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Collisionally-Excited Emission Line 
• Emission line flux

‣ In the low density limit, the collisional rate between atoms and electrons is much slower than the 
(spontaneous) radiative de-excitation rate of the excited level. Thus, we can balance the collisional 
feeding into level    by the rate of radiative transition back down to level  . The level population is 
determined by

where    is the Einstein coefficient for spontaneous emission. The line emissivity is given by

u
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For low temperature, the exponential term dominates because few 
electrons have energy above the threshold for collisional excitation, so that 
the line rapidly fades with decreasing temperature.

At high temperature, the    term controls the cooling rate, so the line 
fades slowly with increasing temperature.

T�1/2
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‣ In high-density limit, the level population are set by the Boltzmann equilibrium, and the line 
emissivity is

Here, the line flux scales as    rather than  , but the line flux tends to be a constant 
value at high temperature.

‣ Critical density is defined as the density where the radiative depopulation rate matches the 
collisional de-excitation for the excited state.

‣ At densities higher than the critical density, collisional de-excitation becomes significant, and the 
forbidden lines will be weaker as the density increases.
At around the critical density, the “line emissivity vs density” plotted in log-log scale changes 
slope from +2 to +1.
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• Collision Strength
- Quantum mechanical calculations 

show that (1) the resonance structure 
in the collision strengths is important 
and (2) the collision strength increases 
with energy for neutral species.

• Effective Collision Strength

4
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Figure 5.21 

0.8 

Collisional strength for the 3s23 p 3 4 S0 - 3s23 p 3 2 P 0 transition of S II. The solid line is the caiculation 
of Ramsbottom et al. (1996, At. Data Nucl. Data Tables, 63, 57) and the dashed line is by Cai and 
Pradhan (1993, ApJS, 88, 329). 

provided one of the states (i or j) is a singlet (S = 0 or L = 0). 
The collisional strengths consist of resonances that vary rapidly with energy 

(see Figs. 5.21 and 5.22). However, in astrophysical situations where the colliding 
electrons have a range of energies, the effects of the resonances are averaged out. 
The collisional excitation rate for an ensemble of electrons at temperature Te can be 
obtained by averaging over the Maxwellian distribution: 

C1;(Te) = ['"' va 1i(v)f(v) dv, 
lvmin 

(5.120) 

where Vmin = (2E; 1/ me) 112 . Substituting eq. 5.118 into eq. 5.120, we have 

C 8.629 X 10- 6 Qji -E -/kT 3 -1 
ji = . 1/2 e lj e cm S • 

Te gi 
(5.121) 

S II solid - Ramsbottom et al. (1996)
dashed - Cai & Pradhan (1993)

The effective collision strength has a 
value in a range of 

Refer to Tables F.1 - F.5 in [Draine]
and the CHIANT atomic database https://www.chiantidatabase.org/
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• As can be seen in the Tables and the formula, collisional de-excitation is negligible 
for resonance and most forbidden lines in the ISM.

5

Collision strengths at T = 104 K
Table 4.1 in The Interstellar Medium [Lequeux]

• However, it is not true for the 21 cm 
hyperfine structure line of hydrogen.

- The critical density for 21cm line is

- The hyperfine levels are thus essentially 
in collisional equilibrium in the CNM.

192 CHAPTER 17

Table 17.1 Critical Densities for Fine-Structure Excitation in H I Regions

nH,crit(u)
E!/k Eu/k λu! T = 100K T = 5000K

Ion " u (K) (K) (µm) ( cm−3) ( cm−3)

C II 2P o
1/2

2P o
3/2 0 91.21 157.74 2.0× 103 1.5× 103

C I 3P0
3P1 0 23.60 609.7 620 160

3P1
3P2 23.60 62.44 370.37 720 150

O I 3P2
3P1 0 227.71 63.185 2.5× 105 4.9× 104

3P1
3P0 227.71 326.57 145.53 2.3× 104 8.4× 103

Si II 2P o
1/2

2P o
3/2 0 413.28 34.814 1.0× 105 1.1× 104

Si I 3P0
3P1 0 110.95 129.68 4.8× 104 2.7× 104

3P1
3P2 110.95 321.07 68.473 9.9× 104 3.5× 104

including stimulated emission1:

ncrit,u(c) ≡
∑

!<u [1 + (nγ)u!]Au!∑
!<u ku!(c)

. (17.7)

Note that the definition (17.7) applies to multilevel systems, but each excited level
u may have a different critical density. The definition (17.7) is appropriate when
the gas is optically thin, so that the radiated photons can escape. When the emitting
gas is itself optically thick at the emission frequency, we have “radiative-trapping,”
and the criterion for the critical density must be modified (see Chapter 19).

Note that this definition of ncrit,u depends on the intensity of ambient radiation
at frequencies where level u can radiate. For many transitions of interest, we have
(n̄γ)u! " 1, and this correction is unimportant, but for radio frequency transitions
– e.g., the 21-cm line of atomic hydrogen – it is important to include this correction
for stimulated emission.

Critical densities ncrit for the fine structure levels of C I, C II, O I, Si I, and Si II
are given in Table 17.1.

17.3 Example: H I Spin Temperature

Consider the ground state of the hydrogen atom (electron in the 1s orbital, electron
spin antiparallel to nuclear spin, g0 = 1), and the hyperfine excited state (1s orbital,
electron spin and nuclear spin parallel, g1 = 3). The energy level structure is
illustrated in Fig. 17.1.

The energy difference between the excited state (nuclear and electron spins par-
allel, g1 = 3) and the ground state (nuclear and electron spins antiparallel) is only
E10 = 5.87µeV, corresponding to a photon wavelength λ = 21.11 cm. The spon-
taneous decay rate is A10 = 2.884 × 10−15 s−1, corresponding to a lifetime of
∼ 107 yr.

1The definition of critical density is not completely standard. Some authors include collisional exci-
tation channels in the denominator of Eq. (17.7).

Table 17.1 in [Draine]
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Table 4.1. The most important forbidden lines in the interstellar medium. Only C i, C ii, O i,
Si ii, S ii, and Fe ii are present in the neutral medium. They are also present in the ionized
medium, but generally in smaller amounts than more ionized species. Wavelengths λ are
given in air for the visible transitions and in vacuum for the infrared/submillimetre ones.
The collision strengths Ωul (cf. (4.17)) are for collisions with electrons at a temperature of
104 K. The critical densities ncrit = Aul/〈σulv〉 (cf. (3.44)) correspond to collisions either
with electrons (for Te # 104 K), or with H2 molecules when between round brackets (for
TK # 100 K). The values of the atomic parameters are only indicative and should be checked
against the most recent sources. Some unobservable radiative transitions are not indicated, but
the corresponding collisional transitions cannot be neglected. This is the case for the transition
3P2−3P0 of O iii, with Ωul = 0.21, and for similar transitions in 3-level ions.

Ion Transition λ Aul Ωul ncrit
l–u µm s−1 cm−3

C i 3P0−3P1 609.1354 7.93 × 10−8 – (500)
3P1−3P2 370.4151 2.65 × 10−7 – (3000)

C ii 2P1/2−2P3/2 157.741 2.4 × 10−6 1.80 47 (3000)
N ii 3P0−3P1 205.3 2.07 × 10−6 0.41 41

3P1−3P2 121.889 7.46 × 10−6 1.38 256
3P2−1D2 0.65834 2.73 × 10−3 2.99 7700
3P1−1D2 0.65481 9.20 × 10−4 2.99 7700

N iii 2P1/2−2P3/2 57.317 4.8 × 10−5 1.2 1880
O i 3P2−3P1 63.184 8.95 × 10−5 – 2.3 × 104 (5 ×105)

3P1−3P0 145.525 1.7 × 10−5 – 3400 (1 × 105)
3P2−1D2 0.63003 6.3 × 10−3 – 1.8 × 106

O ii 4S3/2−2D5/2 0.37288 3.6 × 10−5 0.88 1160
4S3/2−2D3/2 0.37260 1.8 × 10−4 0.59 3890

O iii 3P0−3P1 88.356 2.62 × 10−5 0.39 461
3P1−3P2 51.815 9.76 × 10−5 0.95 3250
3P2−1D2 0.50069 1.81 × 10−2 2.50 6.4 × 105

3P1−1D2 0.49589 6.21 × 10−3 2.50 6.4 × 105

1D2−1S0 0.43632 1.70 0.40 2.4 × 107

Ne ii 2P1/2−2P3/2 12.8136 8.6 × 10−3 0.37 5.9 × 105

Ne iii 3P2−3P1 15.5551 3.1 × 10−2 0.60 1.27 × 105

3P1−3P0 36.0135 5.2 × 10−3 0.21 1.82 × 104

Si ii 2P1/2−2P3/2 34.8152 2.17 × 10−4 7.7 (3.4 × 105)
S ii 4S3/2−2D5/2 0.67164 2.60 × 10−4 4.7 1240

4S3/2−2D3/2 0.67308 8.82 × 10−4 3.1 3270
S iii 3P0−3P1 33.4810 4.72 × 10−4 4.0 1780

3P1−3P2 18.7130 2.07 × 10−3 7.9 1.4 × 104

S iv 2P1/2−2P3/2 10.5105 7.1 × 10−3 8.5 5.0 × 104

Ar ii 2P1/2−2P3/2 6.9853 5.3 × 10−2 2.9 1.72 × 106

Ar iii 3P2−3P1 8.9914 3.08 × 10−2 3.1 2.75 × 105

3P1−3P0 21.8293 5.17 × 10−3 1.3 3.0 × 104

Fe ii 6D7/2−6D5/2 35.3491 1.57 × 10−3 – (3.3 × 106)
6D9/2−6D7/2 25.9882 2.13 × 10−3 – (2.2 × 106)

The collisional strengths and other atomic data are available in 
the CHIANTI atomic database (https://www.chiantidatabase.org/).
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Overall Properties of the Cold Neutral Medium (CNM)
• Overall properties of the CNM

- Temperature    

- Mean kinetic energy per particle   
- Number density

‣          for atoms

‣           for free electrons

- Thermal velocity

‣        for hydrogen atoms

‣          for free electrons

- Mean free path

‣               for atom-atom collisions

‣               for atom-electron collisions

‣       for electron-electron collisions

- Collisional time scale

‣        for atom-atom collisions

‣        for atom-electron collisions

‣          for electron-electron collision

T ∼ 100 K
⟨E⟩ = (3/2)kT ∼ 0.013 eV

natom ∼ 30 cm−3

ne ∼ 0.04 cm−3

υth(H) ∼ 1.6 km s−1

υth(e) ∼ 67 km s−1

λmfp(HH) ∼ 0.74 AU
λmfp(eH) ∼ 1700 AU

λmfp(ee) ∼ 1.9 × 10−3 AU

tcoll(HH) ∼ 2.2 yr
tcoll(eH) ∼ 120 yr
tcoll(ee) ∼ 1.2 hr

6

See reference - collisional time scale.pdf
for the detailed calculations of the numerical values

https://seoncafe.github.io/Teaching_files/2025a_ISM/reference%20-%20collisional%20time%20scale.pdf


Observations of Absorption Lines Toward the CNM
• The CNM gives rise to a number of absorption features in the spectra of hot background stars 

(and quasars).
- The most prominent absorption lines at visible wavelengths are Ca II K and H lines at 

, and Na I D1 and D2 doublet lines at .λ = 3933, 3968 Å λ = 5890, 5896 Å

7

34 Chapter 2. Cold Neutral Medium 

>-----+----+--.----rl- --+--+--+----+----<>----+---<-------< u 

Sk-69" 215 

Sk-69° 224 

t---t----+-,,..-,+---+--+--+---+--------ll-----+----+------10 

'-,_--.r_....r--.,...,_,_--...._-=, 1 

Sk - 69" 225 

~-_-!;:-:20:-----'------=oc--'- ---::2:1-o-----'------,L40=-----'-----= e:1-o---'------..J 0 
heliocentric velocity km/sec 

Figure 2.1: The sodium D2 interstellar absorption line seen along 3 lines of sight 
to stars within~ 15 arcmin of SNl 987 A in the Large Magellanic Cloud. [Molaro 
et al. 1993] 

spectra of hot background stars. The most prominent absorption lines at visible 
wavelengths are the Hand Klines of Ca II at A= 3933A and A= 3968A, and the 
D1 and D2 doublet of Na I at A= 5890A and A= 5896A. 

Figure 2.1, which shows the sodium D2 line in the direction of three different 
bright stars in the Large Magellanic Cloud, shows the variation in absorption 
line profiles. The stars Sk-69° 215 and Sk-69° 224, for instance, are 5 arcminutes 
apart; the cold gas causing the absorption is~ 100 pc away from Earth, meaning 
that 5 arcminutes corresponds to a linear scale ~30,000 AU ~0.15 pc. 

Interstellar absorption lines at visible wavelengths were also found for neu-
tral atoms such as Ca 1, K 1, and Li 1, ions such as Ti II, and diatomic molecules 
such as CH, NH, CN, CH+, and C2 • The detection of CH absorption(\= 4300A) 
in the year 1937 constituted the discovery of interstellar molecules. (Most 
chemists, by the way, would refer to CH, NH, and CN as "radicals", and re-
gard them as highly reactive and short-lived. However, in the low density of 

36 Chapter 2. Cold Neutral Medium 

. ""' .. .... . . 1.0 • •• _. .. 

1-1251 Mg JI 

. .... 

., 
§ 1.0 .... •• ·-···· 
8 CI[" .,, 
" 11 
" a .. 

1.0 
Fe II 

>-2599 

0 

- 100 - 50 0 50 - 100 -50 0 50 
Heliocenlric Velocily (km s-~) Heliocentric Velocity (km ,- 1) 

Figure 2.2: UV interstellar absorption lines toward the star HD 93521, seen with 
the Goddard High-Resolution Spectrograph on Hubble Space Telescope. Notice 
the multiple velocity components, as well as the effects of line saturation on Si II 
and Fe II. [Spitzer & Fitzpatrick 1993] 

transfer. 
Light can be characterized by its intensity Iv, whose cgs units are ergs- 1 cm- 2 

sr- 1 Hz- 1 . If light travels through empty space (and if space is Euclidean, as 
we'll be assuming) then its intensity remains constant. However, if light travels 
through gas of some non-zero density, its intensity can change if the gas absorbs 
some of the light or if the gas is emitting light at the frequency v in question. As 
the light travels through some small distance ds, the change in the intensity Iv 
can be written as 

(2.1) 

where Kv is the attenuation coefficient, with units of cm- 1, and jv is the emis-
sivity, in units of ergs- 1 cm- 3 sr- 1 Hz- 1. The attenuation coefficient represents 
the fraction of the intensity lost per centimeter traveled; it can differ greatly 
for different media and at different frequencies. The emissivity jv represents 

UV interstellar absorption lines toward an O-type star 
HD93521. (Spitzer & Fitzpatrick 1993)

[Note] (1) multiple velocity components and (2) line 
saturation on Si II and Fe II. 
The multiple velocities are due primarily to the differential 
rotation of our galaxy. (clouds at different distances)

Na I D2 interstellar absorption line seen along 3 
lines of sight to stars in LMC (Molaro et al. 1993)

[Note] The cold gas is ~100 pc away from Earth, 
meaning that 5 arcmin corresponds to ~ 0.15 pc.
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Figure 5.5 

1530 1540 

Wavelength (A) 

1550 

HST GHRS spectra showing N v, Si IV, and C IV and other interstellar absorption lines toward the 
Seyfert 1 galaxy ESO 141-055. The only other line present is the redshifted Lyman a (z = 0.003492) 
(adapted from Sembach et al. 1999, ApJ, 524, 98). 

Interstellar absorption lines toward the Seyfert 1 
galaxy ESO 141-055.

Figure 5.5 in Physics and Chemistry of the Interstellar Medium [Kwok]

Figure 4.6 shows an example of optical absorption lines of interstellar origin
superimposed on the spectrum of Oph, a O9.5 V type star with E(B–V) ¼ 0.32. The
Ca II K (3,933.66 Å) and H (3,968.47 Å) lines as well as the 3,957.74 Å CH+ line
can be observed. Note that the Ca II H line occurs inside the HE hydrogen line,
which is much broader and of stellar origin.

The analysis of Ca II and Na I lines leads to the determination of the density of
these ions and also allows to estimate the effective width of the galactic disk, found
to be 2H ’ 240 pc, similar to the value obtained from 21 cm line observations. The
column densities can also be determined by the doublet ratio method. In lines of the
same element but with different f-values, the observed ratio between intensities
allows us to directly determine the optical depth in the line center and the column
density of the considered atom.

In a similar way, Table 4.2 shows some of the ultraviolet lines that have
been revealed to be quite important in the study of the physical properties of
interstellar clouds. Figure 4.7 shows an example of a high-resolution ultraviolet

Fig. 4.6 Examples of interstellar optical absorption lines in the spectrum of ζ Oph

Table 4.2 Examples of interstellar ultraviolet lines

Ion λ(Å) Ion λ(Å)
H I 1,215.67 Mg I 2,852.13

H I 1,025.72 Mg II 2,795.53

C I 1,328.83 Si I 2,514.32

C I 1,277.24 Si II 1,193.29

C II 1,334.53 Si II 1,260.42

C IV 1,548.20 Si III 1,206.51

N I 1,200.71 S II 1,259.52

N II 1,134.17 S III 1,190.21

O I 1,302.17 Fe II 2,599.40

O I 1,039.23 Fe II 2,382.03

4.7 Narrow Absorption Lines 71

Interstellar absorption lines in the spectrum of 𝜻 Oph 
(O9.5V).

Note that the Ca II H line occurs inside the H𝜀 
hydrogen line, which is much broader and of stellar 
origin.

Figure 4.6 in Astrophysics of the Interstellar Medium [Maciel]

3934Å

3968Å

broad stellar absorption
+ narrow ISM absorption



• The alkali metals (Li, K, and Na) and alkaline earth metals (Ca) produces absorption 
lines at visible wavelengths ( , ); these 
elements have loosely bound outer electrons.

• Most other elements produce UV absorption lines ( , ).
- Therefore, the study of the CNM was extensively made by the launch of orbiting UV 

telescopes (Corpernicus, IUE, etc).

- In particular, Ly𝛼 ( ; ) from hydrogen.

• Interstellar absorption lines at visible wavelengths were also found from neutral atoms 
such as Ca I, K I, Li I, ions such as Ti II, and diatomic molecules such as CH, NH, CN, 
CH+ and C2.
- [Note] The first discovery of interstellar molecules was made by the detection of CH 

absorption at  (Swings & Rosenfeld 1937, ApJ), not at radio wavelengths.
- CH, NH, and CN are referred to as “radicals”, in chemistry, meaning molecules that contain 

at least one unpaired electron. They  quickly combine with one another, or with single atoms 
in laboratory. But, in the low density of the ISM, they have long lifetimes.

4000 Å < λ < 7300 Å 1.7 eV < E < 3.1 eV

λ < 4000 Å E > 3.1 eV

λ = 1215.67 Å E = 10.2 eV

λ ∼ 4300 (4315)Å

9
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• The composition and excitation of interstellar gas can be studied using absorption lines that 
appear in the spectra of background stars (or other sources).

• The interstellar lines are typically narrow compared to spectral features produced by 
absorption in stellar photospheres, and in practice can be readily distinguished.
- For instance, consider the Fraunhofer lines in the Sun’s spectrum. The Ca H and K lines, with 

equivalent widths of 14Å and 19Å respectively, are the strongest absorption lines. The Na I D1 
and D2 lines have equivalent widths of 0.6Å and 0.8Å.

- On the other hand, for many interstellar lines, the equivalent width is sufficiently small that the 
mÅ is a convenient unit.

• It is normally possible to detect absorption only by the ground state (and perhaps the 
excited fine-structure levels of the ground electronic state) - the populations in the excited 
electronic states are too small to be detected in absorption.

• The widths of absorption lines are usually determined by Doppler broadening, with line 
widths of a few km s-1 (or                       ) - often observed in cool clouds.

• Absorption lines (and emission lines) contains a lots of information about number density, 
temperature, chemical abundances, ionization states, and excitation states.

• However, interpreting the information requires understanding the ways in which light 
interacts with baryonic matter, radiative transfer.

• We need to know the line profile to analyze absorption lines.

10
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• The optical depth in an absorption line can be written

Here,                       is the column density of the absorbers.

The line profile is given by                                 , and its value at the line center is

The correction factor for stimulated emission is negligible for the optical lines. 
Then, dropping the correction factor, the optical depth can be written

Optical Depth
11
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• The central optical depth for Ly𝛼 is

- In the WNM (  km s ), Ly𝛼 will be optically thin                when                             
and optically thick                when                            .

- In the CNM (  km s ), Ly𝛼 will be optically thin  when                             and 
optically thick when                            .

- In Milky Way, the total column density of hydrogen atom is                                      .

- As a reference, the column density of the Earth’s atmosphere, looking upward from 
sea level, is                                 .

b ≈ 10 −1

b ≈ 1 −1
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the sky. The location of the highest NH is not well known because of 
opacity effects; the highest value in our data set, 2.6 x 1022 cm- 2 at 
(l,b) = (339°,0°), is certainly less than the true maximum. The lowest 
column density, however, has been fairly well established as 
4.4+0.5 x 1019 cm- 2 at(/, b) = (152°, +62°) in Ursa Major (130, 168). 
Toward the galactic poles, the column density is rv 1020 cm- 2• 

The frequency of occurrence of a given column density is shown in 
Figure 4. The general form of this figure, with its steep decrease at the 
low-NH end, and the long tail to high NH, would be seen in any uniform 
H I disk observed from within, but the large breadth of the distribution 
indicates that there are substantial variations in NH at all latitudes. The 
cutoff below NH rv 1020 is real and not an artifact of limited sensitivity or 
stray radiation. 

The distribution of NH with latitude shown in Figure 5 is dominated by 
the galactic plane, which has a FWHM of about 4° on average. As men-
tioned above, the values of NH in our data set span a range of > 500, but 
most of this is a csc I b I effect. The actual deviations from a simple plane-
parallel layer are shown in Figure 6, where NH sin lbl is plotted against 
sin lb!. These column densities vary by a factor of rv 10 owing in part to 
several large H I concentrations (e.g. in Orion and Taurus) that lie far 
from the plane. The fact that NH sin I b I ---+ 0 as sin I b I ---+ 0 is mainly a 

...... 
C 
CV 

10 

5 
CV a.. 

0 

20 21 22 
log10 (NH) cm - 2 

Figure 4 The percentage of the sky covered by H I at a given NH. Each column density has 
been averaged over 1 ° x 1 °. This figure is somewhat incomplete at the high-NH end but 
should otherwise be representative. It was derived using data and assumptions described in 
Section 2.2. The same data set is used for Figures 5-8. 

© Annual Reviews Inc. • Provided by the NASA Astrophysics Data System 

The percentage of the sky 
covered by H I at a given NH.

Figure 4 in Dickey & Lockman 
(1990, ARA&A)
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Absorption Line Shapes
• Lyman 𝛼 absorption line profiles for 

- When             ,                                 and thus the shape of an absorption line 
resembles the upside-down Voight function.

- When             , the absorption line saturates at its center and becomes increasingly 
“box-shaped.”

13
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Figure 9.1 Absorption line profiles in three regimes, using as an example H Lymanα
with b = 10 km s−1 and N(H I) = 6.6 × 1012 cm−2, 1.3 × 1016 cm−2, and 1.3 ×
1019 cm−2 in the upper, middle, and lower panels. Shaded area is proportional to the
missing energy. Note the different abscissa in the lower panel.

[1 − e−τν ] becomes increasingly “box-shaped.” An example is shown in the mid-
dle panel of Fig. 9.1. Treating the opacity as a delta function broadened only by
Doppler broadening:

τ(ν) = τ0 e
−(u/b)2 , (9.16)

we approximate W by the fractional full width at half maximum (FWHM):

W ≈ (∆ν)FWHM

ν0
=

(∆u)FWHM

c
≈ 2b

c

√
ln(τ0/ ln 2) . (9.17)

The approximation (9.17) is accurate to within 5% for 1.254 < τ0 <∼ τdamp, where
τdamp, the optical depth separating the “flat” from the “damped” regimes, is from
Eq. (9.25), shown later.

Since τ0 depends on N"f"uλ"u and b, we see that W depends on the product
N"f"uλ"u and b. Note that W is very insensitive to τ0 (and therefore N") in this
regime – it varies as the square root of the logarithm of τ0. Because W increases
so slowly with increasing N", this is referred to as the flat portion of the curve of

2.2 Building Absorption Lines 

0.8 

.e-,0.6 
-~ 
2 .s 0.4 

0.2 

0.0 

1215.5 1215.6 1215.7 
..\ (Angstroms) 

49 

1215.8 

Figure 2.6: Lyman a absorption lines with central optical depth 'Io= 1 through 
1 0 0 0 and b = l O km s- 1 . 

We don't usually have the luxury of extremely high resolution spectra; thus, 
we need to pick out the most important information available at low resolution. 
We can start with the median frequency (v0 ) or wavelength (.\0 ) of the line. If 
we know what particular line we are looking at, this will tell us the redshift 
or blueshift of the line. Next we want some measure of the strength of an 
absorption line; that is, how effective the absorbers have been at sopping up 
light along the line of sight. Spectroscopists have found it useful to use the 
equivalent width of an absorption line as an empirical measure of its strength. 

In an absorption line spectrum, the flux you measure at a frequency v is 
related to the flux F v ( 0) in the absence of absorbers by the relation 

(2.44) 

If the spectrum isn't too badly hacked up with absorption lines, we can make a 
good guess at what the underlying continuum flux Fv(O) should be, and then 

Figure 9.1 in [Draine]
Note the different abscissa in the lowest panel.

b = 10 km s�1
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Lyman 𝛼 absorption lines for b = 10 km s-1.
Figure 2.6 in [Ryden]
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• Equivalent width
- The spectrograph often lacks the spectral resolution to resolve the profiles of narrow 

lines, but can measure the total amount of “missing power” resulting from a narrow 
absorption line.

- The equivalent width is a measure of the strength of an absorption line, in terms of 
“missing power” in the unresolved absorption line.

• Curve of growth
- The curve of growth refers to the numerical relation between the observed equivalent 

width and the underlying optical depth (or the column density) of the absorber.

Equivalent Width & Curve of growth
14
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• Suppose that we measure the energy flux density      using an aperture of solid 
angle       . Then, we obtain the flux density at the observer:

Here,           is the flux density of the background light source.
• At optical frequencies and in the neutral medium, nearly all atoms are in their 

ground state. Thus, we normally have                   and                                  . 
Then, we can neglect the emission from the ISM.

• If the background spectrum is smooth, we can define the dimensionless 
equivalent width and the wavelength equivalent width as follows:

- The equivalent width is the width of a straight-sided, perfectly black absorption line 
that has the same integrated flux deficit as the actual absorption line.

Equivalent Width
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Overall Shape of the Curve of Growth
16

Figure 9.2 in [Draine]

80 CHAPTER 9

Figure 9.2 Curves of growth for five values of the Doppler broadening parameter b,
for a damping constant γ!uλ!u = 7616 cm s−1 (appropriate for H Lymanα). Dashed
lines show the analytic approximations to the linear, flat, and square-root portions of
the curve of growth. Only the flat portion [Eq. (9.17)] depends on b. Only the square-
root portion [Eq. (9.22)] depends on γλ.

γ!uλ!u/c. In Figure 9.2, we show W as a function of N!f!uλ!u, for five values of
b, where we have taken γ!uλ!u appropriate for the Lyman α transition of atomic H.

The column density N! is given by

N! =
mec3

e2
W 2

f!uγ!uλ2
!u

(9.23)

=2.759×1024 cm−2 W 2

(
0.4164

f!u

)(
7616 cm s−1

γ!uλ!u

)(
1215.7 Å

λ!u

)
.(9.24)

The transition from the flat to the damped portion of the curve of growth takes place
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The Curve of Growth
       = the relation between optical depth at line center and equivalent width

Curve of Growth for Ly𝛼
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Figure 2.10 in Chap. 2 [Prochaska]
Lyman-alpha as An Astrophysical and Cosmological Tool

Curve of Growth for Ly𝛼
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Detailed Analysis of The Curve of Growth
• Equivalent width:

• Optically Thin Absorption,   (linear regime)τ0 ≲ 1
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• Flat Portion of the Curve of Growth, 

- Now consider what happens when an absorption line is optically thick, but not so optically 
thick that the the broad Lorentz wing    provides a significant contribution to the absorption.

- The optical depth at which the wing becomes important is called the damping optical depth 
.

- The absorption line shape is almost “box-shaped.” We assume that the term in square 
brackets equals “1” until a certain value    and then, suddenly drops to “0”.

- We define    to be the location at half maximum of the square brackets:

- Then, we have

- Note that   is very insensitive to    (and thus   ) in this regime. Because  increases so 
slowly with increasing   , this is referred to as the flat portion of the curve of growth.

1 < τ0 ≲ τdamp
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- Inverting the above equation, we obtain

- The column density at a given equivalent width depends on the temperature, and thus 
on the thermal broadening.

- Any error in evaluating        (from misestimating the continuum flux, for instance) will 
propagate exponentially into an error in      .

- Therefore, it is advised not to use the above equation unless you have a very good idea of 
what the equivalent width         and the thermal broadening    are for the sightline in question.b
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• Damped Portion of the Curve of Growth,  (square-root regime) 

- In this regime, the Doppler core of the line is totally saturated, but the “damping wing” 
of the Voigt profile start to contribute significantly to the equivalent width.

τ0 ≳ τdamp
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- Approximation of the absorption profile as a boxy shape (square brackets)
‣ B. T. Draine (2011) defines    to be the location at half maximum (FWHM = ), and 

calculates the EW.

He note that this value is smaller than by a factor of  . Multiplying by this 
factor, he obtain the same result as ours.

‣ Our result is the same as that obtained using the following :

u* 2u*

π ln 2 = 1.476

u*
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- The equivalent width is proportional to the square-root of the optical depth. The 
column density (optical depth) is proportional to the square of the measured 
equivalent width.

- Furthermore, the column density is independent of the thermal broadening.
• The damping optical depth at which the transition from the flat to the damped 

portion of the curve of growth occurs are obtained by setting                            . 
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Approximate Formulae for W
• Rodgers & Williams (1974, JQSRT, 14, 319) give a simple approximation.

• B. T. Draine (2011) provides a simple approximation that is continuous and 
accurate to a few percent for all  when applied to H I Ly  with  = 10 km/s.τ0 α b
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near central optical depth ωdamp obtained by equating2 Eqs. (9.17) and (9.22):
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9.5 Approximation Formulae for W

In general, then, if we assume a Gaussian velocity profile, W depends on three
quantities: b, ϑωuϖωu, and ω0 ↔ Nωfωuϖωu. Accurate evaluation of W in general
requires numerical integration over the Voigt profile (6.37). Rodgers & Williams
(1974) give useful approximation formulae for W (ω0, b, ϑωuϖωu). Here we provide
a simple approximation, based on the discussion in this chapter, that is continuous
and accurate to a few percent:
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(ε0→1.25393)↑
ϱ

]1/2
for ω0 > 1.25393 ,

(9.27)

where ω0 is given by Eq. (9.8). This approximation is exact in the limits ω0 ↗ 1 and
ω0 ↘ b/ϑωuϖωu, and is accurate to within 5% for all ω0 when applied to H I Lymanϱ
with b = 10 km s→1.

9.6 Doublet Ratio

In some cases, an absorbing level ς will have allowed transitions to two different
excited states u1 and u2. Let ϖ2 be the wavelength of the stronger transition (i.e.,

2One obtains a transcendental equation of the form ωdamp = C ln(ωdamp/ ln 2). For C → 1,
ωdamp ↑ C ln(C/ ln 2).
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Observations: H and D Ly𝛼
• The study of Ly𝛼 absorption line is useful to 

studying the cold clouds in our galaxy. However, 
Ly𝛼 tends to be optically thick.

• 𝛼 Cen A and B (  = 1.34 pc) have broad Ly𝛼 
“emission” lines from their hot chromospheres.
- Superposed on the emission lines are optically 

thick absorption lines by the ISM.

- For both 𝛼 Cen A and B, .

- This represents the regime where the flat part of 
the curve of growth gives way to the square-root 
part. Hence, the column density is independent 
of the thermal broadening.

- The stars are within our Local “Hot” Bubble so 
that the temperature is high. The column density 
imply that a density of 0.27 cm-3.

d

Wλ = 0.3 Å

26

56 Chapter 2. Cold Neutral Medium 

1.0 
a Cen A 

0. 8 
,.-.._ 

I 

< 0. 6 
.... 
I 
rtl 0. 4 

C>J 
I a 0. 2 CJ 
rtl 
00 0. 0 
a) 

0 1.0 .... 
I 
0 
...-i 0. 8 ,._,, 
>< 0 .6 ;:l -i:.. 

0 .4 

0 .2 

0 .0 
1214.5 1215.0 1215.5 1216.0 1216.5 

Wavelength 

Figure 2.8: Lyman a lines toward a Cen A (above) and a Cen B (below). Obser-
vations were made with the GHRS spectrograph on the Hubble Space Telescope. 
[Linsky & Wood 1996] 

d = l.34pc distance to Alpha Centauri, it would provide a number density 
ne ~ 0.25cm- 3 • For stars outside the Local Bubble, at d ~ l00pc, the Lyman 
a absorption lines are in the square-root part of the curve of growth, with 
W.\ ~ lOA, Ne~ 2 x 1020 cm- 2, and ne ~ 0.6cm- 3 • 

On the left-hand slope of the Lyman a emission lines in Figure 2.8, there is 
an optically thin absorption line. This is the absorption line of deuterium Lyman 
a. The deuterium Lyman lines are slightly blueshifted relative to their ordinary 
hydrogen counterparts because of the small isotopic shift due to the neutron 
in the deuterium nucleus. Where H Lyman a is at Ao= 1215.67 A, deuterium 
Lyman a is at Ao = 1215.34 A. The deuterium Lyman a lines in the spectra of 
Alpha Cen A and Bare optically thin, with 'Io= 0.68, and thus easier to interpret 
than the optically thick Lyman a lines from ordinary hydrogen. The column 
density of deuterium toward Alpha Centauri, as deduced by Linsky & Wood, 
is Ne= 6.1 x 1012 cm- 2 , giving a deuterium to hydrogen ratio D/H;::::: 6 x 10- 6 

Ly𝛼 lines toward 𝛼 Cen A (above) and 𝛼 
Cen B (below).

Figure 2.8 in [Ryden], (Linsky & Wood 1996)

⌧0 = 68, 000, b = 11.8 km s�1 (T = 8300K)

N` = 1.1⇥ 1018 cm�2
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nH = NH/d = 1.1 × 1018 cm−2/1.34 pc (1 pc = 3.1×10¹8  cm)



- On the left-hand slope of the Ly𝛼 emission lines, there is an optically thin absorption 
line. This is the absorption line of deuterium Ly𝛼.

‣ The deuterium Ly𝛼 lines are slightly blueshifted. wavelength for H Ly𝛼 = 1215.67Å, 
wavelength for deuterium Ly𝛼 is 1215.24Å.

‣ The deuterium Ly𝛼 lines are optical thin, with                  , and thus easier to interpret than 
the H Ly𝛼 from ordinary hydrogen. The column density of deuterium toward 𝛼 Cen A and B, 
is                                       , giving a deuterium to hydrogen ratio                                . This is 
lower than the usual                                  in the Local Bubble, and is much less than the 
primordial value of                                  .

• For stars outside the Local Bubble, at  ~ 100 pc, Ly𝛼 lines are in the square-root 
part of the curve of growth, with                                                                        .

• We observe in the visible and UV spectrum of many stars a substantial number of 
atomic interstellar absorption lines.

• The coexistence of Ca0 and Ca+ lines also allows us to obtain the degree of 
ionization of the corresponding cloud. We observe that Ca+ is much more abundant 
than Ca0 (ionization potential of Ca is 6.11 eV).

d
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- Morton (1975)'s observations of the C II and C II* ratio showed a significant 
population of atoms in            . This suggested that [C II] 157.7 μm line could be a 
strong cooling line in H I regions. It was not until the 1980s that the Kuiper Airborne 
Observatory detected Far-IR [C II] emission from the ISM, as predicted by Morton.

- We may determine the cooling rate of the diffuse CNM due to [C II] 157.7 μm by 
observing the C II* 1335.70Å absorption line.

- This observation gave a cooling rate of                                    per hydrogen nucleus 
(Pottasch et al. 1979; Gry et al. 1992), which is in agreement with the more direct 
determination of Bennett et al. (1994) using [C II] 157.7 μm.

Observations: Absorption lines from fine-structure levels
• We also observe several absorption lines with 

wavelength close to each other, which comes from 
fine-structure levels of the fundamental ground 
state of the same atom or ion.
- We can then directly obtain the relative populations 

of these levels. This gives valuable information on 
those physical parameters that determine their 
excitation, essentially the electron density.

- For examine, C II 1334.57Å and C II* 1335.70Å 
lines, which unfortunately are often saturated.
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solar wind or ocean water. You can also measure HD molecular absorption bands (the analog of the 
H2 Lyman bands), but it is hard to convert from HD/H2 to D/H. 

The Copernicus satellite (mid 1970s) was the first UV satellite that was sensitive to the higher-order 
Lyman series lines in the Far-UV (most UV satellites, except EUVE, were not sensitive below about 
1100Å). Subsequent Far-UV studies have relied on either sounding rockets or short-duration space 
missions (e.g., ORFEUS-SPAS I and II, or IMAPS on the Shuttle). Lyman/FUSE (launched June 
1999) is the first long-duration satellite mission since the Copernicus satellite 1970s to work in this 
Far-UV region (and is ~105 times more sensitive). So far, it has provided a number of good 
measurements of D/H in the local ISM from HI and DI Lyman series lines out to distances of 100pc 
from the Sun (and a few sight lines out to ~1kpc with IMAPS). The data show a pretty constant 
D/H|1.2�1.7×10�5, with the dispersion in values increasing with distance from the Sun. 

2) ISM Gas-Phase Abundances 
So many different species produce UV absorption lines in the ISM, from Hydrogen to rare metals, that 
we can get a pretty clear picture of the relative gas-phase abundances of the various elements from UV 
absorption-line studies. Among the scientific questions these permit us to address are chemical 
evolution of the ISM (in particular the mix of elements from different nuclear processes like D-
process, neutron capture and proton capture) and the depletion of refractory elements onto dust grains. 

The current status of UV absorption-line abundances, especially as learned from the Hubble Space 
Telescope GHRS, has been reviewed by Savage & Sembach (1996, ARAA, 34, 279). A table of 
measured sight lines and the elements seen along them is reproduced on the following pages. The 
lines of sight to 2 stars, ] Ophiuchus and [ Persei, are particularly rich in interstellar absorption lines. 
These sight lines cross through regions of high column density, and many rare metal species (Cu, Zn, 
etc.) are very well studied there. Examples of spectra along the ] Oph sight line are reproduced on the 
next page. Other sight lines have at least 5 or more different atomic species available for study. 

A particular achievement of GHRS, which flew from 1990�1996, was the detection of unsaturated CII 
absorption (e.g., CII]O2325Å absorption). In previous studies, only one line of sight, towards G 
Scorpii, had unsaturated CII lines, the rest were all on the flat part of the curve of growth and produced 
no useful information (limits only). As a result, GHRS has permitted the first definitive interstellar 
gas-phase carbon abundances. 

A particularly important result of the HST/GHRS data has been to greatly refine measurements of the 
depletion of gas-phase elements onto dust grains for sight lines that pass through both warm and cold 
phases of the ISM in both the disk and the halo of the galaxy. We will treat this subject in more detail 
later in the course when we discuss the properties of dust grains. 

3) Thermal Balance 

The CII OO1334.5,1335.7Å doublet is produced by absorptions out of the C+ ground state, which is 
split into 2 fine structure levels, o

3/2
2 P and o

1/2
2 P , into the same upper level. The strengths of these 

2P o
3/2
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• Observed curve of growth for the ISM in front of the star 𝜻 Oph (Morton1975, ApJ)

- As can be seen in the above figure, most observed absorption lines lie on the Doppler 
plateau.

- Therefore, a better reduction technique than the use of curves of growth would be to 
adopt a fitting technique for the line profiles. This technique is the only one that can be 
used for complex line profiles.

• So, optical and UV absorption lines provide us useful information about the cold 
regions in the ISM. How much of each element and isotope is present? How hot is 
the gas? What are the integrated densities along the line of sight?
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Fig. 4.4. Profiles of interstellar absorption lines and curves of growth. Top: schematic profiles
of an absorption line as a function of the column density of the absorbing atoms (in arbitrary
units). The very broad damping wings appear for high column densities. Middle: schematic
curve of growth for the same line, where its equivalent width is plotted as a function of the
column density. The two curves to the right correspond to two different values of the damping
constant. The figures along the curve correspond to the column densities of the profiles above.
Bottom: observed curve of growth for the interstellar medium in front of the star ζ Oph,
reproduced from Morton [375] with the permission of the AAS. Here log(N fλ) is given
in abscissae instead of log N , and log(W/λ) in ordinates instead of log W . In this case, the
curves of growth for the different atoms coincide except on the damping part, this because the
damping constants are different for the different lines.



Observations: The Gas Phase Abundances
• The gas phase abundances of many elements relative to hydrogen have been determined on 

many different sightlines using interstellar absorption lines.
- The observed gas-phase abundances vary from one sightline to another, which is presumed to reflect 

primarily variations in the amounts of various elements trapped in dust grains. Such removal of 
elements from the gas is known as interstellar depletion.

- Some elements, like Fe, are extremely under abundant in the gas phase, with gas-phase abundances 
that are typically only a few percent of the solar abundance.
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Table 4.2 in The Interstellar Medium [Lequeux]

The gas phase abundances along two lines of 
sight, compared to abundances in the Solar 
system.

Abundances are given as  ,  
being the chemical symbol for the element and 
H that of hydrogen.

The deficiencies in columns 6 and 7 are 
expressed as:

The data come mainly from Savage & 
Sembach (1996) and from Snow & Witt (1996).

12 + log(X /H) X

[X /H] = log (X /H) − log (X /H)⊙
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Table 4.2. The gas phase abundances of selected elements along two lines of sight, compared
to abundances in the Solar system, nearby B, F and G stars and H ii regions. Abundances
are given as 12 + log(X/H), X being the chemical symbol for the element and H that of
hydrogen. The deficiencies given in columns 6 and 7 are expressed, with respect to Solar
system abundances, as [X/H] = log(X/H) − log(X/H)". The data come mainly from Savage
& Sembach [451] and from Snow & Witt [479]. Along the line of sight to µ Colombae, for
which deficiencies are smaller by about 0.3 dex compared to those in the warm medium in
front of ζ Ophiuchi, we observe [X/H] = +0.05 for P and +0.10 for S (Howk et al. [250]).

Element Solar system Stars H ii T 1
c ζ Oph cold ζ Oph warm

12 + log(X/H) K [X/H]

H 12.00 12.00 12.00 – – –
D 7.53 – – – –0.33:2

He 10.99 – 10.95 – – –
Li 3.31 – – 1 225 –1.58 –
B 2.88 – – 650 –0.93 –
C 8.55 8.33 8.60 75 –0.41 –
N 7.97 7.82 7.89 120 –0.07 –
O 8.87 8.66 8.77 180 –0.39 0.00
Ne – – 8.03 – – –
Na 6.31 – – 970 –0.95 –
Mg 7.58 7.40 – 1 340 –1.55 –0.89
Si 7.55 7.27 – 1 311 –1.31 –0.53
P 5.57 – – 1 151 –0.50 –0.23
S 7.27 7.09 7.31 648 +0.18 –
Ar 6.56 – – 25 –0.48 –
K 5.13 – – 1 000 –1.09 –
Ca 6.34 6.20 – 1 518 –3.73 –
Ti 4.93 4.81 – 1 549 –3.02 –1.31
Fe 7.50 7.43 6.59 1 336 –2.27 –1.25

1 Condensation temperature at thermal and chemical equilibrium, appropriate
for the Solar nebula with an initial gas pressure of 10−4 bar.

2 For lines of sight other than that of ζ Oph: Linsky et al. [325].

Solar system abundances, but they are somewhat uncertain except for oxygen. Iron
is underabundant in H ii regions, probably due to depletion into grains. We notice
that most elements are underabundant in the diffuse interstellar medium with respect
to the Solar system, young stars and H ii regions. Exceptions are S, Zn and P (Howk
et al. [250]), which do have solar abundances in the warm neutral medium! This
shows that the elemental abundances are not precisely known in the interstellar
medium.

The missing elements in the interstellar medium are believed to be in dust grains.
The underabundance of an element is larger if its condensation temperature is higher,
confirming this idea. Condensation must have taken place in circumstellar envelopes,
and also the interstellar medium itself. The underabundances are smaller in the warm

Linsky et al. (1995)



Gas-phase abundance vs. Condensation Temperature
31
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Figure 23.1 Gas-phase abundances (relative to solar) in the diffuse cloud toward
ζ Oph, plotted versus “condensation temperature” Tcond (see text). Data from Morton
(1975), Savage et al. (1992), Cardelli et al. (1993), Federman et al. (1993), Crinklaw
et al. (1994). Solid symbols: major grain constituents C, Mg, Si, Fe. The C abundance
has been calculated assuming f(C II]2325 Å) = 1.0× 10−7 (see text). The apparent
overabundance of S may be due to observational error, but may also arise because of
S II absorption in the H II region around ζ Oph.

star only 138 pc away. Absorption-line spectroscopy has allowed the gas-phase
abundances of many of the elements to be measured. These abundances, relative to
solar, are shown for 20 elements in Fig. 23.1.

Table 23.1 gives the gas-phase abundances for 10 major elements. Determination
of the column density of C II (accounting for most of the gas-phase carbon) relies on
knowledge of the oscillator strength of the weak intersystem line C II]2325 Å. Ta-
ble 23.1 gives the gas-phase carbon abundances estimated using f(C II]2325 Å) =
4.78×10−8 from Morton (2003), but also for f(C II]2325 Å) = 1.0×10−7, as ap-
pears to be required to reconcile abundances estimated using the 2325 Å line (Sofia
et al. 2004) with C II abundances estimated using strong lines (Sofia & Parvathi
2010).

If we assume that the total abundance of each element is equal to the current
best-estimate of the solar abundance, then the difference between solar abundance
and the observed gas-phase abundance will tell us what contribution that element
makes toward the dust mass in the cloud toward ζ Oph. This inventory is carried
out in Table 23.1.

Gas-phase abundances (relative to solar) in the diffuse cloud toward 𝜻 Ophiuchi (O9.5V star, 138 pc), plotted 
versus “condensation temperature”. Solid symbols: major grain constituents C, Mg, Si, Fe.  The apparent 
overabundance of S may be due to observational error, but may be arise because of S II absorption in the H 
II region around 𝜻 Oph. There’s a strong tendency for elements with high condensation temperature (Tcond) to 
be under abundant in the gas phase, presumably because most of the atoms are in solid grains.

Condensation temperature : temperature at which 50% of the element in question would be incorporated into 
solid material in a gas of solar abundances, at LTE at a pressure p = 102 dyn cm-2 (Lodders 2003).

Figure 23.1 in [Draine]



21 cm hyperfine line
• The CNM and WNM, taken together, provide over half the mass of the ISM.

- H is the most abundant element in the universe. In the CNM and WNM, most of the 
hydrogen is in the form of neutral atoms.

- The Ly𝛼 line of H provides a useful probe of the properties of the CNM and WNM. 
However, at its wavelength the Earth’s atmosphere is highly opaque, and thus 
observing Ly𝛼 absorption requires orbiting UV satellites. In addition, Ly𝛼 can be seen 
in absorption only along those lines of sight toward sources with a high UV flux.

- To do a global survey of atomic hydrogen in the galaxy, we need some way of easily 
detecting radiation from hydrogen, regardless of its kinetic temperature or number 
density.

- Such a way was first found in 1944, by Henk van de Hulst.
‣ He attempted to find emission lines at the wavelengths ~ 1 cm to 20 m, at which the 

Earth’s atmosphere is transparent. He then realized that the hyperfine structure line 
resulting from a flip of the electron spin within a hydrogen atom should have a wavelength 
of 21 cm.

‣ This was confirmed by Harold Ewen and Edward Purcell in 1951, when they first detected 
21 cm emission from the Milky Way.
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Hyperfine splitting of the 1s ground state of atomic H
33
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Difference between Ly𝛼 and 21 cm transitions
• The excitation energy for Ly𝛼 (  = 10.2 eV,  = 118,000 K) is much higher than the kinetic 

temperature of the neutral ISM.

- Collisional excitation is unimportant, and most hydrogen atoms are in the lower level of the Ly𝛼 
transition.

- The Ly𝛼 has a higher energy by a factor of 1.7x106 than the 21 cm.

• The excitation energy for 21 cm is ~ 5.9 μeV, and its equivalent temperature  = 0.068 K 
is much lower than the temperature of the cosmic microwave background.
- Even the CMB is able to populate the upper level.
- If collisions are frequent, then the spin temperature will be solely determined by collisions, 

and thus will be a good tracer of the gas kinetic temperature.
- Thus, there is ample opportunity to populate the upper energy level of the 21 cm hyperfine 

transition. The level populations for the 21 cm levels, since                               in all circumstances 
of the ISM will be:

E E/kB

E/kB
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- However, in many cases (in particular in WNM), the hyperfine levels may not be in excitation 
equilibrium. Radio astronomers use the term spin temperature  for 21 cm rather than the “excitation 
temperature.”
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Emissivity and Optical Depth of H I 21 cm
• Emissivity: 

- The upper level contains ~ 75% of the H I under all conditions of interest, and thus 
the 21-cm emissivity is effectively independent of the spin temperature.

• Optical depth

Because                              for all conditions of interest, the correction for stimulated 
emission is very important!
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• The damping constant of the 21 cm line profile is extremely small, and thus we can 
assume that the line profile is a Gaussian.

• Hence,

• Self-absorption in the 21-cm line can be important in many sightlines in the ISM.
• The optical depth is inversely proportional to the spin temperature.
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• Typical optical depths of the 21-cm line:

- In the CNM, a typical spin temperature  is                                :

The CNM is in general optically thin, but show significant absorption.
- In the WNM, a typical spin temperature is                                     :

The 21-cm absorption is negligible in the WNM.
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stimulated emission was negligible, and we could use the absorption-only approx-
imation, κν = n#σ#u (Equation 2.40). However, when looking at the 21 cm line,
we are in the regime where kTexc is much greater than hνu# = 5.87 µeV. Thus, the
correction from stimulated emission is now very important. With kTexc ! hνu#,

κν ≈ n#σ#u

(
hνu#

kTexc

)
# n#σ#u. (3.10)

For 21 cm absorption lines, the attenuation coefficient κν , and the resulting optical
depth τν along a line of sight, is thus smaller by a factor hνu#/kTexc than it would
be in the absence of stimulated emission. Given this reduction in κν , can we expect
optically thick 21 cm absorption lines along any line of sight through our galaxy?
Let’s go back to Equations 2.47 and 2.48, and write the optical depth as a function
of the quantum mechanical properties of the hyperfine transition of the ground
state of hydrogen (remembering to include the hνu#/kTexc correction factor for
stimulated emission):

τν = τ0e−v2/b2
, (3.11)

where

τ0 = 1
(4π)3/2

[
gu

g#

c2

ν2
u#

Au#

]
c
b

N#

(
hνu#

kTexc

)
. (3.12)

We have assumed, since the intrinsic width of the 21 cm line is so tiny, that the line
width is entirely due to thermal Doppler broadening. Plugging in the appropriate
properties for the 21 cm line, the optical depth at line center becomes

τ0 ≈ 0.31
(

NHi

1021 cm−2

) (
10 km s−1

b

) (
100 K
Texc

)
. (3.13)

For thermal broadening b values typical of the warm neutral medium and
excitation temperatures Texc ∼ 100 K, lines of sight with NHi > 1021 cm−2 show
significant absorption. (Remember from Section 2.3 that Lyman α becomes
optically thick at a column density of only NHi ∼ 1012 cm−2.) As shown in Figure
3.2, column densities as large as this are found for lines of sight running through
the disk of our galaxy.

3.2 Radiative Transfer of Line Emission

From where we sit in the Milky Way Galaxy, at 21 cm lines of sight at high galactic
latitude are optically thin and lines of sight at low galactic latitude are optically
thick. We can see what this means for the observed properties of 21 cm lines by
starting with the equation of radiative transfer:

dIν
dτν

= −Iν + Sν, (3.14)

A typo in page 59 of Ryden’s book:
cold



• Radio astronomers express the line profile as a function of radial velocity 
rather than of frequency. This is logical because line broadening is only caused by 
the Doppler effect, and its natural width being extremely narrow since the lifetime of 
the upper level is only limited by collisions which are rare in the diffuse medium.

• We first define the column density per velocity interval.

- The column density can be written:

- This indicates that we need to know not only the optical depth but also the spin 
temperature to evaluate the column density. However, in an optically thin limit, we 
will show that the dependency on the spin temperature is removed.
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• Optically thin case: Suppose we are looking through an optically thin layer of neutral hydrogen 
toward a “dark sky”, which is fainter than the hydrogen cloud, with an antenna temperature        .
- In the optically thin limit, the RT equation becomes

- The column density per unit velocity interval is

- Therefore, the intensity integrated over the line profile gives us the total H I column density without 
need to know   , provided that self-absorption is not important.Tspin
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We measure the antenna temperature 
of the dark sky (       ) from the 
continuum at frequencies well above 
and below the 21-cm emission feature.
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• Alternative approach:
- If we now neglect absorption, then

- Now suppose that            is known independently. We can then integrate the intensity 
over the line

- This can be expressed in terms of antenna temperature        and relative velocity
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- We, then, obtain the same equation as before:

- Here, we did not use the relation between the optical depth and column density.
‣ In the first method, we assumed that               and                      :

‣ In the second method, we completely ignored the absorption.

Integrating the above equation, we obtain the same result as in the first method.
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Homework (due date: 04/21)
[Q6] 

- Measurements of the equivalent width of the absorption Na I D lines at 𝝀 = 5890Å in the 
direction of star HD 190066 (type B1I) give the result W ~ 400 mÅ. 

(1) Assume this is a weak line and calculate the column density of neutral Na atoms in the 
direction of the star. Show that in this case, the following relation is valid: 

Here, use                   . 
(2) Analysis of the line saturation suggests a correction factor of 6 for the column density. Apply 

this factor to the above result and estimate the Na total column density, assuming that 99% of 
the sodium atoms are ionized. 
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[Q7] 
A dwarf galaxy at a distance DL = 15 Mpc is emitting in the 21-cm line of atomic 
hydrogen. The observed 21-cm line flux is                                          . 
If the emitting gas is assumed to be optically thin, and there is no absorption by 
intervening gas, estimate the mass of H I in the dwarf galaxy. Express your answer in 
solar mass       . 
The Einstein A coefficient for the 21-cm line is                                   .
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