFBEvu5RVCpxF569WlZ712jdcLoS5rlOFQw0SITHMhbo+pxgrkT0uj3Fw+UTEApqMcnSYoECTcuoamnD6NqLWpEK4W7EG+g1nqdrdQeVX8lY8MLhZq4BOcGcZTTcA6WBJe4qCSFwxz4FUxw4FGDQjecr45ahO+8Mw4zY/3TFK7cvyfmoJybqdR3KqCp264tzf/VBgVlH4dzofOCUPP1oqyQIZlwmVA4FhY5yZkH4Fb4v4Z8ChY4+RwrPoR4++Rd6DYb8Wmj+cWnccbWKrM37C2rs5idsxb7zNqswzi7Ybfsnn0LvgZ3wffgx7q1FGxmXrF/FPz8AzpZoSw=</latexit>

(2) In the electron rest frame, we assume 
the Thomson regime so that no change in 
the photon energy.

n0 = direction vector of incident photon in the electron rest frame

n0
1 = direction vector of scattered photon in the electron rest frame

<latexit sha1_base64="3kVUVOqzdaXUQwN3s+0pIQ167c4="></latexit>

Thomson scattering condition in the rest frame:

✏0 ⌧ mec
2 = 0.5MeV

<latexit sha1_base64="ClIBuuBn/YyJ76GX9huYinIq/PA="></latexit>

✏01 =
✏0

1 + ✏0

mc2 (1� cos⇥0)

⇡ ✏0

1� ✏0

mc2
(1� cos⇥0)

�
(if ✏0 ⌧ mc2)

⇡ ✏0 (Thomson scattering condition)
<latexit sha1_base64="ZDG9Am7gdCMAnqKxhMMAkpfJpZk="></latexit>
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Here,  is the angle between the electron velocity 
and the photon direction in the lab frame.

θ
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(3) Going back to the lab frame, the energy 
of the scattered photon is

Here,  is the scattered angle of the photon in the 
electron rest frame.

θ′￼1

 ✏01 ⇡ ✏0 (Thomson scattering)
<latexit sha1_base64="LEvi9bB5Wvic7vY2S61xs0iZ8rw="></latexit>



• Let’s assume isotropic distribution of photons.

In the electron rest frame, most photons will be incident 
toward the electron, i.e., .

Thomson scattering is symmetric with respect to forward 
and backward scattering. Therefore, in the lab frame, the 
scattered photon will be mostly concentrated within a 
narrow angle: . Assuming that  , we 
obtain

π − θ′￼≲ 1/γ

θ1 ≲ 1/γ cos θ1 ≈ β

✏1 ⇡ ✏
1� � cos ✓

1� �2
= (1� � cos ✓) �2✏

<latexit sha1_base64="OrsZUL0p0sb1sNFH0CDGU8T6b5k="></latexit>

! h✏1i ⇡ �2✏
<latexit sha1_base64="qB5Cvf9th03YxmdBrJRFooGT7hE=">AAACI3icbZBNSyNBEIZ7/DZ+Zdejl8EgeAozMaDIsgh78aiwUSETpaZTkzR2TzfdNboh6G/x4l/x4kERL3vwv9j5QPwqaHh5nyqq602NFI6i6H8wMTk1PTM7N19aWFxaXin/+HnkdGE5NriW2p6k4FCKHBskSOKJsQgqlXicnv8Z8OMLtE7o/C/1DLYUdHKRCQ7krbPybmJFp0tgrb68TiRm9CtB44T0MB6x3wkYY/W/pANKwWntjZcrUTUaVvhVxGNRYeM6OCs/JW3NC4U5cQnONePIUKsPlgSXeFVKCocG+Dl0sOllDgpdqz+88Src8E47zLT1L6dw6L6f6INyrqdS36mAuu4zG5jfsWZB2U6rL3JTEOZ8tCgrZEg6HAQWtoVFTrLnBXAr/F9D3gULnHysJR9C/Pnkr+KoVo23qrXDemWvPo5jjq2xdbbJYrbN9tg+O2ANxtkNu2MP7DG4De6Dp+B51DoRjGdW2YcKXl4Bx6emJA==</latexit>

(because hcos ✓i = 0)
<latexit sha1_base64="Hy/wTHsf8BHCua5IfyeTWabM17A=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMQLcJdDGihErCxjGASIRfC3mYuWbL3we6cGI78Bxv/io2FIrY2dv4bNx+FGh8MPN6bYWaeF0uh0ba/rMzC4tLySnY1t7a+sbmV395p6ChRHOo8kpG69ZgGKUKoo0AJt7ECFngSmt7gcuw370BpEYU3OIyhHbBeKHzBGRqpkz9yEe4xLXrAWaKBjlwJPp65PNIu9gGZq0Svjxfn9mEnX7BL9gR0njgzUiAz1Dr5T7cb8SSAELlkWrccO8Z2yhQKLmGUc83CmPEB60HL0JAFoNvp5KcRPTBKl/qRMhUinag/J1IWaD0MPNMZMOzrv95Y/M9rJeiftlMRxglCyKeL/ERSjOg4INoVCjjKoSGMK2FupbzPFONoYsyZEJy/L8+TRrnkHJfK15VCtTKLI0v2yD4pEoeckCq5IjVSJ5w8kCfyQl6tR+vZerPep60ZazazS37B+vgG9Q2eIg==</latexit>
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 cos ✓01 =
cos ✓1 � �

1� � cos ✓1
(aberration)

<latexit sha1_base64="xLAaMCS9H8MKUX790oeyZaocyQc="></latexit>

See the following slides for a 
precise formula.

electron rest frame

incoming

outgoing

lab frame electron frame

lab frameelectron frame

Note that the radiation field is 
not isotropic in the electron 
rest frame but symmetric.

cos θ1 ≈ 1 & β ≈ 1 → cos θ1 ≈ β



• The energies of the photon before scattering, in the electron rest frame, and after the scattering in 
the lab frame are in the approximate ratios

The inverse Compton scattering converts a low-energy photon to a high-energy photon by a 
factor of order  𝛾2

✏ : ✏0 : ✏1 ⇡ 1 : � : �2
<latexit sha1_base64="lb1RLqS7lHDARkNUiPpS2c/w8bM="></latexit>
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[Inverse Compton Power for Single Scattering]
• Assumptions:

(1) Isotropic distributions of photons and electrons (in the lab frame).

(2) The change in energy of the photon in the rest frame is negligible.

      (Thomson scattering is applicable in the electron’s rest frame).

• Total power scattered in the electron’s rest frame:

• Recall:

where    is the number density of incident photons.n′￼ϵdϵ′￼

since energy and time transforms in the same way.

Therefore, the number densities of incident photons, represented in terms 
of momentum and energy, transforms in the same way as energy. 

✏01 ⇡ ✏0
<latexit sha1_base64="Dp8xfIWGwnHM6B8uy8Cd6SPai/U=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlikrsqMFnRZcOOygr1AZyiZNNOGZpKQZMQydOHGV3HjQhG3PoQ738a0HUFbfwh8/OccTs4fSUa18bwvZ2V1bX1js7BV3N7Z3dt3Dw5bWqQKkyYWTKhOhDRhlJOmoYaRjlQEJREj7Wh0Na2374jSVPBbM5YkTNCA05hiZKzVc0sBkZoyi34lQFIqcf/jVHpu2at6M8Fl8HMog1yNnvsZ9AVOE8INZkjrru9JE2ZIGYoZmRSDVBOJ8AgNSNciRwnRYTY7YgJPrNOHsVD2cQNn7u+JDCVaj5PIdibIDPVibWr+V+umJr4MM8plagjH80VxyqARcJoI7FNFsGFjCwgrav8K8RAphI3NrWhD8BdPXobWWdU/r/o3tXK9lsdRACVwDE6BDy5AHVyDBmgCDB7AE3gBr86j8+y8Oe/z1hUnnzkCf+R8fAPcE5gu</latexit>
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• Thus we have the results

For an isotropic distribution of photons, integrating over , we have

Therefore, we obtain the total power scattered in the lab frame:

Note that the rate of decrease of the total initial photon energy is

θ

where                          is the initial photon energy density.
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Thomson scattering assumption in the rest frame
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Then, the mean photon energy after 
scattering will be

The incident power and scattered power in 
the lab frame can be represented in term of 
the rate of scattering (per unit time) and the 
initial and final photon energies.



• Thus, the net power lost by the electron, and converted into increased radiation, is

• When the energy transfer in the electron rest frame is not neglected, the power is given by

Note that the above equation allows energy to be either given or taken from the photons.
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(cf. Blumenthal & Gould, 1970)
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• Recall that the formula for the synchrotron power emitted by each electron is

Therefore, 

The radiation losses due to synchrotron emission and due to inverse Compton effect are in the 
same ratio as the magnetic field energy density and photon energy density.

• Let N(𝛾)d𝛾  be the number of electrons per unit volume. Then, the total Compton power per unit 
volume is

(1) Power-law distribution of relativistic electrons (𝛽 ~ 1) 

(2) Thermal distribution of nonrelativistic electrons (𝛾~ 1) of number density ne.
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Note that  is the fractional photon 

energy gain because .
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[Spectrum of single-scattered photons by power-law electrons]
• We will first show that a power-law photon distribution is produced from a power-law 

electron distribution.

The photon energy increases after a single scattering by a factor proportional to .

Therefore, the (energy) spectrum of scattered photons per unit volume per unit energy due to 
electrons with a power-law distribution is
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The resulting spectrum has the same power-law slope as that of the 
synchrotron.

energy



[Repeated Scattering: The Compton y Parameter]
• We restrict our considerations to situations in which the Thomson limit applies:

• Compton y parameter, to determine whether a photon will significantly change its energy in 
traversing the medium:

When         , the total photon energy and spectrum will be significantly altered;                     
whereas for          , the total energy is not much changed.

• Average fractional energy change per scattering (for a thermal distribution of electrons)

(a) Consider first the nonrelativistic limit (in the electron rest frame).

In the lab frame to lowest order, this must be of the form because the mean electron energy :∝ kT

: angle average
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To calculate  𝛼, imagine that the photons and electrons are in complete equilibrium but 
interact only through scattering.

Assume that the photon density is sufficiently small that stimulated processes can be neglected. 
The Maxwell distribution of speeds of electrons is:

We have the averages

For this case, no net energy can be transferred from photons to electrons, so

Thus for nonrelativisitic electrons in thermal equilibrium, the energy transfer per scattering is

Note that if the electrons have high enough temperature relative to incident photons, the photons 
gain energy. This is the inverse Compton scattering.

If  , on the other hand, energy is transferred from photons to electrons.ϵ > 4kT
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(b) In the ultrarelativistic limit  , ignoring the energy transfer in the electron rest 
frame,

For a thermal distribution of ultrarelativistic electrons,

• Mean number of scatterings,

Recall that, for a pure scattering medium,

• Compton y parameter:

(γ ≫ 1, β ≈ 1)
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• We have already shown that a power-law spectrum may be a natural consequence of a power-law 
distribution of electrons (single scattering case).

• We will show that a power-law photon distribution can also be produced from repeated 
scattering off a nonpower-law electron distribution.

Let A = the mean amplification of photon energy per scattering

initial (mean) photon energy = 

(number) intensity    =

After k scattering, the photon energy will be               .

For an optically thin scattering medium (𝜏es < 1), the probability of a photon undergoing k 
scattering before escaping the medium is                      .

The emergent intensity at energy      is given by   

[Repeated Scattering: Spectra and Power]

power-law shape
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• Total Compton power in the output spectrum is given by

The factor in square brackets is approximately the factor by which the initial power            is 
amplified in energy.

Clearly, this amplification will be important if           . Therefore, energy amplification of a soft 
photon input spectrum is important when :y ≳ 1
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