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• Now we extend the discussion of plasma propagation effects by considering the effect of an 
external, fixed magnetic field  B0.

The properties of the waves will then depend on the direction of propagation relative to the 
magnetic field direction. For this reason the plasma is called anisotropic.

Because of the magnetic field, a new frequency enters the problem, namely, the cyclotron 
frequency.

If the fixed magnetic field  B0  is much stronger than the field strengths of the propagating wave, 
then the equation of motion of an electron is approximately

For simplicity, assume that the wave propagates along the fixed field  , and assume 
that the wave is circularly polarized and sinusoidal.

B0 = B0 ̂z

[Faraday Rotation - Propagation along a Magnetic Field]

Here,     denotes right and left circular polarization.±
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cyclotron frequency

Note that Rybiki & Lightman define oppositely the RCP and LCP.



Bases vectors for circularly rotating electric field
3

The bases vectors  rotates counterclockwise (+) or clockwise (-) when viewed from the tip of the 
wave vector.

E±

<latexit sha1_base64="+SvfpmwglF6PzAZVnXEO0X8lL/o="></latexit>

Re (E±) = Re
�
(x̂± iŷ)Ee�i!t
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Finally, the current density and conductivity are obtained to be

dvk

dt
= 0

v? = vxx̂+ vyŷ
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Now, we solve the equation of motion for an electron and obtain the dielectric constant.

<latexit sha1_base64="AR50Ckigjz/9dYBtlQG2/KeuXzI="></latexit>
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Dielectric constant

Dispersion relation

Phase velocity

Right (+) and left (-) circularly polarized waves travel with different speeds.

Speed difference sense is  .

These waves travel with different velocities. Therefore, a plane polarized wave, which is a linear 
superposition of a right-hand and a left-hand polarized wave, will not keep a constant plane of 
polarization, but this plane will rotate as it propagates. This effect is called Faraday rotation.

υR > υL
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• Faraday Rotation

If the incident radiation is circularly polarized (either R or L), then the radiation will encounter 
different dispersion than unmagnetized case. But, the radiation will still remain circularly 
polarized.

If the incident radiation is linearly polarized, i.e., a linear superposition of a right-hand and a left-
hand polarized wave, then the line of polarization will rotate as it propagates. This effect is 
called Faraday rotation.

6

Decomposition of linear polarization into components of right and left circular polarization



• The phase angle  after traveling a distance d  is, in general, if the wave number is not constant along the 
path, is given by

Assume that  and 

Consider an electromagnetic wave that starts off linearly polarized in the x-direction at the source.

Let’s define

Then, after propagating a distance  d  through a magnetized plasma toward the observer, the electric field 
will be

ϕ

ω ≫ ωp ω ≫ ωB

E(t) = Ee�i!tx̂ =
1

2
[(x̂+ iŷ) + (x̂� iŷ)]Ee�i!t
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• The resulting electric field is also linearly polarized, but the polarization angle is rotated 
counterclockwise by angle  𝜑  (when viewed at a fixed position).

• Radiation that starts linearly polarized in a certain direction is rotated by the Faraday effect 
through an angle  𝜑  after propagating a distance d through a magnetized plasma.

Before passing through the medium After passing through the medium
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30 Waves in a cold plasma

helix as shown in Figure 4.24. A similar rotation also occurs for an elliptically polarized
wave.
If the wave frequency is much greater than both the electron cyclotron frequency and the

electron plasma frequency, a simple formula can be derived for the Faraday rotation angle.
Dropping the ion terms in equations (4.4.26) and (4.4.29) and assuming that ω ≫ ωc and
ω ≫ ωp, the indices of refraction of the R and L modes can be approximated by
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2
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ω
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(4.4.42)
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1
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2
p

ω
2

(
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ω

)

. (4.4.43)

!Fig. 4.24 The electric field of a linearly polarized free space electromagnetic wave rotates as
the wave propagates through a magnetized plasma.

Converting n to k using the relation k = ωn/c, it is easy to show using equation (4.4.41)
that the Faraday rotation angle is given by
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This equation shows that ψ increases in direct proportion to the product of the electron
density and the magnetic field strength. If the electron density and magnetic field strength
vary along the ray path, the rotation angle is given by the integral

ψ =
1
2c

(

e3

ϵ0m2e

)

1
ω
2

∫

ne Bz dℓ, (4.4.45)

where the integration is performed along the ray path. If the magnetic field is at an angle to
the direction of propagation, it can be shown that equation (4.4.45) is still valid, provided
Bz is taken to be the component of the magnetic field along the direction of propagation.
Measurements of the Faraday rotation angle can be used to provide information on the

electron density or magnetic field strength along the ray path. Since the rotation angle in-
volves the product of the electron density and the magnetic field, one of these parameters
must be known to get useful results. For example, in a laboratory plasma, the magnetic field
is usually known, so the line integral of the electron density can be obtained by measuring
the Faraday rotation angle. In practice, this is done by generating a linearly polarized wave



• We cannot, of course, generally measure the absolute rotation angle, since we do not know the 
intrinsic polarization direction of the radiation when it started from the source.

However, since 𝜑 varies with frequency (as ), we can determine the value of integral               
by making measurements at several frequencies. This can give information about the interstellar 
magnetic field.

Rotation measure is defined by

However, the field changes direction often along the line of sight and this method gives only a 
lower limit to actual field magnitudes.

ω−2

(Taylor, Stil, & Sunstrum 2009, ApJ, 702, 1230)
Red circles are positive RM and blue circles are negative.
The size of the circle scales linearly with magnitude of RM.

N
o.2,2009

R
O

TA
T

IO
N

M
E

A
SU

R
E

IM
A

G
E

O
F

T
H

E
SK

Y
1233

Figure 3. Plot of 37,543 RM values over the sky north of δ = −40◦. Red circles are positive rotation measure and blue circles are negative. The size of the circle scales linearly with magnitude of rotation measure.

For measurements toward sources (pulsars) where 
the dispersion measure (DM) is also known, we 
can derive an estimate of the mean field strength 
along the line of sight. 

Radio astronomers have concluded that

Z
nBkds
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density-weighted magnetic field

https://ui.adsabs.harvard.edu/abs/2009ApJ...702.1230T/abstract


* [Plasma Effects in High-Energy Emission Processes] *
• Maxwell equations in dielectric medium:

These equations formally result from Maxwell’s equation in vacuum by the substitutions.

These equations may be solved in the same manner as before for the retarded and Lienard-
Wiechert potentials.
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- Cherenkov Radiation
• Radiation from relativistic charges moving in a plasma with  .

In this case, the velocity of the charges can exceed the phase velocity:

The beaming term of the Lienard-Wiechert potentials can vanish for an angle  𝜃  such that  
.

The potentials become infinite at certain places. In consequence, the uniformly moving particle 
can now radiate.

Cherenkov cone: Outside the cone, points feel no potentials yet. Inside the cone, each point is 
intersected by two spheres. The resulting radiation is called Cherenkov radiation.

A common analogy is the sonic boom of a supersonic aircraft or bullet.

nr = ϵ > 1

cos θ = (nrβ)−1

234 PIasmcr Eflects 

v > 4  
V < +  “ r  

Figure 8.2 Propagation of w m  fronts generated by a partic& m&g with 
uelmity v through a refractice medium 

Figure 8.3 Geometry of Che&m cone. 

The precise direction of the radiation can be used as an energy measure- 
ment for fast particles in the laboratory or observatory. Cherenkov radia- 
tion due to high energy cosmic rays has been observed in the earth’s 
atmosphere. Since the radiation is quite intense for fast particles, it acts as 
an effective mechanism for energy loss. 

Razin Effect 

When n,< 1, as it is in a cold plasma, Cherenkov radiation cannot occur. 
In this case there is an effect that has important implications for synchro- 
tron emission. The “beaming” effect associated with emission from a fast 

vp =
c

nr
< v < c ! �nr > 1
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- Razin-Tsytovich Effect
• When , Cherenkov radiation cannot occur.

The critical angle defining the beaming effect in a vacuum was shown to be  . 
But in a plasma we have instead

If   and ,

If   ,    and the beaming effect is suppressed.

Below the frequency  ,  the synchrotron spectrum will be cut off because of the suppression of 
beaming. This is called the Razin-Tsytovich effect.

As frequencies increase,   decreases until it becomes of order of the vacuum value  1/𝛾, and 
therefore the vacuum results apply.

Therefore, the plasma medium effect is unimportant when  .
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Atomic Structure
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History: Fraunhofer Lines
• In 1814, Joseph von Fraunhofer (1789-1826) used 

one of the high-quality prisms he had manufactured 
to diffract a beam of sunlight onto a whitewashed 
wall. 
- Besides the characteristic colors of the rainbow, he 

saw many dark lines. 
- He catalogued the exact wavelength of each dark line 

and labelled the strongest of them with letters. These 
are still known today as Fraunhofer lines. Many of 
these labels, such as the sodium D lines (5896Å, 
5890Å; Na I D1, D2) are still used today. 

- He did not know what caused the dark lines he 
observed. 

- However, he performed a similar experiment using 
light from the nearby star Betelgeuse and found that 
the pattern of dark lines changed significantly. He 
concluded correctly that most of those features were 
somehow related to the composition of the object.
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The solar spectrum as recorded by Fraunhofer (color overlaid).

• The first real step in understanding Fraunhofer’s observations came in the middle of the 19th century with 
the experiments of Gustav Kirchhoff (1824-1887) and Robert Bunsen (1811-1891). They studied the color 
of the light emitted when metals were burnt in flames. In certain cases, the wavelength of the emitted light 
gave an exact match with the Fraunhofer lines. These experiments demonstrated that the Fraunhofer 
lines were a direct consequence of the atomic composition of the Sun. 
In fact, some of the lines were due to the Earth’s atmosphere, the so-called telluric lines.



History: Nebulium?
• In 1918, extensive studies of the emission spectra of 

nebulae found a series of lines which had not been 
observed in the laboratory. 
- Particularly strong were features at 4959Å and 5007Å. For 

a long time, this pair could not be identified and these lines 
were attributed to a new element, ‘nebulium’. 

- In 1927, Ira Bowen (1898-1973) discovered that the lines 
were not really due to a new chemical element but instead 
forbidden lines from doubly ionized oxygen [O III]. 

- He realized that in the diffuse conditions found in nebulae, 
atoms and ions could survive a long time without 
undergoing collisions. Indeed, under typical nebula 
conditions the mean time between collisions is in the 
range 10-10,000 secs. This means that there is sufficient 
time for excited, metastable states to decay via weak, 
forbidden line emissions. 

- The forbidden lines could not be observed in the laboratory 
where it was not possible to produce collision-free 
conditions over this long timeframe. 

- Other ‘nebulium’ lines turned out to be forbidden lines 
originating from singly ionized oxygen [O II] and nitrogen 
[N II].
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112 Astronomical Spectroscopy {Third Edition) 
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Fig. 7.1. Optical spectra of NGC 6153 from 3540 to 7400 A, obtained for a deep 
(IO-minute) exposure using the ESO 1.52 m telescope in Chile. The two spectra plotted 
are (a) obtained by uniformly scanning the long-slit across the entire nebula, and 
(b) taken with a fixed slit centred on the central star. [Reproduced from X.-W. Liu 
et al., Mon. Not. R. Astron. Soc. 312 , 585 (2000).] 

7.1. Nebulium 

In 1918, extensive studies of the emission spectra of nebulae found a series 
of lines which had not been observed in the laboratory. Particularly strong 
were features at 4959 A and 5007 A. For a long time, this pair could not be 
identified and, inspired by Lockyer's success with helium, these lines were 
attributed to a new element, 'nebulium'. 

Ten years after their original observation, Ira Bowen (1898- 1973) found 
the true explanation. Bowen realised that in the diffuse conditions found 
in nebulae, atoms and ions could survive a long time without undergoing 
collisions. Indeed , under typical nebula conditions the mean time between 
collisions is in the range 10- 10000 s. This means that there is sufficient time 
for excited, metastable states to decay via weak , forbidden line emissions. 
These lines could not be observed in the laboratory where it was not 
possible to produce collision-free conditions over this long timeframe. 

Optical spectra of NGC 6153, Liu et al. (2000, MNRAS)

forbidden transition

allowed transition

[O III], [O II], [N II], etc:
We use a pair of square 
brackets for a forbidden line.

metastable state



Quantum Mechanics
• The classical theory of radiation is unable to treat physical processes in which the 

interaction between matter and radiation takes place by means of single (or a few) photons.
We have already dealt with some elementary aspects of this interaction when we discussed the Planck law 
and the Einstein coefficients.

However, to really solve problems we need to find explicit expressions for the A and B coefficients or 
equivalents.

This must involve detailed investigation of the structure of the matter that interacts with the radiation, its 
energy levels, and other physical properties.

• Astrophysical spectral lines offer two important insights into the workings of our Universe.

First, they are probes of the fundamental (QM) nature of matter because they originate from subatomic, 
atomic and molecular systems.

Second, they provide, via the Doppler effect, critical dynamical information on astrophysical systems 
ranging in scale from planetary system to superclusters of galaxies.

17



Schrödinger Equation
• A good starting point for a quantum mechanical understanding of spectral lines is the hydrogen 

atom, which is the simplest of all atoms, consisting of one proton and one electron.

• Since the H atom consists of only a proton and an electron, the Coulomb field experienced by the 
electron is spherically symmetric. The time-dependent Schrödinger equation for a system with 
Hamiltonian H:

Often we are interested in the stationary solutions found by separating the time and space parts of 
the wave function, which is possible if  is independent of time:

• The time-independent Schrödinger equation is obtained as follows:

Here, in the spherical coordinates, the Laplace operator is given by

H

i~@ 
@t

= H 
<latexit sha1_base64="Q+5YetNC4kufdcMUyl0oNfRFN+A=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQlDLTCroRCm66rGAf0BlKJs20oZnMkGSEMswPuHShH+BPuHGhiFvBnR/gf5hpC2rrgcDJuY/kHC9iVCrL+jRyC4tLyyv51cLa+sbmlrm905RhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN7zI6q1rIiQN+ZUaRcQNUJ9Tn2KktNQ1j6kz8JBwfIFw4kRIKIoYdOqSpj9XlZ7XMqlrFq2SNQacJ/aUFKtHD827r5tKvWt+OL0QxwHhCjMkZce2IuUm2VrMSFpwYkkihIeoTzqachQQ6SZjVyk80EoP+qHQhys4Vn9PJCiQchR4ujNAaiBna5n4X60TK//MTSiPYkU4njzkx9pmCLOIYI8KghUbaYKwoPqvEA+QDkjpIAs6BHvW8jxplkt2pVS+1GmcgAnyYA/sg0Ngg1NQBTVQBw2AwS14BM/gxbg3noxX423SmjOmM7vgD4z3by+/oxY=</latexit>
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momentum operator:

Erwin Schrödinger



• Separation of variables: Since  depends only on , we can try something like

Then, the Schrödinger equation becomes

The solution of the second equation is known to be the spherical harmonics.

The solution for the radial component is given by the associated Laguerre polynomials.

V(r) r

The left side depends only on  and the right side 
on  and . Therefore, they should be a constant.

r
θ ϕ
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Summary of the Hydrogen atom
• momentum operator

• Hamiltonian operator

• Expectation value of an operator

• Wavefunction for a hydrogen-like atom:

• n = 1, 2, 3, … : principal quantum number

• l = 0, 1, 2,…, n-1 : orbital angular momentum quantum number

• m = -l, -l+1,…, 0 ,…, l-1, l : magnetic quantum number

p =
~
i
r
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= 0.529Å (Bohr radius),

L2l+1
n+l = associated Laguerre polynomial

<latexit sha1_base64="jWIE314tiehRkmRr6Us2tgPL1A4="></latexit>

Ylm(✓,�) = (�1)(m+|m|)/2

(l � |m|)!
(l + |m|)!

2l + 1

4⇡

�1/2
P |m|
l (cos ✓)eim�

<latexit sha1_base64="BpgRYJu18ReYZaeTwWNo0m2uWNg="></latexit>

radial function:

spherical harmonics
P |m|
l = associated Legendre function

<latexit sha1_base64="33PsWIXiS2a42APBIst22wNE278=">AAACGXicbVDLSgMxFM34rPVVdekmWARXZUYLuhEENy5cVLCt0NYhk7lTg5nMkNwRy9jfcOOvuHGhiEtd+Tem7Sx8HQgczrknyT1BKoVB1/10pqZnZufmSwvlxaXlldXK2nrLJJnm0OSJTPRFwAxIoaCJAiVcpBpYHEhoB9fHI799A9qIRJ3jIIVezPpKRIIztJJfcRu+vMzv4rshPaRdhFvMKTMm4YIhhPQU+qBCDTTKFB8lhn6l6tbcMehf4hWkSgo0/Mp7N0x4FoNCLu3VHc9NsZczjYJLGJa7mYGU8WvWh46lisVgevl4syHdtkpIo0Tbo5CO1e+JnMXGDOLATsYMr8xvbyT+53UyjA56uVBphqD45KEokxQTOqqJhkIDRzmwhHEt7F8pv2KacbRllm0J3u+V/5LWbs3bq+2e1atH9aKOEtkkW2SHeGSfHJET0iBNwsk9eSTP5MV5cJ6cV+dtMjrlFJkN8gPOxxcjNqD5</latexit>

20

bra-ket notation (Dirac notation)

Paul Adrien Maurice Dirac



Quantum Numbers / H-atom
• Each bound state of the hydrogen atom is characterized by a set of four quantum numbers 

( )
-          : principal quantum number (shell)
-  : orbital angular momentum quantum number (subshell)

‣ By convention, the values of  are usually designated by small letters.

-  : magnetic quantum number.
‣ It determines the behavior of the energy levels in the presence of a magnetic field.

‣ This is the projection of the electron orbital angular momentum along the -axis of the system.

• Spin

- The electron possesses an intrinsic, spin angular momentum with the magnitude of .

- There are two states, , for  the spin.

• Degeneracy for a given n:

n, l, m, ms

n = 1, 2, 3,⋯
l = 0, 1, 2,⋯, n − 1

l

m = − l, − l + 1,⋯,0,⋯, l − 1, l

z

|s | =
1
2

ms = ± 1
2
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is the electron orbital angular momentum quantum number. The actual 
angular momentum is given by n[l(l + 1)]½. l can take the values 
0, 1, 2, ... , n - 1. By convention, the values of l are usually designated 
by letters (see Table 3.1). 

m is the magnetic quantum number , so called because it determines the 
behaviour of the energy levels in the presence of a magnetic field. mn 
is the projection of the electron orbital angular momentum , given by l , 
along the z-axis of the system. It can take (2l + 1) values -l, -l + 
1, ... , 0, ... , l - 1, l. 

2 
s 1=0 p 1=1 p 1=1 

m=O 

B 
m=O m=1 

0 0 m 
N -2 

d 1=2 d 1=2 d 1=2 
m=O 

~ m= + 
0 

-

-2 
-2 0 -2 0 -2 0 2 

X 

Fig. 3.2. Wavefunctions for the angular motions of the hydrogen atom which are given 
in terms of spherical harmonics , Yi, m(0, </>). Plots are for the x - z plane except for the 
l = 2, m = 2 plot for which the x--y plane is shown. The plots give the absolute value 
of the spherical harmonic as a distance from the origin for each angle; the signs indicate 
the sign of the wavefunction in each region. (S.A. Morgan, private communication.) 

Table 3.1. Letter designations for orbital angular momentum 
quantum number l. 

0 
s 

1 
p 

2 
d 

3 
f 

4 
g 

5 
h 

6 7 
k 

8 
1 

2 ×
n−1

∑
l=0

(2l + 1) = 2n2



• Wavefunctions for a hydrogen-like atom
2.1 The Schrödinger equation 25

Table 2.1 Orbital angular momentum eigenfunctions.

Y0,0 =

√
1
4π

Y1,0 =

√
3
4π

cos θ

Y1,±1 = ∓
√

3
8π

sin θ e±iφ

Y2,0 =

√
5

16π

(
3 cos2 θ − 1

)

Y2,±1 = ∓
√

15
8π

sin θ cos θ e±iφ

Y2,±2 =

√
15
32π

sin2 θ e±2iφ

Normalisation:

∫ 2π

0

∫ π

0

|Yl,m|2 sin θ dθ dφ = 1

repeated application of the lowering operator:12 12This eigenfunction has magnetic
quantum number l − (l − m) = m.

Yl,m ∝ (l−)l−m sinl θ eilφ . (2.11)

To understand the properties of atoms, it is important to know what
the wavefunctions look like. The angular distribution needs to be mul-
tiplied by the radial distribution, calculated in the next section, to give
the square of the wavefunction as

|ψ (r, θ, φ)|2 = R2
n,l (r) |Yl,m (θ, φ)|2 . (2.12)

This is the probability distribution of the electron, or −e |ψ|2 can be in-
terpreted as the electronic charge distribution. Many atomic properties,
however, depend mainly on the form of the angular distribution and
Fig. 2.1 shows some plots of |Yl,m|2. The function |Y0,0|2 is spherically
symmetric. The function |Y1,0|2 has two lobes along the z-axis. The
squared modulus of the other two eigenfunctions of l = 1 is proportional
to sin2 θ. As shown in Fig. 2.1(c), there is a correspondence between
these distributions and the circular motion of the electron around the
z-axis that we found as the normal modes in the classical theory of the
Zeeman effect (in Chapter 1).13 This can be seen in Cartesian coordi- 13Stationary states in quantum

mechanics correspond to the time-
averaged classical motion. In this
case both directions of circular mo-
tion about the x-axis give the same
distribution.

nates where

Y1,0 ∝ z

r
,

Y1,1 ∝ x + iy
r

,

Y1,−1 ∝ x − iy
r

.

(2.13)

28 The hydrogen atom

Table 2.2 Radial hydrogenic wavefunctions Rn,l in terms of the variable ρ =
Zr/(na0), which gives a scaling that varies with n. The Bohr radius a0 is defined in
eqn 1.40.

R1,0 =

(
Z
a0

)3/2

2 e−ρ

R2,0 =

(
Z

2a0

)3/2

2 (1 − ρ) e−ρ

R2,1 =

(
Z

2a0

)3/2 2√
3

ρ e−ρ

R3,0 =

(
Z

3a0

)3/2

2

(
1 − 2ρ +

2
3
ρ2

)
e−ρ

R3,1 =

(
Z

3a0

)3/2 4
√

2
3

ρ

(
1 − 1

2
ρ

)
e−ρ

R3,2 =

(
Z

3a0

)3/2 2
√

2

3
√

5
ρ2 e−ρ

Normalisation:

∫ ∞

0

R2
n,l r2 dr = 1

These show a general a feature of hydrogenic wavefunctions, namely
that the radial functions for l = 0 have a finite value at the origin, i.e.
the power series in ρ starts at the zeroth power. Thus electrons with
l = 0 (called s-electrons) have a finite probability of being found at the
position of the nucleus and this has important consequences in atomic
physics.

Inserting |E| from eqn 2.20 into eqn 2.17 gives the scaled coordinate

ρ =
Z

n

r

a0
, (2.21)

where the atomic number has been incorporated by the replacement
e2/4πϵ0 → Ze2/4πϵ0 (as in Chapter 1). There are some important prop-
erties of the radial wavefunctions that require a general form of the
solution and for future reference we state these results. The probability
density of electrons with l = 0 at the origin is

|ψn,l=0 (0)|2 =
1
π

(
Z

na0

)3

. (2.22)

For electrons with l ̸= 0 the expectation value of 1/r3 is
〈

1
r3

〉
=
∫ ∞

0

1
r3

R2
n,l (r) r2 dr =

1
l
(
l + 1

2

)
(l + 1)

(
Z

na0

)3

. (2.23)

These results have been written in a form that is easy to remember;
they must both depend on 1/a3

0 in order to have the correct dimensions
and the dependence on Z follows from the scaling of the Schrödinger

Atomic Physics [Foot]
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Fig. 11.2 Radial wave functions for the first three principal quantum numbers of
hydrogen.
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Fig. 11.3 Probability distributions (per unit volume). A slice through the φ = 0
plane. The darker the shading the greater the probability density. Left column:
from top to bottom, 1s, 2s, 2p0. Center column: 2p1, 3s, 3p0. Right column: 3p1,
3d0, 3d1.

In the case of spherical geometry, we can evaluate the probability of finding an
electron in a shell of radius r , as follows

P dV = |φnℓm |2 dV = |φnℓm |2 r2 dr dΩ

⇒ P(r ) dr =
∫

Ω

|φnℓm |2 r2 dr dΩ

= |Rnℓ(r )|2 r2 dr ×
∫

Ω

|Yℓm |2 dΩ

P(r ) dr = r2 |Rnℓ(r )|2 dr. (290)

All possible radial probability functions, up to n = 3, are shown in Fig. 11.4.

Radial wave functions for the first principal quantum 
numbers of hydrogen

Probability distributions (per unit volume). A slice through the 
 plane. The darker the shading the greater the probability 

density.

[Left]     1s, 2s, 2p0       from top to bottom
[Center] 2p1, 3s, 3p0
[Right]   3p1, 3d0, 3d1

ϕ = 0
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[Angular Momentum]
• The orbital angular momentum operator   has the following eigenvalue.

Here, the  can have values .

The magnitude of the angular momenta are

The z-component have the following values.

• Electron has a spin of    and it has two z-components:

L = r × p

ℓ ℓ = 0, 1, ⋯, n − 1

s =
1
2

24 P1: RPU/... P2: RPU
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Fig. 10.6: Quantum states of angular momentum. (a) Spin-angular momentum vector S for spin

1/2 particle. The vector precesses around the z-axis with indeterminate azimuth (in a semiclassical

picture). Its magnitude squared is S(S + 1) !2, where S = 1/2 and ! ≡ h/2π. The observable

z component of angular momentum Sz can take on the value + 1/2 ! or −1/2 !. (b) Angular

momentum vector F for F = 1 ground-state hydrogen illustrating its three states. (c,d) Coupling

of the proton and electron spins I and S, respectively, for the F = 0 and F = 1 states of neutral

hydrogen. The degree of coupling is controlled by the requirement that F = S + I. The coupling

is stronger for the F = 0 state. (This classical visualization is less than perfect; see text.)

These combinations comprise four hyperfine states of the ground state of the hydrogen

atom, one with F = 0 and three with F = 1. As noted, after (6), the three F = 1 levels have

identical energies in the absence of an external magnetic field; the levels are degenerate. Here

we are concerned with the difference in the potential energies of the F = 0 and F = 1 states

(Figs. 10.6c,d).

To carry along a classical picture during our derivation, we will visualize the F = 1 state as

UU or DD (parallel spins) and the F = 0 state as UD or DU (antiparallel spins) even though

this is not strictly correct according to (9).

Magnetic moments

How is the magnetic moment related to the angular momentum? Consider a charge q with

mass m (Fig.10.7a) that orbits in a circle at radius r about the z-axis (unit vector ẑ) with angular

velocity v. The angular momentum is J = mr2
v ẑ. The magnetic moment " is defined as the

current in the loop times the area of the loop, " = i A (C s−1 m2). For one orbital revolution

of period P, the current is i ≡ "q/"t = q/P = qv/(2π) and A = πr2; thus, " = qvr2
/2 ẑ.

The quantities " and J are both proportional to r2
v and hence to each other, and they are

directed parallel to each other for positive charge q (Fig. 10.7a). Consequently, the classical

relation between magnetic moment and angular momentum for an orbiting charge is

➡ " =
q

2 m
J. (J/T; magnetic moment for orbital

angular momentum; classical) (10.10)

Now consider a spinning sphere with uniform mass and charge distributions. It actually

consists of many orbiting charge and mass elements, each obeying (10). Thus (10) is also

valid for the entire sphere.



• The spherical harmonics are eigenfunctions of the orbital angular momentum operator .

The sizes of the angular moment and z-component are

• Wavefunction (with l = 0) at r = 0

Probability of being located within a volume  =

• Properties of the spherical harmonics: 

This property implies that closed shells are spherically symmetric and have very little interaction with 
external electrons.

L = r × p

d3x

|L| =
p
l(l + 1)~, |Lz| = m~
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interact with the nucleus    hyperfine 
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• Orthonormality

• Energy

• Degeneracy for a given n.

n = 1, 2, 3, … : principal quantum number

l = 0, 1, 2,…, n-1 : orbital angular momentum quantum number

m = -l, -l+1,…, 0 ,…, l-1, l : magnetic quantum number

• Spin

The electron possesses an intrinsic angular momentum with the magnitude of              .

There are two states,                 , for  the spin.

Wavefunctions:

2⇥
N�1X

l=0

(2l + 1) = 2n2
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To incorporate spin into the theory in a 
completely satisfactory way one should 
use the relativistic Dirac equation.



• Spectral series of the H atom
- The spectrum of H is divided into a number of series linking different upper levels  

with a single lower level  value. Each series is denoted according to its  value 
and is named after its discoverer.

- Within a given series, individual transitions are labelled by Greek letters.

n2
n1 n1

H-atom Spectra
27

Atomic Hydrogen 29 

Table3.2. Spectral series of the H atom. Each series comprises the transitions 
n2 - n1, where n1 < n2 < oo. 

Range (cm- 1 ) 

n1 Name Symbol Spectral region n2 = n1 + 1 n2 = oo 

1 Lyman Ly ultraviolet 82257 109677 
2 Balmer H visible 15237 27427 
3 Paschen p infrared 5532 12186 
4 Brackett Br infrared 2468 6855 
5 Pfund Pf infrared 1340 4387 
6 Humphreys Hu infrared 808 3047 

according to its n 1 value and is named after its discoverer. Table 3.2 sum-
marises the six main H-atom series. 

The range of each H-atom series is given by the lowest frequency transi-
tion, between the levels n1 and n2 = n1 + 1, n2 = n1 + 2, n2 = n1 + 3 and so 
on up to the series limit, which is given by the transition between n 1 and 
n 2 = oo. As discussed in Sec. 3.8.1, the series limit is not always observable. 
Table 3.2 gives the spectral region in which each series is observed. As the 
Balmer series lies in the visible region, it is particularly easy to observe 
from Earth. As a result, Balmer lines have been particularly important in 
the study of H-atom spectra. 

Within a given series, individual transitions are labelled by Greek 
letters. These letters denote the change in n or D.n. In this notation: 

D.n = 1 is a, 
D.n = 2 is (3, 
D.n = 3 is 'Y, 
D.n = 4 is 8, 
D.n = 5 is 1:. 

Thus Lya is the transition between n 1 = 1 and n 2 = 2, and H"( is that 
between n 1 = 2 and n 2 = 5. Greek letters are usually only used for the 
most important transitions with low D.n. Transitions with high D.n are 
commonly labelled by the number n 2 . Thus, H15 is the Balmer series tran-
sition between n1 = 2 and n2 = 15. 
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sition between n1 = 2 and n2 = 15. 

�n ⌘ n2 � n1
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Lyman series   : 
Balmer series  : 
Paschen series: 
Brackett series : 

Transitions with high  are labelled by 
the . Thus,  is the Balmer series 
transition between  and .

Lyα, Lyβ, Lyγ, ⋯
Hα, Hβ, Hγ, ⋯
Pα, Pβ, Pγ, ⋯
Brα, Brβ, Brγ, ⋯

Δn
n2 H15

n1 = 2 n2 = 15
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s is the electron spin quantum number. The electron spin angular momen-
tum is given by n[s(s + 1)]½ which, for a one-electron system, equals 
4"n, since an electron always has spin one-half. 

Sz gives the projection of the electron spin angular momentum, given by 
s, along the z-axis of the system. This projection is actually nsz. In 
general, Sz can take (2s + 1) values given by -s , -s + 1, .. . , s - 1, s. 
For a one-electron system, this means Sz can take one of two values: -½ 

1 or +2 . 

The simplest notations for the various states of H is to denote each 
state by its nl quantum numbers. Thus the ground state is denoted ls; the 
first excited states are 2s and 2p; the n = 3 states are 3s, 3p and 3d. (See 
Fig. 3.3.) These notations leave them and Sz quantum numbers unspecified 
since these quantum numbers are really only significant for H in the presence 
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Fig. 3.3. Schematic energy levels of the hydrogen atom with various spectral series 
identified; vertical numbers are wavelengths in A. [Adapt ed from P.W. Merrill, Lines 
of the Chemical Elements in Astronomical Spectra (Carnegie Institute of Washington 
Publications, 1956).] 

Schematic energy levels of the hydrogen atom with various spectral series identified.
The vertical numbers are wavelengths in Å.



Many electron systems
• The time-independent Schrödinger equation for an atom with N electrons and nuclear charge 

(atomic number) Z.

where    is the coordinate of the ith electron, with its origin at the nucleus.

The first term contains a kinetic energy operator for the motion of each electron and the Coulomb 
attraction between that electron and the nucleus.

The second term contains the electron-electron Coulomb repulsion term.

The Coulomb repulsion between pairs of electrons means the above equation is not analytically 
solvable, even for the simplest case, the helium atom for which  N = 2.
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Many-Electron Systems - [Central Field Approximation]
• Even in complex atoms with N electrons it is useful to consider single-electron states.

Hartree-Fock approximation (or self-consistent field approximation): We assume that each electron 
moves in the potential of the nucleus plus the averaged potential due to the other N - 1 electrons.

Central field approximation (or orbital approximation): In addition, when this averaged potential is 
assumed to be spherically symmetric, the force acting on each electron only depends on its distance 
from the nucleus at the center. It provides a useful classification of atomic states and also a starting 
point.

Let us assume that each electron moves in its own (angle-independent) central potential given by           
Vi(ri). This gives a simplified Schrödinger equation for the motion of each electron:

Orbitals: The solutions of the above equation are known as orbitals.

Using this approximation, the total energy and the total wave function of the system are given by the 
sum of single electron energies and the product of single electron wave functions, respectively.

However, this wave function fails to satisfy a basic principle of quantum mechanics that one 
cannot distinguish between electron i and electron j.


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�
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Note the average sign to make the potential angle-independent.

E =
X

i

Ei
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[Indistinguishable Particles]
• Consider a system with two identical particles. We note that what is physically observable is not 

a wave function but a probability distribution. This distribution cannot be altered by 
interchanging the particles. This means that

The equation has two possible solutions:

- symmetric solution

- antisymmetric solution

Pauli Exclusion Principle: Wave functions are antisymmetric with respect to interchange of 
identical Fermions (with a half-odd-integer spin). Within the central field approximation, a two-
electron wave function which obeys the Pauli Principle can be written

 (1, 2) =
1p
2
[�a(1)�b(2)� �a(2)�b(1)] = � (2, 1)
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state a

state b
e2

e1

state a

state b

Particles 1 and 2 are indistinguishable.
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If the two spin-orbitals are the same  (𝜙a = 𝜙b), then the total wave function 
is zero, i.e.,  𝛹(1,2) = 0, and no physical (normalizable) state exists. The 
Pauli exclusion principle is summarized as “No two electrons can occupy 
the same spin-orbital state.”

This exclusion provides the degeneracy pressure which holds up the 
gravitational collapse of white dwarfs and neutron stars. Wolfgang Ernst Pauli



Complex Atoms : Electron Configuration
• The configuration is the distribution of electrons of an atom in atomic orbitals. 

- The configuration of an atomic system is defined by specifying the    values of all 
the electron orbitals:   means  electrons in the orbital defined by  and .

- Each orbital labelled  actually consists of orbitals with  different  values, 
each with two possible values of . Thus the  orbital can hold a maximum 

 electrons.

                   nlx  means x electrons in the orbital defined by n and l.

• shells, subshells:
- Principal quantum number = shell: Shells correspond with the principal quantum 

numbers (1, 2, 3, ...). They are labeled alphabetically with letters used in the X-ray 
notation (K, L, M, ...).

- Orbital angular momentum quantum number = subshell: Each shell is composed 
of one or more subshells. The first (K) shell has one subshell, called “1s”; The second 
(L) shell has two subshells, called “2s” and “2p”.

nl
nlx x n l

nl 2l + 1 m
ms nl

2(2l + 1)
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• open shell configuration, closed shell configuration:

the ground state configuration of carbon, which has six electrons:         1s22s22p2

the ground state configuration of neon atom, which has ten electrons:   1s22s22p6

A closed shell or sub-shell makes no contribution to the total orbital or spin angular momentum 
(L or S).

• Atomic ions which have the same number of electrons form what are called isoelectronic series.

• Electronically-excited states of atoms usually arise when one of the outermost electrons jumps to 
a higher orbital.

States with two electrons simultaneously excited are possible but are less important. For many 
systems, all of these states are unstable. They have sufficient energy to autoionize by 
spontaneously ejecting an electron.
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[Electron Configuration]
• Energy ordering:

For a hydrogen-like atom, the energy of the individual orbitals is 
determined by principal quantum number n.

For complex atoms, the degeneracy on the orbital angular 
momentum quantum number l is lifted. This is because electrons in 
low l orbits ‘penetrate’, i.e., get inside orbitals with lower n-
values. Penetration by the low l electrons means that they spend 
some of their time nearer the nucleus experiencing an enhanced 
Coulomb attraction. This lowers their energy relative to higher l 
orbitals which penetrate less or not at all.

E(1s) < E(2s) = E(2p) < E(3s) = E(3p) = E(3d) < E(4s) · · ·
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3.5 Wavefunctions for Hydrogen
The Schrödinger equation (3.4) can be solved analytically by working in
spherical polar coordinates, i.e. r = (r, θ, φ). In these coordinates the wave-
function is separable into radial and angular solutions

ψ(r, θ, φ) = Rnl(r)Ylm(θ, φ) . (3.7)

The radial solutions, Rnl, can be expressed analytically in terms of
Laguerre polynomials [see Rae (2002) in further reading]. Figure 3.1 shows
both the wavefunctions and the probability distribution of the lowest few
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coordinate of the hydrogen atom. (T.S. Monteiro, private communication.)
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[Electron Configuration - Orbitals]
• n = 1, 2, 3, …      : principal quantum number (주양자수)

• l = 0, 1, 2,…, n-1 : orbital angular momentum (quantum number) for each electron (부양자수)

Shell 
(Principle 
Quantum 
Number 
Value)

Subshell 
(Angular 

Momentum 
Quantum 
Number)

Notation
Maximum 
Number of 
electrons

n = 1 l=0 1s 2

n = 2
l=0 2s 2

l=1 2p 6

n = 3

l=0 3s 2

l=1 3p 6

l=2 3d 10

n = 4

l=0 4s 2

l=1 4p 6

l=2 4d 10

l=3 4f 14

• The electron configuration represents 
how the electrons are filled in shells 
and subshells.
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The subshell structure of elements up to argon (Z = 18) is filled up in a 
naturally straightforward manner, first according to  and then 
according to .

The 3p subshell is all occupied in argon (noble gas) with a closed sub 
shell 3p6. The next element potassium (K) (Z = 19), begins by filling in 
the 4s, instead of 3d. 

n
ℓ
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[The Electrostatic Interaction, LS coupling, Terms]
• The Electrostatic Interaction

The specification of the electron configuration (the n, l vales of all electrons) leaves a great deal 
of unspecified information, since we are not given the values of   ml   and  ms. In the central field 
approximation all of these states are degenerate.

The exact Hamiltonian can be written as

The term Hes represents the residual electrostatic interaction between electrons after the averaged 
central field has been subtracted.

The term Hso is the spin-orbit interaction, which causes the fine structure splitting.
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• LS coupling (Russell-Saunders coupling): Spectroscopic Terms

- The electrostatic interaction is the dominant splitting interaction of a configuration for many 
atoms (especially of low Z).

- The individual orbital angular momenta will not remain constant under this interaction, although 
their total                   will be constant.

Also the sum of the spin angular momenta,                 , will be constant.

- The orbital and spin angular momenta of the electrons are added separately to give the total 
orbital angular momentum and the total electron spin angular momentum. 

- According to perturbation theory, the configurations split into terms with particular values 
of L and S. These terms then split further by the action of the spin-orbit interaction.

- Physical origin of the electrostatic splitting: The electrons repel each other, and therefore their 
mutual electrostatic energy is positive. The farther away the electrons get, the lower will be the 
contribution of the (positive) electrostatic energy to the total energy.
✦ A large spin implies that the individual spins are aligned in the same direction. Then, the 

electrons will be further apart on the average by the nature of the Pauli principle. Terms with 
larger spin tend to lie lower in energy because of lower, positive electrostatic energies.

✦ There is a similar effect regarding the orbital angular moment. This effect is usually smaller 
than for the spin. 

✦   The above two properties give rise to the so called Hund’s rule.⇒

L =
X

i

li
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S =
X

i

si
<latexit sha1_base64="PQYoSgxPMe1PZq70C8p3pckW7Mw=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiS1oBuh4MZlRfuAJoTJZNIOnWTCzEQoIXs3/oobF4q49Qfc+TdO2iy09cIwh3Pu5Z57/IRRqSzr26isrW9sblW3azu7e/sH5uFRX/JUYNLDnHEx9JEkjMakp6hiZJgIgiKfkYE/vS70wQMRkvL4Xs0S4kZoHNOQYqQ05Zl1J0Jq4ofZXX7lyDTyKHR8zgI5i/SXydyjntmwmta84CqwS9AAZXU988sJOE4jEivMkJQj20qUmyGhKGYkrzmpJAnCUzQmIw1jFBHpZvNbcniqmQCGXOgXKzhnf09kKJKFOd1ZOJfLWkH+p41SFV66GY2TVJEYLxaFKYOKwyIYGFBBsGIzDRAWVHuFeIIEwkrHV9Mh2Msnr4J+q2mfN1u37UanXcZRBSegDs6ADS5AB9yALugBDB7BM3gFb8aT8WK8Gx+L1opRzhyDP2V8/gAS4puq</latexit>

38



• Atoms contain several sources of angular momentum. 
- electron orbital angular momentum  

- electron spin angular momentum  

- nuclear spin angular momentum  
- The nuclear spin arises from the spins of nucleons. Protons and 

neutrons both have an intrinsic spin of a half. 

• As in classical mechanics, only the total angular momentum is a 
conserved quantity. 
- It is therefore necessary to combine angular momenta together. 

• Addition of two angular momenta: 
- The orbital and spin angular momenta are added vectorially as  

. This gives the total electron angular momentum. 
- One then combines the total electron and nuclear spin angular 

momenta to give the final angular momentum  .

L
S

I

J = L + S

F = J + I

Angular Momentum Coupling
39
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Hertzsprung-Russell diagram
Russell-Saunders coupling



Addition of two angular momenta
- In classical mechanics, adding vector  and vector  gives a vector , whose length must lie in 

the range 

- In quantum mechanics, a similar rule applies except that the results are quantized. The allowed 
values of the quantized angular momentum, , span the range from the sum to the difference 
of  and  in steps of one: 

- For example, add the two angular momenta  and  together to give  .  
The result is  

- Each angular momentum has z-components of.  .

a b c

c
a b

L1 = 2 L2 = 3 L = L1 + L2

m = − L, − L + 1, ⋯, L, L + 1
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c = |a − b | , |a − b | + 1, ⋯ , a + b − 1, a + b

|a − b | ≤ c ≤ a + b Here,  are the lengths of their respective vectors.a, b, c

L = 1, 2, 3, 4, 5.

c = |a−b | c = a+b



[Magnetic moments]
• Relation between the magnetic moment and angular momentum

Consider a charge  q  with mass  m  that orbits in a circle at radius  r  about the z-axis with 
angular velocity .

Now consider a spinning sphere with uniform mass and charge distributions. It consists of many 
orbiting charge and mass elements, each obeying the above equation. Thus, the equation is also 
valid for the entire sphere.

In quantum mechanics, the magnetic moment of the electron, which is a point charge with zero 
radius, is given by

ω
angular momentum magnetic momentum

period P = ω/2π
area

current

Consequently, the classical relation between magnetic 
moment and angular momentum for an orbiting charge is

The magnetic moment of the electron is 
opposed to the direction of the spin , because 
of the negative charge.

S

A

Iq

I

B
z

N

Sq
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Magnetic dipole in a magnetic field
• A magnetic dipole will tend to align with an external magnetic field just as a compass needle 

aligns itself with the magnetic field of the earth.

One can visualize the external field acting on a magnet. This magnet experiences a torque tending 
to align it with the  field.

Integration of this torque over the appropriate angles yields a potential energy that is a function of 
the angle  between the magnetic field  and magnetic moment  vector. The lowest potential 
energy occurs when the two vectors are aligned. The potential energy  turns out to be the 
negative dot produce of the vectors  and :

B

θ B μ
Epot

μ B

high
energy

low
energy

I

B
z

N

Sq
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[Spin-Orbit Coupling]
• The fact that the remaining spin-orbit splitting is much smaller makes the LS coupling scheme a 

very useful one.

• Fine-structure splitting: Relativistic effects couple electron orbital angular momentum and 
electron spin to give the so-called fine structure in the energy levels. Inclusion of relativistic 
effects splits the terms into levels according to their J value.

• When the electron will move around the nucleus with a non relativistic velocity v,  the electric 
field exerting on the electron will be                 .  (Note that the nucleus has a positive charge Ze.)

In the electron rest frame, this electric field will be perceived as a magnetic field

• This magnetic field will interacts with the electron’s magnetic moment, which is

E = Ze
r

r3
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Here, the magnetic field is perpendicular to the electron’s  
orbital plane. 
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• Then, the interaction energy is

• For the sum of the interactions of all electrons will be

From the relation                                                       ,

we obtain

The eigen energy of the operator is given by

J2 = |L+ S|2 = L2 + S2 + 2S · L
<latexit sha1_base64="p0FJaugfhLi7RBrXxQzmKG4Bszk="></latexit>

Hso =
1

2
⇠
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�
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Note that

Therefore, there will be no fine structure for L = 0.

Eso =
1

2
C [J(J + 1)� L(L+ 1)� S(S + 1)]
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• Electronic configuration and energy level splitting

Configurations ⇒ Terms ⇒ Fine Structure (Spin-Orbit Interaction) ⇒  Hyperfine Structure (Interaction 
with Nuclear Spin)

26 Atomic structure

where J is the total angular momentum of all electrons
in the atom with multiplicity or degeneracy 2J + 1. The
total J follows the vector sum: for two electrons, the val-
ues of J range from | j1 + j2| to | j1 − j2|. The states are
denoted as ( ji j2)J . For example, for a (pd) configuration
j1(1 ± 1/2) = 1/2, 3/2, and j2(2 ± 1/2) = 3/2, 5/2;
the states are designated as (1/2 3/2)2,1, (1/2 5/2)3,2,
(3/2 3/2)3,2,1,0, (3/2 5/2)4,3,2,1 (note that the total dis-
crete J = 0 – 4). The J -state also includes the parity
and is expressed as Jπ or, more completely, as (2S+1)LπJ .
The latter designation relates the fine-structure level to the
parent L S term. For each L S term there can be several
fine-structure levels. The total angular magnetic quantum
number Jm runs from −J to J .

Fine-structure levels can be further split into hyperfine
structure when nuclear spin I is added vectorially to J to
yield the quantum state J + I = F. Figure 2.2 shows
the schematics of energy levels beginning with a given
electronic configuration.

For cases where L S coupling is increasingly invalid
because of the importance of relativistic effects, but the
departure from pure L S coupling is not too severe and
full consideration of relativistic effects is not necessary,
an intermediate coupling scheme designated as L S J is
employed. (We discuss later the physical approximations
associated with relativistic effects and appropriate cou-
pling schemes.) In intermediate coupling notation, the
angular momenta l and s of an interacting electron are
added to the total orbital and spin angular momenta, J1
of all other electrons in the following manner,

J1 =
∑

i

l i +
∑

i

si , K = J1 + l, J = K + s,

(2.63)

where s = 1/2. The multiplicity is again 2J + 1, and the
total angular magnetic quantum number Jm runs from−J
to J .

L = I1 + I2
S = s1 + s2

{ni Ii}

J = L + S

F = J + I

LS terms LSJ levels

Configuration Term structure Fine structure Hyperfine
structure

FIGURE 2.2 Electronic configuration and energy level splittings.

An important point to note is that the physical exis-
tence of atomic energy states, as given by the number
of total J -states, must remain the same, regardless of
the coupling schemes. Therefore, the total number of J -
levels

(∑
i ji = J or L + S = J

)
is the same in

intermediate coupling or j j-coupling. A general discus-
sion of the relativistic effects and fine structure is given in
Section 2.13

2.8 Hund’s rules

The physical reason for the variations in subshell structure
of the ground configuration of an atom is the electron–
electron interaction. It determines the energies of the
ground and excited states. We need to consider both the
direct and the exchange potentials in calculating these
energies. Before we describe the atomic theory to ascer-
tain these energies, it is useful to state some empirical
rules. The most common is the Hund’s rules that governs
the spin multiplicity (2S + 1), and orbital L and total J
angular momenta, in that order.

The S-rule states that an L S term with the high-
est spin multiplicity (2S + 1) is the lowest in energy.
This rule is related to the exchange effect, whereby
electrons with like spin spatially avoid one another,
and therefore see less electron–electron repulsion (the
exchange potential, like the attractive nuclear potential,
has a negative sign in the Hamiltonian relative to the
direct electron–electron potential, which is positive). For
example, atoms and ions with open subshell np3 ground
configuration (N I, O II, P I, S II) have the ground state
4So, lower than the other terms 2Do, 2Po of the ground
configuration.

The L-rule states that for states of the same spin mul-
tiplicity the one with the larger total L lies lower, again
owing to less electron repulsion for higher orbital angu-
lar momentum electrons that are farther away from the
nucleus. Hence, in the example of np3 above, the 2Do

term lies lower than the 2Po. Another example is the
ground configuration of O III, which is C-like 2p2 with
the three L S terms 3P, 1D, 1S in that energy order. A more
complex example is Fe II, with the ground 3p63d64s and
the first excited 3p63d7 configurations. The L S terms in
energy order within each configuration are 3d64s (6D, 4D)
and 3d7 (4F, 4P). But the two configurations overlap and
the actual observed energies of these four terms lie in the
order 6D, 4F, 4D, 4P.

The J-rule refers to fine-structure levels L + S = J .
For less than half-filled subshells, the lowest J -level lies
lowest, but for more than half-filled subshells it is the
reverse, that is, the highest J -level lies lowest in energy.

[Pradhan & Nahar] Atomic Astrophysics and Spectroscopy
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• Active electrons: As a result of the Pauli Principle, closed shells and sub-shells have both L = 0 
and S = 0. This means that it is only necessary to consider ‘active’ electrons, those in open or 
partially-filled shells.

• Parity of the wave function

The parity of the wave function is determined by how the wave function behaves upon inversion. 
The square of the wave function, i.e., the probability distribution of the electrons, must be 
unchanged by the inversion operation.

Even parity states are given by + sign and odd parity states are given by - sign.

The parity arising from a particular configuration can be determined simply by summing the 
orbital angular momentum quantum numbers for each of the electrons.

As closed shells and sub-shells have an even number of electrons, it is only necessary to 
explicitly consider the active electrons.

 (r1, r2, · · · , rN ) = ± (�r1,�r2, · · · ,�rN )
<latexit sha1_base64="NHIcXWq2ru90i2OZ585QP2DieHo=">AAACXXicbVHLSgMxFM2MVtuxatWFCzfBIlSwZaYWdCMU3LiSCvYBnVIyaaYNzTxI7ghl6E+6042/YvpYdNpeCJx7zj3k5sSLBVdg2z+GeXCYOzrOF6yT4unZeenisqOiRFLWppGIZM8jigkesjZwEKwXS0YCT7CuN31d6N0vJhWPwk+YxWwQkHHIfU4JaGpYAreleMUNCEw8P5XzofOAN7q67ugoApVh3+9f3DjAS2s1663uN1cz7mGpbNfsZeFd4KxBGa2rNSx9u6OIJgELgQqiVN+xYxikRAKngs0tN1EsJnRKxqyvYUgCpgbpMp05vtPMCPuR1CcEvGQ3HSkJlJoFnp5cLKm2tQW5T+sn4D8PUh7GCbCQri7yE4Ehwouo8YhLRkHMNCBUcr0rphMiCQX9IZYOwdl+8i7o1GvOY63+0Sg3G+s48ugG3aIKctATaqI31EJtRNGvgYyCYRl/Zs4smmerUdNYe65Qpszrf8eys6U=</latexit>

(�1)l1+l2+···+lN
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Spectroscopic Notation
• Spectroscopic Notation 

- A state with S = 0 is a ‘singlet’ as 2S+1 = 1. 

‣  (singlet) 

- A state with S = 1/2 is a ‘doublet’ as 2S+1 = 2 

‣  (doublet if ) 

- One with S  = 1 is a ‘triplet’ as 2S+1 = 3 

‣  (triplet )

J = L

J = L − 1/2, L + 1/2 L ≥ 1

J = L − 1, L, L + 1 L ≥ 1

47

Electron conÖguration and Spectroscopic notation

Spectral Notation 

25+ 1 = Total Term 5pin Multiplicity: 
5 is vector sum of electron spins (± 1 /2 each) 
Inner full shells sum to 0 

The Number of levels in 
a term is the smaller of 
(25+ 1) or (2L+ 1) 

Electronic Configuration: 
the electrons and their orbitals 
(i.e. 1 s2 2s2 3p 1) 

nsi npi ndk ... 
) 

2.1 Atomic Spectra 21 

Term Parity: 
o for odd, nothing for even 

L = Total Term Orbital 
Angular Momentum: 
Vector sum of contributing 
electron orbitals. 
Inner full shells sum to o. 

/ = Total Level Angular Momentum: 
Vector sum of Land 5 of a particular 
level in a term. 

Fig. 2.4. Spectral notation for an atomic term comprised of one or more levels. 

that they have principal quantum number n, the term is a doublet (although 
in this particular case the lower value of j would be negative, so one of 
the levels of the doublet cannot exist), the orbital angular momentum is 
zero (S state) and the total angular momentum is 1/2. Now consider the 
orbital angular momentum l = 1. The possible levels have j = 1/2,3/2 and 
n = 1,2,3 .... In spectroscopic notation, these will be n 2P1/ 2 or n 2P3/ 2 
levels. Continuing to higher orbital angular momentum, l = 2, j = 3/2,5/2 
and n = 1,2,3 ... , so these are n 2D3/2 or n 2D5/2 levels, and so on to higher 
l states. 

Now, since the Pauli exclusion principle states that no two electrons can 
have identical quantum numbers, then the n = 1 state can be occupied by 
only two electrons (l = O,S= ±1/2). This forms a closed shell of configura-
tion 1s2. The leading number is the shell number, (here the first shell), s 
refers to the angular momentum state of the electrons occupying this shell, 
and the superscript 2 refers to the number of electrons present. Thus the 
electron configuration of the normal state of magnesium (Z = 12) would 
be: 1s22s22p63s2. Ionized magnesium, (Mg+ or MgII), which is isoelectronic 
with sodium and has one optically active electron in its outer shell will have 
the ground state, defined by the electron configuration and the ground term; 
1s22s22p63s2 Sl/2· 

While one optically active electron allows us only one way of forming 
the total angular momentum by combining the spin and the orbital angular 
momentum, with two or more electrons life gets much more complicated. 
Consider the case of two electrons. For light atoms, as first shown by Russell & 
Saunders (1925), the angular momentum vectors are coupled by electrostatic 

n = 1, 2, 3, 4, 5 · · · ! K,L,M,N,O, · · ·
` = 0, 1, 2, 3, 4 · · · ! s, p, d, f, g, · · ·
L = 0, 1, 2, 3, 4 · · · ! S, P,D, F,G, · · ·

<latexit sha1_base64="QwF4AnFVIxYgKCl1j6E9EJRrDic="></latexit>
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Energy ordering for Terms and Levels
• Energy ordering: Hund’s rules

(1) S-rule: For a given configuration, the state with the maximum spin multiplicity is lowest in 
energy.

The electrons repel each other, and therefore their mutual electrostatic energy is positive. The 
farther away the electrons get, the lower will be the contribution of the electrostatic energy to the 
total energy.

(2) L-rule: For a given configuration and spin multiplicity, the state with the maximum orbital 
angular momentum is the lowest in energy.

(3) J-rule: The lowest energy is obtained for lowest value of J in the normal case and for highest 
J value in the inverted case.

The normal case is a shell which is less than half filled. The inverted case is a shell which is more 
than half full such as the ground state of atomic oxygen.

• The Hund’s rules are only applicable within LS coupling. They are only rigorous for ground 
states. However, they are almost always useful for determining the energy ordering of excited 
states. The rules show increasing deviations with higher nuclear charge.

3P0 < 3P 1 < 3P 2 for carbon (1s22s22p2)
3P2 < 3P 1 < 3P 0 for oxygen (1s22s22p4)

<latexit sha1_base64="dKAJUKld2leBN7Mp+V0zUDPREwA="></latexit>
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Note that Hso =
1
2

ξ (J2 − L2 − S2)



• Fine structure of the hydrogen atom

• Splitting in the n = 2 levels of atomic hydrogen. The larger 
splitting is the fine structure and the smaller one the Lamb shift.

According to the Dirac equation, the  2S1/2  and  2P1/2  orbitals 
should have the same energies. However, the interaction 
between the electron and the vacuum (which is not accounted 
for by the Dirac equation) causes a tiny energy shift on  2S1/2.

(Quantum electrodynamics effect)

[Hydrogen Atom - Fine Structure]
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Table 3.5. Fine structure effects in the hydrogen atom: splitting of
the nl orbitals due to fine structure effect for l = 0,1, 2, 3. The result-
ing levels are labelled using H atom, and the more general spectro-
scopic notation of terms and levels (see Sec. 4.8).

Configuration l s j H atom Term Level

ns 0 1
2

1
2 ns 1

2
n 2S n 2S 1

2

np 1 1
2

1
2 , 3

2 np 1
2
, np 3

2
n 2Po n 2Po

1
2
, n 2Po

3
2

nd 2 1
2

3
2 , 5

2 nd 3
2
, nd 5

2
n 2D n 2D 3

2
, n 2D 5

2

nf 3 1
2

5
2 , 7

2 nf 5
2
, nf 7

2
n 2Fo n 2Fo

5
2
, n 2Fo

7
2

For hydrogen, s = 1
2 so that, except for the l = 0 case, j = l ± 1

2 (see
Table 3.5). This table labels the resulting levels with the common H-atom
notation nl j, where l is given by its letter designations, s, p, d, etc., and
by spectroscopic notation for which labels of the (2S+1)LJ are used. A full
discussion of spectroscopic notation can be found in Sec. 4.8.

Table 3.5 shows the fine structure levels of the H atom. This table
shows that the states with principal quantum number n = 2 give rise to
three fine-structure levels. In spectroscopic notation, these levels are 2 2S 1

2
,

2 2Po
1
2

and 2 2Po
3
2
.

So far the discussion on H-atom levels has assumed that all those with
the same principal quantum number, n, have the same energy. In other
words, the energy does not depend on l or j. This is not correct: inclusion
of relativistic (or magnetic) effects split these levels according to the total
angular momentum quantum number j. This splitting, called ‘fine struc-
ture’, has been well-studied in the laboratory. An even more subtle effect
called the Lamb shift, which is due to quantum electrodynamics, can also be
observed. Values of these splittings for the n = 2 levels are given in Fig. 3.21.

0.365 cm–1

0.035 cm–1
2 2P1/2

2 2S1/2

2 2P3/2

Fig. 3.21. Splitting in the n = 2 levels of atomic hydrogen. The larger splitting is
the fine structure and the smaller one the Lamb shift.

configuration L S J term level

ns 0 1/2 1/2 2S 2S1/2

np 1 1/2 1/2, 3/2 2P
o 2P

o
1/2,

2P
o
3/2

nd 2 1/2 3/2, 5/2 2D 2D3/2,
2D5/2

nf 3 1/2 5/2, 7/2 2F
o 2F

o
5/2,

2D
o
7/2

<latexit sha1_base64="FL8V19+C8BkSPSwIl/vHZWI7arI="></latexit> 12S1/2

22S1/2 = 22P1/2

22P3/2

Relativistic QM (Dirac’s eq)

Quantum Electrodynamics
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• Hyperfine Structure in the H atom

Coupling the nuclear spin I to the total electron angular momentum J gives the final angular 
momentum F. For hydrogen this means

Hydrogen Atom : Hyperfine Structure

F = J + I = J ± 1

2
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= 21 cm

[Kwok] Physics and Chemistry of the ISM
[Bernath] Spectra of atoms and Molecules
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