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2 Hydrogen Atom : Fine Structure / Hyperfine Structure

Hyperfine Structure in the H atom

Coupling the nuclear spin / to the total electron angular momentum J gives the final angular
momentum F. For hydrogen this means

Dirac
theory

— “—2 —— — w— — — -
n=2 1 Py,

3

10 869.1 MHz

Y 2 2
n=2—"-jy P,—"S

Il

/

(
172 \
\

Lyman ¢ at 1215.67 A

fine structure

Quantum
electrodynami

CS

T

1057.9 MHz

l

8.6 GHz

1

Hyperfine
splitting

F=2-- —

r
'

F=1-- -

23.7 MHz

F=1-- —

177.56 MHz

F=0--—

F=1--——
59.19 MHz

F=0-- 1

F=i=
1 420 405 751.7 Hz

Fao- -

=21 cm

[Kwok] Physics and Chemistry of the ISM
[Bernath] Spectra of atoms and Molecules



Helium Energy Levels (Grotrian diagram)
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The states can be divided into two separate groups because of the selection rule AS = 0.




H Il regions & Planetary Nebulae

* Three processes govern the physics of H Il regions:

- Photoionization Equilibrium: the balance between photoionization and recombination. This
determines the spatial distribution of 1onic states of the elements in the 1onized zone.

- Thermal Balance between heating and cooling. Heating is dominated by photoelectrons
ejected from hydrogen and helium with thermal energies of a few eV. Cooling 1s mostly
dominated by electron-ion impact excitation of metal ion followed by emission of “forbidden’
lines from low-lying fine structure levels. It 1s these cooling lines that give H II regions their

characteristic spectra.

9

- Hydrodynamics, including shocks, ionization and photodissociation fronts, and outflows and
winds from the embedded stars.



Photoionization

« The (nonrelativistic) quantum mechanics of hydrogen-like 1ons (with only one electron)
give an analytic expression for the ground-state photoionization (photoelectric) cross

section.
ZZIH 4 pd—4 arctan(x)/x hy 5
O'pi(V) = 0 ( L ) 1 6_277/37 , —_— ZZIH —1 for hv > 7 IH
- The cross section at threshold 1s
29 T 5 5 r 5 5 fine-structure constant
00 = 3?04”@02_ =6.304 X 1072 em™" (4 =2 /he = 1/137.04, ¢ = 2.71828...)

- The photoionization cross section 1s reasonably approximated by a power-law:

hv

opi(V) = 0y <ZZIH

-3
) for Z?Iy < hv < 100Z2% 1y

- At high energies, the asymptotic behavior is:

opi(V) ~ —322a(7m0

{

hv
721

—3.5
) for hv > ZQIH

The hydrogen photoionization cross section becomes equal to the Thomson (Compton)
Scattering cross section for hv = 2.5keV ; above this energy photoionization of H 1s
dominated by Thomson scattering rather than photoelectric absorption.
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Recombination

Radiative recombination

>

Radiative recombination is the process of capture of an electron by an 1on where the excess energy
of the electron is radiated away in a photon.

The electron 1s captured into an excited state. The recombined but still excited ion radiates several
photons 1n a radiative cascade, as it returns to the ground state:

XT4+e — X,+hv (recombination continuum)
Xy = X+ hvy+hva+hvs+--- (recombination lines)

The photon 1n the first line represents a recombination continuum (/v) photon. However, photons
(hv1, hva, hvs) represent quantized transitions and are therefore termed recombination lines.

The total effective recombination rate is the sum of the recombination rate to each state.



Dielectronic recombination

- For an electron that 1s initially free to be captured to a bound state of an atom or 10n, the
electron must lose energy.

» Radiative recombination is relatively slow because it 1s necessary to create a photon to remove this
energy as part of the capture process. This can take place only during the brief time that the free
electron 1s appreciably accelerated by the electric field of 1on.

» However, if an 10n has at least one bound electron, then it is possible for the incoming electron to
transfer energy to a bound electron, promoting the bound electron to an excited state, and removing
enough energy from the first electron that it too can be captured in an excited state. Then, the ion
now have two electrons in excited state.

» Dielectronic recombination (DR) is a resonant two-step process.

» The first step 1s a double-electron process, often called dielectronic capture, through which one free electron 1s
captured and another core electron is simultaneously excited forming a doubly excited state. One of the
electron is in an autoionizing state, n1/1, and the other is in an excited state, n2l. In the second step, the ion in a
doubly excited state emits a photon and decays into a stable state below the ionization limit.

X+(1S,...) +e — X**(nlll; nglg)
X**(nlll; nzlg) — X*(nglg; nglz) + hv
X* (nglg; nzlg) — X(nglg; n4l4) + th -+ hVQ —+ .-

» Dielectronic recombination 1s important in high-temperature plasmas, where it often exceeds the
radiative recombination rate.



Radiative Recombination (RR)

* The cross section for the radiative recombination can be obtained using the
photoionization cross section and the Milne relation, which 1s derived from the principle
of detailed balance.

« Consider an 1on with its electron in some configuration that we will refer to as the “core”.
In a low-density plasma, free electrons can undergo transitions to bound states by
emission of a photon. The electron 1s captured into some specific state n¢ that will
initially unoccupied.

X (core) + e~ — X(core + nf) + hv
- The RR rate coefficient for electron capture directly to level n¢, with emission of a photon of

energy hv =1, + E (where [, is the bounding energy required for ionization from level n¢
and FE 1s the captured electron energy), 1s

1/2 00 The integral indicates an average
(T) — < > _ 8kT ( E) E —FE/ET db over the Maxwell distribution for
Qg = \Orr,ntV) = Tm 0 Orr,nt LT € LT electrons.
e

- The volumetric rate of RR, for instance for hydrogen, can be written as

dn,,

dt

= — NN, Notice that an electron of any energy can trigger a
P collisional de-excitation as well as RR.
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* Properties of radiative recombination

- In general, @n¢ is a decreasing function of T', although it depends weakly on temperature.
Therefore, it’s easier to recombine with a slow electron than with a fast electron.

- In general, o, = ), ane summed over all applicable values of £, is a decreasing function of
n, implying that it’s easier to recombine to a low energy level than to a high energy level.

* Recombination to the ground state:

- If the recombination 1s to the ground state of hydrogen (n = 1), the energy of the emitted
photon 1s. I/ + Iy; > I;. Thus, the emitted photon 1s guaranteed to have an energy of at least
13.6 eV, and will be capable of photoionizing any neutral hydrogen atom that it encounters.
Thus, in regions that are optically thick to UV light at photon energies just above {H, the
emitted photon will be rapidly destroyed in photoionizing a nearby hydrogen atom.

e : :
5 e 5 s o
4 e b= A=
: WAVAV 4 Ey — Es
2 B+ I 2 et e e N AVAVY <
: > Iy NAVA Ve
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" Case Aand B (Radiative Recombination of Hydrogen)

* On-the-spot approximation:

In optically thick regions, it 1s assumed that every photon produced by radiative recombination
to the ground state of hydrogen i1s immediately, then and there, destroyed in photoionizing other
hydrogen atom.

In the on-the-spot approximation, recombination to the ground state has no net effect on the
1onization state of the hydrogen gas.

« Baker & Menzel (1938) proposed two limiting cases:

Case A: Optically thin to 10nizing radiation, so that every 1onizing photon emitted during the
recombination process escapes. For this case, we sum the radiative capture rate coefficient ®ne¢
over all levels nf.

Case B: Optically thick to radiation just above In = 13.60eV | so that ionizing photons emitted
during recombination are immediately reabsorbed, creating another 1on and free electron by
photoionization. In this case, the recombinations directly to n = 1 do not reduce the ionization
of the gas: only recombinations to ™ > 2 act to reduce the ionization.

Case B in photoionized gas: Photoionized nebulae around OB stars (H II regions) usually have
large enough densities of neutral H. For this situation, case B is an excellent approximation.

Case A in collisionally ionized gas: Regions where the hydrogen is collisional ionized are
typically very hot (7> 100 K) and contain a very small density of neutral hydrogen. For these
shock-heated regions, case A 1s an excellent approximation.



Radiative recombination rate coefficients:

- In Case A, the relevant radiative recombination rate coefficient is found by summing
over all energy levels of the hydrogen atom:

oo n—1

aau(T) =) D an(T)

n=1 ¢=0
~ 418 x 10713 07002 n e Tem3 71 for 0.3 < Ty <3 (Ty = T/10%K)

- In Case B, the relevant radiative recombination rate coefficient is found by summing
over all energy levels other than the ground state:

oo n—1

aga(T) =) ) one(T) = aau(T) — ons(T)

n=2 /=0
~ 2,50 x 10713 7 0-833-0.034Im Ty 13 =11 5,03 < Ty < 3

- The percentage of radiative recombinations that go directly to the ground state is 30%
at 7T =3000 K but increases to 46% at T = 30,000 K. Thus, the distinction between
Case A and Case B becomes increasingly important at higher temperatures.

15, H QB H

— 1 _ — 1 _ 00619 T4—O.112—0.013 111T4

QYA H QYA H



13

Photoionization of He+ to He++

* The central stars of planetary nebulae are much hotter than even the hottest O3 stars, do

radiate high-energy photons (hv > 54.5 eV) that produce He** zones, which are observed
by the He II recombination spectra.

« The structure of the central He™ zones 1s governed by equations that are very similar to
those of pure H* zones.

o Three different recombination mechanisms producing photons that ionize H
(1) (cascade) recombinations that populate 2 2P, resulting in He II Lya emission with 40.8 eV.

(2) (cascade) recombinations that populate 2 %S, resulting in He I1 2 %S — 1 S two-photon

emission for which Av’ + hv” = 40.8 eV (the spectrum peaks at 20.4 eV, and on the average,
1.42 1onizing photons are emitted per decay)

(3) recombinations directly to 2 2S and 2 2P?, resulting in He II Balmer-continuum emission,
which has the same threshold as the Lyman limit of H (£ > hyy = 13.6eV).

5 1 1
Note : E, ,, = 13.6Z°¢eV —

- He Il Lya photons are scattered by resonance scattering, and diffuse only slowly away from
their point of origin before they are absorbed.

- He II Balmer-continuum photons are concentrated close to the HO ionization threshold and
have a short mean free path.
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Table 2.6
Generation of H ionizing photons in the He*™ zone

Number generated

per H recombination T =10,000 K 20,000 K
n(HetH)gHetLa)/n(H oz (HY) 0.64
n(Het1)g(He™ 2 photon) /n(H )z (H®) 0.36
n(HeTH)gHetBa ¢)/n(HMazHY) 0.20

NOTE: Numerical values are calculated assuming that n(He*")/n(H') = 0.15.

- The number of 10onizing photons generated in the He*" zone by (1) and (3) 1s nearly balance the
recombinations of H* in this zone (see Table 2.6). They maintain the ionization of HO in the He"
* zone. The stellar radiation with 13.6eV < hv < 54.4 eV is not significantly absorbed by the
HO in the He™ zone. That with hv > 54.5 eV is absorbed only by the He".

- The He II two-photon continuum is an additional source of 10onizing photons of H; most of
these photons escape from the He* zone. Therefore, it must be added to the stellar radiation

field with v > 54.5 eV in the Het zone.

« Stromgren radius r; of the He™ zone

© I 4
QOHe™) = " h—de = ?ﬂrgn(HeJrJr)neaB(HeJr, T)
4y v

- Stellar temperatures T > 10° K are required for r;/r; ~ 1.
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Coulomb Focusing

* https://casper.astro.berkeley.edu/astrobaki/index.php/Coulomb Focusing
 https://www.youtube.com/watch?v=LXGBGNRS5JxI&ab channel=AaronParsons



https://casper.astro.berkeley.edu/astrobaki/index.php/Coulomb_Focusing
https://www.youtube.com/watch?v=LXGBGNR5JxI&ab_channel=AaronParsons
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lonization of Helium

 Now, what about helium?

- QOut of every 1000 atoms, there are on average 912 hydrogen atoms, 87 helium atoms and one
heavy atom.

» Looking at the photoionization cross sections for HO, He0, He*1, we see that above the 24.6 ¢V
threshold for 1onizing He%, the photoionization cross section for helium is larger than that for
hydrogen.

OpiHeo A 6.50, g0 at hv ~ 24.6eV
~ 14 Upi,HO at hv ~ b4.5eV

» Thus, the photoionization cross section for He 1s ~ 10 times that of H, while the number density of
He is ~ 0.1 times that of H.

» This implies that if we suddenly turn on a hot star, the initial photons in the range
24.6eV < hv < 54.4eV will be about as likely to photoionize a helium atom as a hydrogen
atom.

» In the range of 13.6eV < hv < 24.6 eV, on the other hand, nearly all the photons go to ionize
H; scarcer atoms (metals like O and C) account for only a tiny fraction of the 1onizations.
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* Radiative Recombination of Helium
He™™ + e~ — He™

an(T) = 4.13 x 10713 Z(T,/22)~0-T181-0.015In(T3/2%) 113 ¢=1) (30K < T/Z% < 3 x 10" K)
ag(T) ~ 2.54 x 10713 Z(T, / 7?)~0-8163-0.0208 In(Ty/Z2) em®s™!]

He™ + e~ — He

apg2 e = 1.54 x 10713 7,798 [em3s71] (0.5 < Ty < 2)

ape = 2.72 x 1073 17,797 [em® s

Here, @152 He 1S the recombination rate to the ground state 15 1S,

and aB He 1S the recombination rate coefficient to all states except the ground state.

Note: aBH ~ agHe and QA H = QA He.
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o Effective recombination rate coefficient for Helium

- Note that the stellar LyC photons with hv > 24.6 €V are capable of photoionizing not only neutral
helium atoms but also neutral hydrogen atoms

- The recombinations directly to the ground state 15> 'S0 of neutral helium produce photons with
hv > 24.6 eV. The recombination continuum photons are capable of photoionizing not only
neutral helium atoms but also neutral hydrogen atoms; the fraction of these that ionize hydrogen 1s

nyo Upi,HO (E)
nyo Upi,HO (E) —+ TVHeO Opi,HeO (E)
—1

, where F =~ 24.6eV + kT

y:

THeO in,HeO (E)

= |1
U TLHgo Upi,HO(E)

OpiHeo /Opipo > 6.0 for £ > 24.6eV
Yy < 0.5 if nHeO/nHO > 0.16

In an optically thick gas, the effective radiative recombination rate coefficient for He™ — He" is
then

Qeff He — (XB,He + Yaig2 He — XA He — (1 - y)alsQ,He

AtT=10,000K, oappe=272x10""[cm®s™'] — epe ~3.0x 107" [em®s™']
152 He = 1.54 x 10_13 [CIH3 S_l] ~ 1-2aB,H
y ~ 0.2
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- This 1s not all. Consider now the recombination to excited levels of He®, which are followed
by a radiative cascade down. Most of photons produced by the cascades have hv > 13.6eV. 4
fraction of these photons are capable of photoionizing hydrogen. Let 7 be this fraction.
However, note that this fraction is not relevant to the recombination of He, but contribute to
the photoionization H.

2z ~ 0.96 at low densities

~ 0.67 at high densities

ionization limit

We take an intermediate value z ~ 0.8.

- See Section 14.3.2 and 15.5 of
[Draine] for details.

- [Ryden] assumes that 2 = 1.

Note that 1.08 pm is useful to probe the
He® Triplet States  planetary atmosphere 5

He® Singlet States

— — — Ao ’5’6‘}:’ -1
A/%.ZZE)'?'“O ®

[Fig. 14.3 of Draine]
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How many recombinations occur for He: Suppose that we have a Stromgren sphere with
the cosmic abundance ratio of helium to hydrogen. f = np/ng ~ 0.096 . Now define:

[©.@) Ly (@) L]/
Qo E/ h—dV’ 1 E/ h—dV (Q1 < Qo)
Ia/h W Ite/h WV

- In the very central region, the hydrogen would be fully 1onized, and the helium would be all
singly 1onized. Even the hottest O stars don’t produce a significant number of photons with
hv > 54.5eV; hence, there will be no significant amount of doubly 1onized He™2.

- This will result in .

Np = NH .
inside the Stromgren sphere.
NHet+ = NHe = f7NH

Te :np"i_nHejL — (1+f)nH
- The volumetric rate of the hydrogen recombination is

dny

el —ap uNen, = —apa(l + f)n%l

- The volumetric rate of He recombination is

dnHe+

dt

— —Cleff HeMleNMHet — _Oéeﬂ‘",Hef(1 + f)nQH
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Comparing the two equations, we see that

dnye+ . (aeff,He) f%

dt OB H dt
dn
~ (1.2)(0.096) —Z
(1.2)(0.096)
dn
~0.11—2
dt

Thus, for every helium recombination, we expect about 9 hydrogen recombinations.
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 Remember the recombination paths, under the Case B condition:

- 13.6eV < hv < 24.6eV : A stellar photon will 10nize one H atom.

- hv > 24.6eV : For a fraction of y of the photoionization followed by the direct
recombinations to the ground state, a stellar photon will 1onize one H atom. For the remaining
fraction (1 — y) of these, a stellar photon will 10nize one He atom.

- hv > 24.6eV : For the photoionization followed by the recombinations to excited states, a
stellar photon will 1onize one H atom for a fraction of z of the recombination events.

* Number of ionized atoms: The number of ionized helium and hydrogen, N(He™) and
N(H™), within the ionized regions can be estimated by balancing recombinations and

photoionizations:

N(H+)neaB,H = (QQ — Ql) + le + N(He+)ne (ZQB,HG + y&lsQ,He)
4

N(He+)ne (OCB,He + yoqsg,He) = (1 — y)Ql - Contribufion by the recombination to

the ground state.

k F 3
stellar LyC with v > 24.5eV that 1onize H _/ \_ Contribution by the recombination to

— N(H+)neaB,H = Qo — N(He+)ne (1 —2) B He

the excited state.

N(He™)

N@EHT)

(1 —y)apu(@1/Qo)
QB He T Y152 He — (1 — y)(l _ Z)(Ql/QO)&B,He
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N(H6+) - 068(Q1/Q0)
NH*F) "~ 1-0.17(Q1/Qo)

Condition for full 1onization of the He in the H™ Stromgren sphere:

for z = 0.8, T'=8000K, and y = 0.2

N(He')  npe Q1
= =0.09 — —=— =0.15
NMHT)  ng Qo
Radius of the He" zone:
- 1/3
N(He") = 4—7TR§IenHe fpe | N N(He™) /
S Ry | nme N(HT)
N(H') = 4—”33 n - 1/3
11— 0.17(Q1/Qo)

Rye < Ry 1if Ql/QO SJ 0.15

On the main sequence, a star with spectral class O7, corresponding to effective temperature 7esr
= 37,000 K, will have a critical ratio Q1/Qo ~ 0.14.

» For cooler 1onizing stars, the 1onized helium sphere will have a radius that 1s smaller than
the radius of the 1onized hydrogen sphere.

» For stellar temperature Terr > 37,000 K, the 10nized helium sphere has the same size as the
ionized hydrogen sphere, because of the limit on the abundance. The photons with
hv > 24.6 eV will be used up to ionize H.



Table 15.1 [Draine] Figure 15.5 [Draine]

SpTp M/Mg  Tex(K) 1Oglo(QO/S_l) b Q1/Q0° IOglo(L/LG) ¢ 0.25

03V 580 44850 49,64 0.251 5.84

04V 469 42860 49.44 0.224 5.67

05V 381 40860 49.22 0.209 5.49
055V 344 39870 49.10 0.204 5.41 0.2

06V 310 38870 48.99 0.186 5.32 :
065V 280 37870 48.88 0.162 5.23

o7V 253 36870 4875 0.135 5.14
075V 229 35870 4861 0.107 5.05

o8V 20.8 34880 48.44 0.072 4.96 2(0.15
085V 188 33880 4827 0.0347 4.86 <4

09V 17.1 32830 48.06 0.0145 477 S
095V 156 31880 4788 0.0083 4.68 G‘?

03I 560 44540 49.77 0.234 5.96 0.1

O4Ill 474 42420 49,64 0.204 5.85

O5I1 404 40310 49.48 0.186 573
05511 374 39250 49.40 0.170 5.67

O6III 345 38190 4932 0.158 5.61
06.511  32.0 37130 49.23 0.141 5.54 0.05

O7I 296 36080 49.13 0.129 5.48
07511 275 35020 49.01 0.105 5.42

O8I 255 33960 48.88 0.072 5.35
08511 237 32900 4875 0.0417 528 0

09Il 220 31850 48.65 0.0257 521
0951 206 30790 48.42 0.0129 5.15 T 103K

031 675 42230 4978 0.204 5.9 off < )

041 585 40420 49.70 0.182 5.93

051 507 38610 49.62 0.158 5.87

0551 473 37710 49.58 0.151 5.84 Q1/Qo vs. stellar temperature
06l 44.1 36800 49.52 0.141 5.81

0651 412 35900 49.46 0.132 578 , , o
O71 384 34990 49.41 0.115 575 Q1/Qo > 0.15 1s required for He to be 1onized
0751 360 34080 4931 0.100 572 ) .
o8l 337 33180 Py 0.079 568 throughout the H II region, corresponding to
0851 315 32270 49.19 0.065 5.65

091 206 31370 49.11 0.0363 5.61 Tetr > 37,000 K.

0951 278 30460 49.00 0.0224 557

¢ After Martins et al. (2005).

b Qo = rate of emission of hv > 13.6 eV photons.
© @1 = rate of emission of hv > 24.6 eV photons.
4 [ = total electromagnetic luminosity.



Figure 2.4 [Osterbrock] Figure 2.5 [Osterbrock]
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