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 For an isotropic, and extremely relativistic electron distribution, we can use energy instead of

momentum:
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Assume that hv < E (in fact, a necessary condition for the apphcatlon of classical
electrodynamics) and expand to first order in Av.

Taylor expansion:
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Note «a, o v~ P™/2 indicates that the synchrotron emission is optically thick at low
frequencies and optically thin at high frequencies.

The source function i1s

. (p+1)/2,,—(p—1)/2
S, = Jv _ M x B_1/21/5/2 < P(V) x B .

a, Amoay a, o< B(PT2)/2,,~(p+4)/2

For optically thin synchrotron emission, | [, = / j,ds o« BP+D/2,~(=1)/2 | high frequency

For optically thick emission, I, =S, oc B~1/2,5/2 low frequency

Therefore, the synchrotron spectrum from a power-law distribution of electrons has a shape like
the following figure.
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- Observations of the self-absorption
part could determine B.

- Observations of the thin part can then
determine the proportional constant K

ol and the electron slope p.
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Polarization of Synchrotron Radiation
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[left] Non-relativistic cyclotron motion. When viewed in orbital plane, radiation is 100% linearly
polarized with electric vector oscillating perpendicular to magnetic field B. Viewed from along B,
emission is 100% circularly polarized. Note that the electric vector depends only on the observer’s
direction and is independent of the pitch angle.

[right] For relativistic motion, radiation is beamed into direction of motion. The emission for a single
electron is effectively confined to within a small angle 1/y of v (The electric field depends both on the
observer’s direction and pitch angle). The fourth Stokes parameter is an odd function of the angle
between n and v. The number of electrons passing with an pitch angle a is the same as that with —a.
These two components of circular polarization effectively cancel almost, whereas linear polarization
largely survives.



Cooling Time Scale

Emission as synchrotron radiation of relativistic electrons, characteristic frequency:

1 ,eB B 9
o ~ 280 H
e = on MeC (10—4 G) T

for average B ~ 10™* G in Crab Nebula

Optical Emission:

Optical emission (HST) at v ~ 5 X 10'* Hz requires electrons with y ~ 10°.
~ 2500 (106/}/) yr 2 t, . age of Nebula.

Cooling time scale ¢ ~ lage

cool

X-ray Emission:

Chandra (ACIS, 0.2-10 keV) X-ray emission v ~ 10!” Hz requires y ~ 10, electrons cool quicker
by a factor ~ 10.

X-ray emission spatially less extended.

tcool < tage

~ 950 yr of Nebula, need continuous supply of fresh electrons.
Radio Emission:

Crab Nebula also bright in radio (NRAO,v ~ 5 X 10° Hz), less energetic electrons needed,
y ~ 33X 103, size constrained by the age of Nebula
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Astrophysical Examples: Synchrotron Emission from Crab Nebula

Crab Nebula (d ~ 2 kpc) caused by SN explosion in 1054 A.D. - composite image. Chandra X-ray
[blue], HST optical [red and yellow], Spitzer infrared [purple]. X-ray image 1s smaller than others
as extremely energetic electrons emitting X-rays radiate away their energy more quickly than
lower-energy electrons emitting in optical and infrared [Credits: NASA]
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Crab nebula - SED

Dots: modified blackbody with T'= 46 K.
Thin dashed line: emission at mm wavelengths

The solid lines are a fit to the data for a synchrotron self-Compton
(SSC) model for a nebular magnetic field of 16 nT (= 0.16 mG)

and from nebular dust.

Thick dashed line: synchrotron emission

with contributions from a millimeter synchrotron (radio) region

The peak at TeV energies is attributed to synchrotron photons that
have been upscattered via inverse Compton scattering.
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e Crab nebula - polarization

Photographs of the Crab nebula in polarized light with the polarizer at different orientations. The arrows show the
directions or planes of the transmitted transverse electric vector. Note the changing brightness pattern from photo to photo.

The nebula has angular size 4" x 6 and is ~6000 LY distant from the solar system. North is up and east to the left. The
pulsar is the southwest (lower right) partner of the doublet at the center of the nebula. [Palomar Observatory/CalTech]

[Bradt, Astrophysics Processes]



Astrophysical Examples: Spinning neutron star

e Spinning neutron star

Spinning neutron star with offset magnetic pole. Electrons spiral outward along magnetic field lines and
beam radiation in the polar direction. (The spiraling electrons illustrated would not radiate into the
beam.)

[Bradt, Astrophysics Processes]
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Astrophysical Examples: Galactic radio emission

e (Galactic radio synchrotron radiation at 150 MHz.

The diffuse radio emission observed over the whole sky is the result of the radiation by cosmic-ray
electrons interacting with interstellar magnetic fields. It is concentrated toward the galactic plane,
exhibits a power-law character, and has the expected polarization.

[Bradt, Astrophysics Processes]
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The contours are brightness temperatures (K). Most of this radiation is synchrotron radiation from electrons
spiraling around magnetic fields in interstellar space within the Galaxy [Landecker & Wielebinski, 1970]
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Compton Scattering




12

Thomson & Compton Scattering

« The simplest interaction between photons and free electrons 1s scattering.

- Thomson scattering: When the energy of the incoming photons (as seen in the coming frame

of the electron) 1s small with respect to the electron rest mass-energy, the process is called
Thomson scattering.

€E=¢€
1 e = energy of the incident photon
dagggﬂ) — %T(% (1 -+ cos” 9) €1 = energy of the scattered photon
o2
8t _
or — ?Tg T'o moc2

Thomson scattering condition in the rest frame:
e < myc® = 0.5MeV

- When € = ¢, the scattering 1s called coherent or elastic.

- Compton scattering: As the energy of the incoming photons 1s comparable or greater than the
electron rest mass-energy, it 1s called Compton scattering and a quantum treatment 1s
necessary (Klein-Nishina regime).
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[Compton Scattering: Scattering from Electrons at Rest]

e Conservation of momentum and energy (for the case in

e Compton scattering:
However, a photon carries momentum Av/c and energy hv.

Quantum effects appear in two ways.
(1) The scattering will no longer be elastic (€; # €,) because of the recoil of the electron.

(2) The cross sections are altered by the quantum effects.

which the electron is initially at rest)

Let the initial and final four-momenta of the photon:

= 5 before scattering

Py = (e/0)(1, ny), Py = (e1/0)(1, ny) N

R

The initial and final momenta of the electron are:

— —

Pei — (mc, O>7 Pef — (E/C7 p>

Then, the conservation of momentum and energy is
expressed by

ﬁei+ﬁvi: _)ef_|_p"yf

Here, e and y denote the electron and photon,
respectively. i and f represent the initial and final states.
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e Rearranging terms and squaring gives

—

P

2
E? —|pl’c* = (mc® +e—€1)” — |en; — erng|’
(mc?)? = (mc®)* + € + €] — 2ee1 + 2mc’ (e — €1) — (€% + €] — 2¢e€q cos b))

0 =mc

2

2

— — — 2
&2 = P€i+P,ﬂ-—P7f) 2

2 2

€ — €1 (e+mc —60089)

2

—

- = o 12
Pef Pei—I_Pfyi_ ‘yf|

before scattering
e = hv

P,

4 p
€ h
=17 1 cosh) In terms of wavelength, A\ — A = p— (1 —cos?)
h
Compton wavelength: )\ = — = 0.02426A for electrons
\ J

There is a wavelength change of the order of A. upon scattering.

For long wavelengths A>> 1. (i.e., hv < mc?), the scattering is closely elastic.
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Scattered photons energies are shown as a function of the scattering angle, for different
incoming photon energies.

Note that, for x > 1 and for large scattering angle, the scattered photon energies becomes
x; ~ 1/2,independent of the initial photon energy x.
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e Klein-Nishina formula (the differential cross section for unpolarized radiation, QED)

dQ 167 €2 \ ¢

do _3O'T€% (e

Total cross section:

L do
U:QW/ld—QdCOSH

€

_+_

€1

| T T T | T T T T |
x~0
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— sin? 9) -
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(doy/dQ) /o,
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Note that the scattering becomes
preferentially forward as the energy of
the photon increases
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MeC?
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3 1 2x(1 In(1+ 2 143 )
_ 00T |1+ il +x)—ln(1—|—2x) —I—H( t2z) 143w B
4 3 1+ 2x 2x (1 + 2x)?
107
where 2 = ﬂ
m02 1030
10°  10* 10" 10° 10" 10° 10’
. ] ] . hv/mc?
Compton scattering becomes less efficient at high energies. ,
(mec® = 511 keV)
Approximations:
C e : 262>
- nonrelativisitic regime: oror|l—-2r+— Sl A

- extreme relativisitic regime:

3 1
O —0p—
8Ta:

1
<1n2:1:—|—§), x> 1
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[Inverse Compton Scattering: Scattering from Electrons in Motion]

e Inverse Compton Scattering: Whenever the moving electron has sufficient kinetic energy
compared to the photon, net energy may be transferred from the electron to the photon.

 What is the energy of photon after the inverse Compton scattering?

(1) In the frame K’ comoving with electron,
the incoming photon energy is

{ ¢ = ey(1 — Bcosh) J

Here, 6 is the angle between the electron velocity
and the photon direction in the lab frame.

(2) In the electron rest frame, we assume
the Thomson regime so that no change in
the photon energy.

Thomson scattering condition in the rest frame:

e < m.c® =0.5MeV

N\

4 / )
, €
€1 = ,
! 1+ <55 (1 —cos®)
/
€
~e |1— 1 —cos® if ¢ < mc?
€ 3 (1 —cos®")| (if € < mc?)
~ ¢ (Thomson scattering condition) )
4 )

J

Lab Frame K

..................................................................................................................

n’ = direction vector of incident photon in the electron rest frame

n| = direction vector of scattered photon in the electron rest frame
n' = (sinf cos @', sin€’ sing’, cosh’)
n| = (sin 0] cos ¢}, sin @] sin @}, coshy)
cos©® =n'-n}
= cos 0] cos 0" + sin 0’ sin 0 cos(¢" — @)

(©" = scattering angle in the electron rest frame)
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(3) Going back to the lab frame, the energy

of the scattered photon is

~

g

€1 = €1y (1 + Bcosh)
~ €~y (1+ Bcosby)

~

= ey? (14 Bcost)) (1 — Bcosh)

_J

— €] ~ € (Thomson scattering)

— € =ey(1— Pcosh)

Here, 0, is the scattered angle of the photon in the
electron rest frame.

Lab Frame K

Electron Rest Frame K’
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electron rest frame €1
€1 = ey? (14 fBcosh;) (1 — Bcosh)
1 — [Bcosb

€
1 — B cosb,

0, —
— cosf] = ICO_S 51(30851 (aberration)

e Let’s assume 1sotropic distribution of photons.

In the electron rest frame, most photons will be incident
toward the electron,ie., 7 — 0" < 1/y.

lab frame electron frame
Thomson scattering 1s symmetric with respect to forward Hl /\r)j € € = e
and backward scattering. Therefore, in the lab frame, the M\,

scattered photon will be mostly concentrated within a * — <~

incoming

obtain cosO 1 &pfr1 = cosh ~p
1 — 6 cos 6 2 outgoing
~ — _ ~ 2
‘e 1 — 62 - (1 BCOS 9) e = <€1> =~ electron frame lab frame
2
(because (cosf) = 0) rjjje’l = ~eo €1 ="7"€o
See the following slides for a % o f\/\/\fy AVAYAYe
precise formula. e : X\/\/\f %\“ MACAVAPR
32 : Note that the radiation field is | AL
(€1) = 72 <1 + —) € i not isotropic in the electron
3 i rest frame but symmetric. :
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e The energies of the photon before scattering, in the electron rest frame, and after the scattering in
the lab frame are in the approximate ratios

The inverse Compton scattering converts a low-energy photon to a high-energy photon by a
factor of order y2
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[Inverse Compton Power for Single Scattering]

e Assumptions:
(1) Isotropic distributions of photons and electrons (in the lab frame).
(2) The change 1n energy of the photon in the rest frame 1s negligible.
(Thomson scattering is applicable in the electron’s rest frame). ¢ ~ €

e Total power scattered in the electron’s rest frame:

dFE) : : ..
dt’l = cor / ern de' where n'de’ is the number density of incident photons.

e Recall: dEy  dFEj

T since energy and time transforms in the same way.

d°p = ~vd°p transforms in the same way as energy.

dN d°N '\ . . : . .
= Bxdip ) 182 Lorentz invariant. (density in the phase space)

because € = pc

Therefore, the number densities of incident photons, represented in terms
of momentum and energy, transforms in the same way as energy.

nede  nlde
/

€ €
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e Thus we have the results L, , L
€; ~ ¢ Thomson scattering assumption in the rest frame

/

dFE, dFE; / A / o nLde / nede
— = co e'n’'de = co €°—<— =co e’?
. — ay ") e ! ¢ g :

= cory? / (1 — Bcos0)” encde — € =ey(1—Pcosh)

For an isotropic distribution of photons, integrating over 6, we have

1 The incident power and scattered power in

2 2  the lab frame can be represented in term of |

1 — Bcosb > =14+ = — 20\ = ; p :

<( B ) 3 B = <COS 9> 0, <COS 9> 1/ 3 : the rate of scattering (per unit time) and the
{ initial and final photon energies.

Therefore, we obtain the total power scattered in the lab frame: dEoss AN oot
' ‘ dt | dt
dE; ) 1, dE dN,
atn _ 1 4 U E _1 . scatt

where U, = / encde 1S the initial photon energy density.

Then, the mean photon energy after

Note that the rate of decrease of the total initial photon energy is scattering will be

Eloss — A2 T2
d dlt — _CO'T/Gnede — _CO-TUph <€1> Y (1 + 35 ) €
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e Thus, the net power lost by the electron, and converted into increased radiation, is

dFE4 dE1oss 1
Feompr =~ ' 2| = ol [”2 (1 " 552) ) 1]

4
[ Pcompt — 3COT’7262Uph] < 72 —1= 7262

 When the energy transfer in the electron rest frame is not neglected, the power is given by

4 63 v (€
Pcompt — gCUT’YQﬁzUph < >

b= 10 mc? <€>] (cf. Blumenthal & Gould, 1970)

Note that the above equation allows energy to be either given or taken from the photons.
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e Recall that the formula for the synchrotron power emitted by each electron is

4

Psynch — §0T67262UB

Therefore, Lsynch _ Us
P, compt Uph

The radiation losses due to synchrotron emission and due to inverse Compton effect are in the
same ratio as the magnetic field energy density and photon energy density.

e Let N(y)dy be the number of electrons per unit volume. Then, the total Compton power per unit

volume is
Ptot — /PcomptN(W)dV

(1) Power-law distribution of relativistic electrons (8 ~ 1)

—P n <7< 4 _ _ _
N("y) _ {g’/}/ ) Ymin =7 S Ymax —5 Pioi = §O'TOUph0(3 _p> 1 (73.10 3 p)

otherwise

(2) Thermal distribution of nonrelativistic electrons (y~ 1) of number density 7.

ALT 4kT . :

< 52> _ <vz /e > = 3kT /mc? > P = (mc2> orenelpn | Note that — 1s the fractional photon
i : dE'" '

~ a1 . energy gain because

= — CGTUph'
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[Spectrum of single-scattered photons by power-law electrons]j

* We will first show that a power-law photon distribution is produced from a power-law
electron distribution.

The photon energy increases after a single scattering by a factor proportional to 7.

1 4
(e1) = ~° <1+ §62) € = g’er as f—1

Therefore, the (energy) spectrum of scattered photons per unit volume per unit energy due to
electrons with a power-law distribution is

energy
dVithel / NMmad (e = (4/3)er7) dy

xr = 2672 > X Lj2 €17 o (€1 — x) Z—xdx

J — 2:cfyd7 ~ /;2 17776 (e1 — 1) %daz

Y2
X / ez~ PU/2715 (¢f — 2) dx
71

—(p—1)/2

X €

dt -p-v/2 | The resulting spectrum has the same power-law slope as that of the
dV dtde; synchrotron.




[Repeated Scattering: The Compton y Parameter]

* We restrict our considerations to situations in which the Thomson limit applies: ve < mc?

 Compton y parameter, to determine whether a photon will significantly change its energy in
traversing the medium:

average fractional

— | energy change per | x [ number of

4= &Y. 56 P scatterings
scattering

When y > 1, the total photon energy and spectrum will be significantly altered;
whereas for ¥y < 1, the total energy 1s not much changed.

e Average fractional energy change per scattering (for a thermal distribution of electrons)

(a) Consider first the nonrelativistic limit (in the electron rest frame).

/

Ae! P /
6’1%6’[1— - (1—cos@)] — < ,6>z<61,€>:—n;2 : angle average

mc? € €

In the lab frame to lowest order, this must be of the form because the mean electron energy o« k7

Ae € k'T
— V=t a——
€ mc? mc?
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To calculate «a, imagine that the photons and electrons are in complete equilibrium but
interact only through scattering.

Assume that the photon density 1s sufficiently small that stimulated processes can be neglected.
The Maxwell distribution of speeds of electrons is:

e
n € exp T

We have the averages (o) = / e de / / node = 3ET

(€)= /e2n€de//n€de = 12(kT)?

For this case, no net energy can be transferred from photons to electrons, so

2
Aoz N0 L G BTy 3T

o s (a —HET — «a=4

mc?

Thus for nonrelativisitic electrons in thermal equilibrium, the energy transfer per scattering is

[ (A€)xp = %(41@ — ) J

Note that if the electrons have high enough temperature relative to incident photons, the photons
gain energy. This 1s the inverse Compton scattering.

If € > 4kT, on the other hand, energy i1s transferred from photons to electrons.
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(b) In the ultrarelativistic limit (y > 1. f~ 1), ignoring the energy transfer in the electron rest
frame,

Pcompt 4/30-TC’}/262 Uph 1 2 n2
_ = _ — A€), ~
}dE%OSS/dt’ O'TCUph 3’)/ 6 ( €>R

Q| v~
-2
g

Note that the relativistic Maxwell distribution
. . (Maxwell-Jiittner distribution) is given by

(%) KT\ ETN\? | B
<72> — (mCQ) =12 (mc2> —_— (Ae) ~ 16¢ (mCQ) fv) 0K (1/6)
. where 8 = V1—1/~2, 9—— and

mc2’

For a thermal distribution of ultrarelativistic electrons, = o

K5 is the modified Bessel function.

e Mean number of scatterings,

Recall that, for a pure scattering medium,

where 7. ~ presR
mean number of \ M 9 o7
scatterings ~ Max(Tes, Tes) Kes = ——— = 0.40 cm? g~ for ionized hydrogen
p

R = size of the finite medium

e Compton y parameter:

kT
mc2

4kT ,

2
YNR — —MaX(TeS7 Tes) YR — 16¢ ( ) MaX(TeS7 7_628)
mc?
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[Repeated Scattering: Spectra and Power]

 We have already shown that a power-law spectrum may be a natural consequence of a power-law
distribution of electrons (single scattering case).

 We will show that a power-law photon distribution can also be produced from repeated
scattering off a nonpower-law electron distribution.

Let A = the mean ampliﬁcation of photon energy per scattering

A= DS

kT for thermal electron distribution

()
mec

initial (mean) photon energy = ¢

(number) intensity = I(¢;) at ¢

After k scattering, the photon energy will be €k ~ ei A"

For an optically thin scattering medium (7es < 1), the probability of a photon undergoing k

. . . . _ k
scattering before escaping the medium is pi(7es) ~ (1= €77) =7 T
T ni€r/€; n =7 H

The emergent intensity at energy €k 1s given by . [In(ex/er) /I AllnT =Inz
¢ InTes/In A In (ek/ei)lnT/lnA =Inx l
I(Ek) ~ [(67)7_76 ~ I(EZ) In(ex/€i)/In A _ I(Ez> <_k> (Ek/e')lnT/lnA —
€; E ’
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e Total Compton power in the output spectrum 1s given by

P / I(ex)dex = I(e:)e; [ / v dy

The factor in square brackets is approximately the factor by which the initial power I(c;)e; 1s
amplified in energy.

Clearly, this amplification will be important if o < 1. Therefore, energy amplification of a soft
photon input spectrum is important when y > 1:

- ln Tes

In A

o= <1 —= In(rsA) 20

kT \°
— yZATeSN16(—) Tes = 1

mc? ~



