
Astrophysics 

Lecture 14 
December 04 (Mon.), 2023

updated at 12/04 14:10

선광일 (Kwang-Il Seon)
UST / KASI



[Atomic Emission Line Mechanisms in ISM]
• Collisional Line

(collisional excitation + spontaneous emission)

• Recombination Line (photoionization + recombination)
Hot stars produce ultraviolet radiation that can ionize hydrogen and other atoms. Once ionized, 
recombination back to the neutral state produces recombination continuum and lines. Of course, the 
recombination requires that the ion encounter an electron, which is a slow process in diffuse gas.
The recombination of a free electron with a proton can occur to any of the energy levels . For instant, if 

, the excited hydrogen atom will then decay to lower levels until it reaches the ground state, . 
This cascade produces a set of protons, the first with an energy corresponding to the potential of the 
previously unbound electron-proton pair and then the others at fixed values corresponding to the discrete 
energy jumps between different .

In most cases, the Lyman alpha and Balmer lines are recombination lines.
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6.4.2 Collisional Lines

As noted at the start of this chapter, the energy difference between the
ground state of hydrogen and its next level, n = 1 → 2, is much greater
than the kinetic energy of the gas. Collisional excitation of hydrogen,
and helium for similar reasons, is therefore very rare. Heavier and
rarer elements, however, have additional shells of electrons and more
complex energy level diagrams that span the few eV range which can
be more readily excited through collisions. Moreover, if ionized, these
elements present a large cross-section for interaction with an electron.
Consequently, and in spite of their low abundances, the collisionally
induced line emission from heavy ions provides much of the optical
emission from HII regions.

The ionization potential for oxygen, 13.6 eV, is almost exactly the
same as for hydrogen. The same energetic photons that produce an HII
region can therefore ionize oxygen. The second ionization potential
is much higher, 35.1 eV, but can be achieved around the hottest stars,
similar to HeII regions. For illustrative purposes here, we confine the
subsequent discussion to lines of singly ionized and doubly ionized
oxygen, OII and OIII respectively, but the concepts extend to other
species that also exhibit bright lines such as ions of nitrogen and sulfur.

We first describe the basic physics of collisional excitation and de-
excitation between two levels and then apply it to model the ratio of two
lines from three-level systems.

The Two-Level System

To interpret the spectral lines we observe from the ISM, we need to
describe how an electron jumps between quantized energy levels in
an atom or, in this case, ion. The simplest example that illustrates the
basic principles is a two-level system, Figure 6.9. Collisions can excite
the ion, moving it from level 1 to 2, or de-excite it, moving it from
level 2 to 1, with rates C12,C21 respectively. An excited ion can also
spontaneously emit radiation at the Einstein rate, A21. Radiation can
also be absorbed, exciting the ion or stimulating emission. The latter
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Fig. 6.9. Schematic of
collisional excitation and
de-excitation and radiative
de-excitation for a two-level
system.

Collisions with electrons can excite ions (or atoms), 
moving it from level 1 to 2, or de-excite it, moving it 
from level 2 to 1, with rate  and , respectively.

An excited ion can also spontaneously emit radiation at 
the rate of the Einstein  coefficient.

In low density ISM, collisions are rare, so when the 
occasional collisional excitation happens, the ion(atom) 
is much more likely to return to level 1 through the 
emission of a photon than through collisional de-
excitation.

C21 C12

A21

Note that collisional de-excitation yields no photons
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[Collisional Excitation]
• Under the conditions of very low density and weak radiation fields,

- The vast majority of the atoms reside in the ground state.

Collisional excitation timescale   >>   Radiative decay time scale

This condition will remain true even if the excited state has a radiative lifetime of several second, which 
is frequently the case for the forbidden transitions observed in ionized astrophysical plasmas.

- Flux of an emission line  ∝  number of collisions   ∝   product of the number densities of the two 
colliding species by the probability that a collision will produce a collisional excitation.

- If the energy gap between the ground state and the excited state  E12  is much larger than the mean 
energy of the colliding species (~ T), then, because there are few very energetic collisions, relatively 
few collisional excitations can occur. Therefore, the resulting emission line will be very much weaker 
than when E12 < kT.

This gives us the possibility of measuring temperature from the relative strengths of lines coming 
from excited levels at different energies above the ground state.
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• At high enough densities,

- The collisional timescales are short.

- The population in any upper level is set by the balance between collisional excitation, and the 
collisional de-excitation out of these levels, and are governed by the Boltzmann equilibrium.

• At intermediate densities,

- The collisional rates and the radiative decay rates are compatible.

- The intensity of an emission line is determined by both the temperature and the density.

- If the temperature is known, the density can be determined from the intensity ratio of two such lines.
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[Collisional Excitation & De-excitation]
• Collisional Rate (Two Level Atom) 

- The cross section    for collisional excitation from a lower level  to an upper level  is, in general, 
inversely proportional to the impact energy (or ) above the energy threshold    and is zero below. 

- The collisional cross section can be expressed in the following form using a dimensionless quantity 
called the collision strength  : 

- The collision strength    is a function of electron velocity (or energy) but is often approximately 
constant near the threshold. Here,  and  are the statistical weights of the lower and upper levels, 
respectively.
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- Advantage of using the collision strength is that (1) it removes the primary energy dependence for most 
atomic transitions and (2) they have the symmetry between the upper and the lower states. 
The principle of detailed balance states that in thermodynamic equilibrium each microscopic process is 
balanced by its inverse. Hence, The collisional excitation and de-excitation are balanced in TE. 

Here,   and   are electron velocities before and after the collision, related by                                            , and  
 is a Maxwell velocity distribution of electrons. Using the Boltzmann equation of thermodynamic 

equilibrium, 

and the Maxwell distribution function in 3D velocity space 

or the distribution function of speed
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we can derive the relation between the cross-sections for excitation and de-excitation 

We also obtain the symmetry of the collision strength between levels are 

These two relations were derived in the TE condition. However, the cross-sections are independent on the 
assumptions, and thus the above relations should be always satisfied.
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Relation between the cross-section for excitation and de-excitation

(energy conservation)



- Collisional excitation and de-excitation rates 

The collisional de-excitation rate per unit volume per unit time, which is thermally averaged, is give by 

The collisional de-excitation rate coefficient can be written as follows: 

Here, the effective collision strength, averaged over the energy, is given by
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The T dependence of the effective collision strength is very weak.



Similarly, the collisional excitation rate per unit volume per unit time, which is thermally averaged, is 

We note that the rate coefficients for collisional excitation and de-excitation are related by
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Here,    is the collisional rate coefficient 
for excitation in units of cm3 s-1.
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Collisionally-Excited Emission Line 
• Emission line flux 

- In the low density limit, the collisional rate between atoms and electrons is much slower than the 
(spontaneous) radiative de-excitation rate of the excited level. Thus, we can balance the collisional 
feeding into level    by the rate of radiative transition back down to level  . The level population is 
determined by 

where    is the Einstein coefficient for spontaneous emission. Then, the line emissivity is given by 

For low temperature, the exponential term dominates because few electrons have energy above the 
threshold for collisional excitation, so that the line rapidly fades with decreasing temperature. 

At high temperature, the    term controls the cooling rate, so the line fades slowly with increasing 
temperature.

u
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- In the high-density limit, the level population are set by the Boltzmann equilibrium, and the line 
emissivity is 

Here, the line flux scales as    rather than   , but the line flux tends to be constant at high 
temperature. 

- Critical density is defined as the density where the radiative depopulation rate matches the 
collisional de-excitation for the excited state. 

- At densities higher than the critical density, collisional de-excitation becomes significant, and the 
forbidden lines will be weaker as the density increases. 

- At around the critical density, the “line emissivity vs density” plotted in log-log scale changes slope from 
+2 to +1.
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• As can be seen in Tables and the formula, collisional de-excitation is negligible for 
resonance and most forbidden lines in the ISM.

Collision strengths at T = 104 K 
Table 4.1 in The Interstellar Medium [Lequeux]

• However, it is not true for the 21 cm 
hyperfine structure line of hydrogen. 

- The critical density for 21cm line is 

- The levels are thus essentially in 
collisional equilibrium in the cold neutral 
medium.

192 CHAPTER 17

Table 17.1 Critical Densities for Fine-Structure Excitation in H I Regions

nH,crit(u)
Eℓ/k Eu/k λuℓ T = 100K T = 5000K

Ion ℓ u (K) (K) (µm) ( cm−3) ( cm−3)

C II 2P o
1/2

2P o
3/2 0 91.21 157.74 2.0× 103 1.5× 103

C I 3P0
3P1 0 23.60 609.7 620 160

3P1
3P2 23.60 62.44 370.37 720 150

O I 3P2
3P1 0 227.71 63.185 2.5× 105 4.9× 104

3P1
3P0 227.71 326.57 145.53 2.3× 104 8.4× 103

Si II 2P o
1/2

2P o
3/2 0 413.28 34.814 1.0× 105 1.1× 104

Si I 3P0
3P1 0 110.95 129.68 4.8× 104 2.7× 104

3P1
3P2 110.95 321.07 68.473 9.9× 104 3.5× 104

including stimulated emission1:

ncrit,u(c) ≡
∑

ℓ<u [1 + (nγ)uℓ]Auℓ∑
ℓ<u kuℓ(c)

. (17.7)

Note that the definition (17.7) applies to multilevel systems, but each excited level
u may have a different critical density. The definition (17.7) is appropriate when
the gas is optically thin, so that the radiated photons can escape. When the emitting
gas is itself optically thick at the emission frequency, we have “radiative-trapping,”
and the criterion for the critical density must be modified (see Chapter 19).

Note that this definition of ncrit,u depends on the intensity of ambient radiation
at frequencies where level u can radiate. For many transitions of interest, we have
(n̄γ)uℓ ≪ 1, and this correction is unimportant, but for radio frequency transitions
– e.g., the 21-cm line of atomic hydrogen – it is important to include this correction
for stimulated emission.

Critical densities ncrit for the fine structure levels of C I, C II, O I, Si I, and Si II
are given in Table 17.1.

17.3 Example: H I Spin Temperature

Consider the ground state of the hydrogen atom (electron in the 1s orbital, electron
spin antiparallel to nuclear spin, g0 = 1), and the hyperfine excited state (1s orbital,
electron spin and nuclear spin parallel, g1 = 3). The energy level structure is
illustrated in Fig. 17.1.

The energy difference between the excited state (nuclear and electron spins par-
allel, g1 = 3) and the ground state (nuclear and electron spins antiparallel) is only
E10 = 5.87µeV, corresponding to a photon wavelength λ = 21.11 cm. The spon-
taneous decay rate is A10 = 2.884 × 10−15 s−1, corresponding to a lifetime of
∼ 107 yr.

1The definition of critical density is not completely standard. Some authors include collisional exci-
tation channels in the denominator of Eq. (17.7).

Table 17.1 in [Draine]

Au` = 2.88⇥ 10�15 [s�1]
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4.1 The Atomic Neutral Gas 53

Table 4.1. The most important forbidden lines in the interstellar medium. Only C i, C ii, O i,
Si ii, S ii, and Fe ii are present in the neutral medium. They are also present in the ionized
medium, but generally in smaller amounts than more ionized species. Wavelengths λ are
given in air for the visible transitions and in vacuum for the infrared/submillimetre ones.
The collision strengths Ωul (cf. (4.17)) are for collisions with electrons at a temperature of
104 K. The critical densities ncrit = Aul/⟨σulv⟩ (cf. (3.44)) correspond to collisions either
with electrons (for Te ≃ 104 K), or with H2 molecules when between round brackets (for
TK ≃ 100 K). The values of the atomic parameters are only indicative and should be checked
against the most recent sources. Some unobservable radiative transitions are not indicated, but
the corresponding collisional transitions cannot be neglected. This is the case for the transition
3P2−3P0 of O iii, with Ωul = 0.21, and for similar transitions in 3-level ions.

Ion Transition λ Aul Ωul ncrit
l–u µm s−1 cm−3

C i 3P0−3P1 609.1354 7.93 × 10−8 – (500)
3P1−3P2 370.4151 2.65 × 10−7 – (3000)

C ii 2P1/2−2P3/2 157.741 2.4 × 10−6 1.80 47 (3000)
N ii 3P0−3P1 205.3 2.07 × 10−6 0.41 41

3P1−3P2 121.889 7.46 × 10−6 1.38 256
3P2−1D2 0.65834 2.73 × 10−3 2.99 7700
3P1−1D2 0.65481 9.20 × 10−4 2.99 7700

N iii 2P1/2−2P3/2 57.317 4.8 × 10−5 1.2 1880
O i 3P2−3P1 63.184 8.95 × 10−5 – 2.3 × 104 (5 ×105)

3P1−3P0 145.525 1.7 × 10−5 – 3400 (1 × 105)
3P2−1D2 0.63003 6.3 × 10−3 – 1.8 × 106

O ii 4S3/2−2D5/2 0.37288 3.6 × 10−5 0.88 1160
4S3/2−2D3/2 0.37260 1.8 × 10−4 0.59 3890

O iii 3P0−3P1 88.356 2.62 × 10−5 0.39 461
3P1−3P2 51.815 9.76 × 10−5 0.95 3250
3P2−1D2 0.50069 1.81 × 10−2 2.50 6.4 × 105

3P1−1D2 0.49589 6.21 × 10−3 2.50 6.4 × 105

1D2−1S0 0.43632 1.70 0.40 2.4 × 107

Ne ii 2P1/2−2P3/2 12.8136 8.6 × 10−3 0.37 5.9 × 105

Ne iii 3P2−3P1 15.5551 3.1 × 10−2 0.60 1.27 × 105

3P1−3P0 36.0135 5.2 × 10−3 0.21 1.82 × 104

Si ii 2P1/2−2P3/2 34.8152 2.17 × 10−4 7.7 (3.4 × 105)
S ii 4S3/2−2D5/2 0.67164 2.60 × 10−4 4.7 1240

4S3/2−2D3/2 0.67308 8.82 × 10−4 3.1 3270
S iii 3P0−3P1 33.4810 4.72 × 10−4 4.0 1780

3P1−3P2 18.7130 2.07 × 10−3 7.9 1.4 × 104

S iv 2P1/2−2P3/2 10.5105 7.1 × 10−3 8.5 5.0 × 104

Ar ii 2P1/2−2P3/2 6.9853 5.3 × 10−2 2.9 1.72 × 106

Ar iii 3P2−3P1 8.9914 3.08 × 10−2 3.1 2.75 × 105

3P1−3P0 21.8293 5.17 × 10−3 1.3 3.0 × 104

Fe ii 6D7/2−6D5/2 35.3491 1.57 × 10−3 – (3.3 × 106)
6D9/2−6D7/2 25.9882 2.13 × 10−3 – (2.2 × 106)

ncrit ⇠ 10�3 (T/100K)�1/2 [cm�3]
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H I 21 cm

An atom will typically remain in the excited state for about 11 Myr before decaying. This is much 
greater than the collisional time between atoms in an H I gas. Thus the two hyperfine states are 
in collisional equilibrium and the level populations are in a Boltzmann distribution with 
excitation temperature equal to the kinetic temperature of the gas, Tex = Tgas

Schematic of the hyperfine 
transition of the ground 
electronic state of hydrogen, 
due to the spin flip from parallel 
to anti-parallel alignment of the 
proton-electron pair.

Here,  and .
 is much smaller than ISM temperatures (and the 

temperature of the cosmic background radiation ( ).

Therefore, the exponential term is near unity.

g1 = 1 g2 = 3
E21/k = 0.07 K

TCMB ≃ 3 K

13



[Line diagnostics]
• The Three-Level Atom (Line diagnostics)

- Let  Cij  be the collision rate (Cij  = ne kij  s-1) between any two levels. The equations of statistical 
equilibrium for a three level atom are

- Electron temperature

✦ Ions in which E12 ~ E23

✦ In the low density limit,  collisional de-excitation of the excited levels can be ignored. Therefore,

               C31 ~ C32 ~ 0.

Also, because of the increasing threshold energies to excite each level,                             so that the 
equations are reduced to

N1C13 +N2C23 = N3 (C31 + C32 +A32 +A31)

N1C12 +N3 (C32 +A32) = N2 (C23 + C21 +A21)

N1 +N2 +N3 = 1
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Fig. 3.3. A three-level atom with nearly equispaced excited states. Such a level 
configuration allows the ion to be used for temperature diagnostic purposes. 

number which have been split in energy by spin-orbit interactions. As a con-
sequence, these transitions are generally forbidden and are only important at 
the low densities characteristic of the ISM. However, many occur at optical 
wavelengths, and are counted amongst the strongest lines in ground-based 
spectra of ionized nebulae. Such systems provide an instructive insight into 
the way line ratios can be used for plasma diagnostics for the ISM and have 
also provided us with our basic understanding of the physical conditions ap-
plying inside ionized regions in interstellar space. 

Let Gij be the collision rate (Gij = neCXij s -1) between any two levels 
defined by (3.3) and (3.4) above, depending on whether the rate represents a 
collisional excitation or a collisional deexcitation. If the Aij are the radiative 
transitional rates, then the equations of statistical equilibrium for a three-
level atom are 

N1 G13 + N 2G23 = N3(G31 + G32 + A32 + A3t), 
N 1G12 + N3(G32 + A 32 ) = N2(G23 + G21 + A2t), (3.15) 

N1 + N2 + N3 = 1. 

The last line normalizes the populations in all of the levels to sum to unity, 
so the populations of individual levels are given as a fraction per ion. Clearly, 
these are three linear equations in three unknowns, and can be readily solved. 
However, to illustrate the way in which such an atom can be used to deter-
mine the physical parameters of temperature and density, it is interesting to 
consider two special cases. 

14



If we now form the line intensity ratio for the              and            transitions, we have

provided that A32 is very much less than A31.

Because this line ratio depends on the temperature, it can be used to measure the electron 
temperature in the plasma.

3 ! 2
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Use two levels with di§erent excitation energy.
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- Electron density

✦ Ions in which                    

✦ In low density limit,
we can neglect collisional induced transitions
between the higher levels.

using the quantum-mechanical sum rule for collision strengths.

✦ In high density limit, the upper levels are populated according to their Boltzmann ratios,

✦ Therefore, the line ratio can be used as density diagnostics in the regime between the critical 
densities for de-excitation of each of the transitions.

E23 ⌧ E12
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Fig. 3.5. An idealized three-level ion with a small energy separation between the 
excited states. Ions having configurations like this can be used for density diagnostic 
purposes. 

Using the quantum-mechanical sum rule for collision strengths, (3.6), yields 
the result, 

F31 rv D31 = g3 
F21 D21 g2 

(3.21 ) 

On the other hand, in the high-density limit, the upper levels are pop-
ulated according to their Boltzmann ratios, N3/N2 = g3/g2' Therefore, the 
line flux ratio is 

F31 
F21 

E31 A 31 N a 
E21A21N2 

A 31 g3 
A21 g2 

(3.22) 

Note that in both cases, the small energy gap between the second and 
third level has the effect of suppressing the temperature dependence, i.e., 
as I'!.E/kT« 1, exp(I'!.E/kT) --t 1. These equations imply that the line ratios 
at low density and at high density both tend to a limit, and that these limits 
are different, provided that the transition probabilities are not the same. Thus 
lines of ions with configurations like this can be used as density diagnostics 
in the regime between the critical densities for deexcitation of each of the 
transitions. Equation (3.14) shows that the critical densities scale as T1/2, so 
that the line intensity ratio in this intermediate range of density, where the 
line ratio is sensitive to the electron density, is only weakly dependent upon 
temperature. 

The physical reason that the line ratio is dependent on density can be 
understood if we think of the atom as behaving as two independent two-level 
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Density

Choose atom with two levels with almost same excitation energy.
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[Absorption Coefficient in terms of Einstein coefficients]
• The Einstein coefficients are useful means of analyzing absorption and emission processes. 

However, we often find it even more useful to use cross section because the cross section has a 
natural geometric meaning.

• (pure) Absorption cross section:

- The number density of photons per unit frequency interval is  . Let  
  be the cross section for absorption of photons for the transition . Then, the 

absorption rate is

- Here, we assumed that     does not vary appreciably over the line profile of the cross section. 
Therefore, we derive a simple relation between the absorption cross section and the Einstein B 
coefficient:

- If the cross section has a normalized profile of   , we can write the absorption cross section 
as follows:
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[Einstein Coefficients and Oscillator Strengths]
• Recall resonance scattering cross-section and the Einstein relations:

• The Einstein (absorption) B coefficient associated with a classical oscillator can be defined in 
terms of the total energy extracted from a beam of radiation.

It is convenient to define the absorption and emission oscillator strengths ( flu and ful ) by the 
formulae:

The oscillator strength (or f value) is the factor which corrects the classical result. The quantum 
mechanical process can be interpreted as being due to a (fractional) number  f of equivalent 
classical electron oscillators of the same frequency.
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mc

�/4⇡2
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• In quantum mechanics, the absorption oscillator strength is given by

where the sum is over all substates of the upper and lower levels.

We also have the following relations.

• Thomas-Reiche-Kuhn sum rule

Here, the summation is over all states of the atom. Where there is a close shell and a smaller number 
q of electrons outside the closed shells that are involved in a more limited set of transitions, we also 
have

where the sum is now only over those states involve transitions of these outer electrons.

We note that  f ~ 1  for strong allowed transitions.

flu =
2m

3~2gle2
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X
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• Atomic levels are not infinitely sharp, nor are the lines connecting them.

(1) Doppler Broadening

(2) Natural Broadening

(3) Collisional Broadening

• Doppler Broadening

The simplest mechanism for line broadening is the Doppler effect. An atom is in thermal motion, 
so that the frequency of emission or absorption in its own rest frame corresponds to a different 
frequency for an observer.

Each atom has its own Doppler shift, so that the net effect is to spread the line out, but not to 
change its total strength.

The change in frequency associated with an atom with velocity component    along the line of 
sight (say, z axis) is, to lowest order in  , given by

Here,    is the rest-frame frequency.
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[Line Broadening Mechanisms]

             
⌫

⌫0
=

1

� (1� � cos ✓)
! ⌫ ⇡ ⌫0 (1 + � cos ✓) ! ⌫ � ⌫0 =

⌫0vz
c

�

<latexit sha1_base64="IoADx7cJ/ZIkCi6Qzl2SSsSJCxg="></latexit>

⌫ � ⌫0 = ⌫0
vz
c

<latexit sha1_base64="RSmLd+QJY3w/XkxGbzbDyOYrSSk=">AAACBXicbVDLSsNAFJ34rPUVdamLwSIIYklaQTdCwY3LCvYBbQiT6aQdOpmEmUmhhmzcCH6AP+DGjQtF3PoP7vwA/8Np2oW2HrjD4Zx7uXOPFzEqlWV9GXPzC4tLy7mV/Ora+samubVdl2EsMKnhkIWi6SFJGOWkpqhipBkJggKPkYbXvxj5jQERkob8Wg0j4gSoy6lPMVJacs29No+PdbnWefa2fYFwMnBv0gSnrlmwilYGOEvsCSlUjh7rD9/35aprfrY7IY4DwhVmSMqWbUXKSZBQFDOS5tuxJBHCfdQlLU05Coh0kuyKFB5opQP9UOjiCmbq74kEBVIOA093Bkj15LQ3Ev/zWrHyz5yE8ihWhOPxIj9mUIVwFAnsUEGwYkNNEBZU/xXiHtI5KB1cXodgT588S+qlol0ulq50GidgjBzYBfvgENjgFFTAJaiCGsDgFjyBF/Bq3BnPxpvxPm6dMyYzO+APjI8fbOCcMA==</latexit>

Doppler shift:

22



             

             

The number of atoms having velocities in the range                       is proportional to

From the Doppler shift formula, we have 

Therefore, the strength of the emission is proportional to

Then, the normalized profile function is

(vz, vz + dv)
<latexit sha1_base64="3HAM8ieorV3GnIqerC+OCoftAzg=">AAAB9HicbVDLSgMxFL1TX7W+6mPnJliEilJmqqDLghuXFewD2qFkMpk2NJMZk8xALfU33LhQxK0f486/MZ260NYD93I4515yc7yYM6Vt+8vKLS2vrK7l1wsbm1vbO8XdvaaKEklog0Q8km0PK8qZoA3NNKftWFIcepy2vOH11G+lVCoWiTs9iqkb4r5gASNYG8ktp72Hs0fTTv30pFcs2RU7A1okzg8p1Q6CDPVe8bPrRyQJqdCEY6U6jh1rd4ylZoTTSaGbKBpjMsR92jFU4JAqd5wdPUHHRvFREElTQqNM/b0xxqFSo9AzkyHWAzXvTcX/vE6igyt3zEScaCrI7KEg4UhHaJoA8pmkRPORIZhIZm5FZIAlJtrkVDAhOPNfXiTNasU5r1RvTRoXMEMeDuEIyuDAJdTgBurQAAL38AQv8Gql1rP1Zr3PRnPWz84+/IH18Q2q5ZRE</latexit>

vz =
c(⌫ � ⌫0)

⌫0
! dvz =

cd⌫

⌫0
<latexit sha1_base64="PFE7Mg8002JCnRj35RNy1XHGNgs="></latexit>

exp

✓
�mv2z
2kT

◆
dvz / exp


�mc2(⌫ � ⌫0)2

2⌫20kT

�
d⌫

<latexit sha1_base64="J0qE2zIBT7Wl2xGLR2kjiee1bgI="></latexit>

�(⌫) =
1

�⌫D
p
⇡
e�(⌫�⌫0)

2/(�⌫D)2

<latexit sha1_base64="CcB6hJ/RrrDrKNnWa4TEDO+Joa0="></latexit>

23



             

             

The line-center cross section for each atom, neglecting stimulated emission, is therefore

In addition to thermal motions, there can be turbulent velocities associated with macroscopic 
velocity fields. When the scale of the turbulence is small in comparison with a mean free 
path (microturbulence), the turbulent motions are accounted for by an effective Doppler width.

where     is a root-mean-square measure of the turbulent velocities. This assumes that the 
turbulent velocities also have a Gaussian distribution.
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The convolution of two Gaussian functions with the widths (standard deviations)  and  is 
a Gaussian function with the width of , given by:

σ1 σ2
σ



• Natural Broadening

A certain width to the atomic level is implied by the uncertainty principle, namely, that the spread 
in energy        and the duration        in the state must satisfy                  .

The spontaneous decay of an atomic state n  proceeds at a rate of the damping parameter 
(Einstein A coefficient for the spontaneous emission), which is the reciprocal of the mean 
lifetime of the upper state,

where  and  denote the upper and lower states, respectively.

The coefficient of the wave function of state n is of the form  e-𝛾t/2  and then the energy decays 
proportional to  e-𝛾t . We then have an emitted spectrum determined by the decaying sinusoid type 
of electric field. The spectral profile is of the form, which is called a Lorentz (or natural, or 
Cauchy) profile,

The above profile applies to cases in which only the upper state is broadened (no broadening in 
the lower state).
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Semiclassical (Weissokpf-Woolley) Picture of Quantum Levels
• In the semiclassical picture, each level is viewed as a continuous distribution of sublevels with 

energies close to the energy of the level ( ). 

- The distribution of sublevels are explained by the Heisenberg Uncertainty Principle. The level has a 
lifetime  (  = Einstein A coefficient) and a spread in energy about . 

- The ground level has no spread in energy 

because . 

- The atom is in a definite sublevel of some level. 

- A transition in a spectral line is considered to be an instantaneous transition between a definite sublevel 
of an initial level to a definite sublevel of a final level. 

- The energy spread of sublevels is described by a Lorentzian profile with the damping parameter of  
. 

- This picture implies that the emission line profile is the same as the absorption line profile.

En

Δt = 1/A A ΔE ≈ ℏ/Δt = ℏA

Δt = ∞

γ = A
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If both the upper and lower state are broadened, then the line profile is the convolution of two 
Lorentz profiles, which is another Lorentz profile with .

where    and    are the widths of the upper and lower states involved in the transition.

The longer an excited state exists, the narrower the line width so that metastable states can have 
very narrow lines (if the thermal Doppler broadening is not important). In general, the damping 
parameter is given by

where the sum is over all states    of lower energy.

• The semiclassical picture postulates that in the process of photon scattering, an atom stays in a 
given sublevel unless there are elastic collisions that cause a transitions to a different sublevel. 
Thus if there are no elastic collisions, the next transition starts from the same sublevel where the 
previous transtion ended.

γ = γ2 + γ1

γ2 γ1

n′ 

Note that   = 0  if the lower state is the ground state.γ1

� =
X

n0

Ann0
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•  Collisional Broadening (by elastic collision)
The Lorentz profile applies even to certain types of collisional broadening mechanisms.

If the atom suffers collisions with other particles while it is emitting, the phase of the emitted radiation can 
be altered suddenly. If the phase changes completely randomly at the collision times, then information 
about the emitting frequencies is lost.

If the collisions occur with frequency  𝜈col , that is, each atom experiences  𝜈col collisions per unit time on 
the average, then the profile is

�(⌫) =
�/4⇡2

(⌫ � ⌫0)2 + (�/4⇡)2
where � = � + 2⌫col
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For derivation of the above formula, see Problem 10.7 of Rybiki & Lightman and Chapter 9 of Atomic Spectroscopy and Radiative 
Processes [Degl’Innocenti].

28

Collisions dominate in high density 
environments.



• Combined Doppler (Gaussian) and Lorentz Profiles

Atoms shows both a Lorentz profile plus the Doppler effect. In this case, we can write the profile 
as an average of the Lorentz profile over the various velocity states of the atom:

Here,    is the Maxwell velocity distribution and    is the line center in the rest frame of the 
atom with a velocity .

Therefore,

f(υz) ν′ 0
υz
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Here,  is the hydrogen mass.m



Changing the variable in integration to , the profile can be written using the Voigt function.

The “core” of the line is dominated by the Doppler (Gaussian) profile, whereas the “wings” are 
dominated by the Lorentz profile.

y = mυ2
z /2kT
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Rayleigh and Raman Scattering
• Rayleigh scattering and Raman scattering by atoms and molecules affect radiation over a wide range of frequencies.

These processes are very efficient when the frequency of an incident photon is close to resonance with a bound-
bound transition in the scattering center.

In Rayleigh scattering, an incident photon raises a bound electron from an eigenstate of the scattering center to an 
intermediate state (that is not an eigenstate of the system), followed by the direct return of the electron to the original 
eigenstate with the release of a photon of the same frequency as the input photon. Like Thomson scattering, Rayleigh 
scattering is coherent.

In Raman scattering, an incident photon raises an electron from an eigenstate of the scattering center to an 
intermediate state followed by a jump of the electron to a different eigenstate of the system, along with the release of 
a photon having a frequency different from that of the input photon. Unlike Thomson and Rayleigh scattering, 
Raman scattering is noncoherent.

Examples of (a) Rayleigh scattering and 
(b) Raman scattering. Solid lines are 
energy eigenstates of the scattering 
center. Dashed lines are intermediate 
states that are not eigenstates of the 
system.

[Hubeny & Mihala] Theory of Stellar Atmosphere
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Figure 6.2 Examples of (a) Rayleigh scattering and (b) Raman scattering. Solid lines are
energy eigenstates of the scattering center. Dashed lines are intermediate states that are not
eigenstates of the system.

formula was later derived quantum mechanically by Dirac [281] and Schrödinger
[976]; details of more modern calculations can be found in [243, 244].

Differential Cross Section

The differential scattering cross section for an incident photon with energy !ω and
polarization vector e raising a bound electron of the scattering center from an initial
state

∣∣A
〉
through an intermediate state

∣∣I
〉
to a final state

∣∣B
〉
, with the emission of a

photon with energy !ω ′ and polarization vector e ′ is

(dσ/d#) = r2
0(ω ′/ω)|MAB|2, (6.39)

where r0 = e2/mc2 is the classical electron radius and |MAB| is the matrix element
obtained from the second and third terms in the operator Ĥ 2 in equation (5.83)
acting on a system with an infinite number of bound states and continuum:

MAB = (eA·e′B)δAB

− 1
m

SI

[〈
B
∣∣p·e ′

∣∣ I
〉〈

I
∣∣p·e

∣∣A
〉

EI − EA − !ω
+
〈
B
∣∣p·e

∣∣ I
〉〈

I
∣∣p·e ′

∣∣A
〉

EI − EA + !ω ′

]

; (6.40)

see, e.g., [367], [471, p. 192], [944]. Here p is the electron’s momentum opera-
tor, and SI denotes a sum over all bound excited states and an integral over the
continuum.

Rayleigh scattering Raman scattering


