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Ionization bounded vs. Density bounded
• Ionized atomic hydrogen regions, broadly termed “H II regions”, are composed of 

gas ionized by photons with energies above the hydrogen ionization energy of 
13.6 eV.
- Ionization Bounded: These objects include “classical H II regions” ionized by hot O 

or B stars (or clusters of such stars) and associated with regions of recent massive-
star formation, and “planetary nebulae”, the ejected outer envelopes of AGB stars 
photoionized by the hot remnant stellar core.

- Density Bounded (Matter Bounded): Warm Ionized Medium / Diffuse Ionized 
Gas: Ionized Gas in the diffuse ISM, far away from OB associations.
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Figure 12. Schematic illustrations of two H ii regions. A pho-
toionized H ii region is presented with blue, and the outer H i re-
gion is shown with gray. Yellow stars are central ionizing sources.
(a) An ionization-bounded nebula whose radius is determined by
the ionization equilibrium. The cyan shows the Strömgren ra-
dius. (b) A density-bounded nebula whose radius is determined
by the distribution of gas cloud. The surrounding H i cloud is
small enough that the central sources can ionized it completely.
The nebula thus cannot form a complete Strömgren sphere.

burst99 (Leitherer et al. 1999). We use instantaneous burst
models at zero age with a Kroupa (2001) IMF and lower
and upper mass limits of 0.1 and 120M!, respectively. Stel-
lar metallicities are matched to the gas-phase ones. Under
these assumptions and conditions, we evaluate fesc with the
number of ionizing photons escaping from a thin cloud with
a low column density. We adopt a neutral hydrogen column
density, NHI, as the stopping criterion of our calculations
that ranges from NHI = 1015 to 1020 cm−2. The escape frac-
tion is defined as a ratio of transmitted ionizing photons
(λ < 912 Å) to input ionizing photons.

Figure 11 shows the cloudy calculation results on
the [O iii]/[O ii] vs. fesc plot. Figure 11 indicates that the
[O iii]/[O ii] ratio increases with fesc. This trend qualita-
tively explains the large [O iii]/[O ii] ratio of the LyC leakers
in Figure 2. This relationship between [O iii]/[O ii] ratio and
fesc is understood by one of the two classifications of star-
forming nebulae;

(1) Ionization-bounded nebula whose radius is deter-
mined by the ionization equilibrium between the ionizing
photon production rate and the recombination rate (Equa-
tion 3; Figure 12a). The radius of the ionized region is called
the Strömgren radius.

(2) Density-bounded nebula whose radius is determined
by the distribution of gas cloud (Figure 12b). The density-
bounded nebula does not expend all of ionizing photons, but
leak ionizing photons that are not used for the ionization of
the nebula.

The ionizing photon escape takes place in the density-
bounded nebula under the assumption of homogeneous gas
cloud. A density-bounded nebula with a less NHI emits more
ionizing photons, and has a higher fesc (Giammanco et al.
2005). On the other hand, in the ionization-bounded nebula,
lower ionization species of O+ (producing [O ii]) dominate
in the outer region of the nebula, while an O2+ zone (pro-
ducing [O iii]) exists near the ionizing source (e.g., Shields

sities of 7× 105 cm−3 for [O iii] and (3–16) × 103 cm−3 for [O ii]
(Osterbrock 1989). fesc is mainly governed by NHI.

1990; Oey & Kennicutt 1997; Pellegrini et al. 2012). Thus,
the O+ zone of density-bounded nebula is smaller than that
of an ionization-bounded nebula, but the size of O2+ zone is
similar in the density-bounded and ionization-bounded neb-
ulae. As a result, the [O iii]/[O ii] ratio is large in density-
bounded nebulae, and nebulae with a less NHI have a higher
[O iii]/[O ii] ratio. From the combination of NHI vs. fesc and
NHI vs. [O iii]/[O ii] relations, we understand the positive
correlation between [O iii]/[O ii] and fesc. We note that we
consider a very simple case, with the assumption that H ii-
regions are homogeneous density-bounded nebulae. In real-
ity, conditions of H ii-regions with ionizing photon escape
could be more complex, e.g., ionization-bounded nebulae
with highly ionized low density holes (e.g., Zackrisson et al.
2013; see also the end of this section). However, we present
in this paper the simple case to investigate the possibility
that the [O iii]/[O ii] ratio could be affected by the condition
of H ii-regions where ionizing photon escapes take place. It
is beyond the scope of this paper whether or not the as-
sumption of the density-bounded nebulae is reasonable. The
assumption remains to be tested by future observations.

In Figure 11, [O iii]/[O ii] ratios are determined not only
by fesc, but also by ionization parameter and metallicity. For
example, the [O iii]/[O ii] ratio increases by an order of mag-
nitude from log(qion) = 7.5 to 8.5. Similarly, the [O iii]/[O ii]
ratio increases by a factor of ∼ 2 − 4 from Z = 1.0 and
0.1Z!, although this dependence is small (Section 4.2). On
the other hand, the [O iii]/[O ii] ratio increases by a factor
of ∼ 2−3 from fesc = 0 to 0.5. The [O iii]/[O ii] ratio is thus
sensitive to fesc as well as ionization parameter and metal-
licity. These results would suggest that a galaxy with a high
[O iii]/[O ii] ratio can be a candidate of high fesc object, but
that not all of high [O iii]/[O ii] objects are LyC leakers.

In Figure 7, we have found that most of galaxies at
z = 0 − 3 follow the FIR within the uncertainties. How-
ever, some galaxies clearly depart from the FIR at a few
sigma level. The two z ∼ 0 LyC leakers have an [O iii]/[O ii]
ratio higher than the FIR by a factor of ∼ 2 − 3 at high
significance. The enhancement of [O iii]/[O ii] ratio may be
caused by an ionizing photon escape. If it is true, some GPs
and LAEs lying above the FIR would be good candidates of
ionizing photon emitting objects. In Figure 7, LAEs partic-
ularly have a very high [O iii]/[O ii] ratio, some of which are
departing from the FIR more significantly than LBGs over
the sizes of error bars. This physical characteristics would
be originated from a very large fesc given by a low NHI of
LAE. The low NHI of LAE is also supported by the gas-
dynamics study of Hashimoto et al. (2013) who claim that
LAEs typically have a NHI lower than LBGs from the anal-
ysis of velocity offsets between a Lyα line and low-ionization
interstellar absorption lines with respect to the systemic ve-
locity. This tendency is confirmed with a larger number of
LAEs by Shibuya et al. (2014a). In this companion paper,
Shibuya et al. (2014b) examine LAE structures, suggesting
that LAEs with a large Lyα EW tend to have a small elliptic-
ity. This is consistent with the theoretical results that Lyα
photons can more easily escape from face-on disks having
a small ellipticity, due to a low NHI (e.g., Verhamme et al.
2012; Yajima et al. 2012; Zheng & Wallace 2013). Moreover,
recent deep narrowband imaging surveys have indicated dif-
fuse Lyα emitting halos around high-z star-forming galax-
ies that are more prominent for LBGs (e.g., Steidel et al.

(a)An ionization-bounded nebula whose 
radius is determined by the ionization 
equilibrium. The LyC is entirely consumed 
to ionized the surrounding H I gas.

(b)In a density-bounded nebula, the amount 
of the surrounding H I gas is not enough to 
consume all LyC photons. Some of the LyC 
escapes from the cloud, which is called the 
LyC leakage.



Ionization of Helium
• Now, what about helium?

- Out of every 1000 atoms, there are on average 912 hydrogen atoms, 87 helium 
atoms and one heavy atom.
‣ Looking at the photoionization cross sections for H0, He0, He+1, we see that above the 24.6 

eV threshold for ionizing He0, the photoionization cross section for helium is larger than 
that for hydrogen.

‣ Thus, the photoionization cross section for He is ~ 10 times that of H, while the number 
density of He is ~ 0.1 times that of H.

‣ This implies that if we suddenly turn on a hot star, the initial photons in the range 
  will be about as likely to photoionize a helium atom as a 

hydrogen atom.
‣ In the range of  , on the other hand, nearly all the photons go to 

ionize H; scarcer atoms (metals like O and C) account for only a tiny fraction of the 
ionizations.

24.6 eV < h⌫ < 54.4 eV
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• Radiative Recombination of Helium

Here,             is the recombination rate to the ground state  .,
and            is the recombination rate coefficient to all states except the ground state. 

Note:                      and                      .
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• Effective recombination rate coefficient for Helium
- Note that the stellar LyC photons with   are capable of photoionizing not 

only neutral helium atoms but also neutral hydrogen atoms

- The recombinations directly to the ground state    of neutral helium produce photons 
with . The recombination continuum photons are capable of photoionizing 
not only neutral helium atoms but also neutral hydrogen atoms; the fraction of these 
that ionize hydrogen is 

In an optically thick gas, the effective radiative recombination rate coefficient for    
is then

At T = 10,000 K,

h⌫ > 24.6 eV
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- This is not all. Consider now the recombination to excited levels of He0, which are 
followed by a radiative cascade down. Most of photons produced by the cascades have 

. A fraction of these photons are capable of photoionizing hydrogen. Let  
be this fraction. However, note that this fraction is not relevant to the recombination 
of He, but contribute to the photoionization H.

h⌫ > 13.6 eV
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Figure 14.3 Radiative decay pathways for He0 (see text). Selected lines are labeled
by vacuum wavelength.

H0 or He0; the fraction y of these that ionize H is just

y≈
n(H0)σpi,H0(24.60 eV + kT )

n(H0)σpi,H0(24.60 eV + kT ) + n(He0)σpi,He0(24.60 eV + kT )

=

[
1 +

n(He0)

n(H0)

σpi,He0(24.60 eV + kT )

σpi,H0(24.60 eV + kT )

]−1

. (14.16)

For kT > 0, we have σpi,He0(24.6 eV + kT )/σpi,H0(24.6 eV + kT ) > 6.0. Thus
if n(He0) > 0.16n(H0), we will have y < 0.5.

The effective recombination rate for He+ → He0 is then

αeff(He) = αB(He) + yα1s2(He) , (14.17)

where αB is the recombination rate to all states except the ground state, and α1s2

is the recombination rate to the ground state 1s2 1S0.
Consider now the recombinations to excited states of He0. Approximately 25%

of these will be to states with total spin S = 0 – i.e., singlet states. Recombinations
to the singlet excited states of He0 (see Figure 14.3) are followed by a radiative

- See Section 14.3.2 and 15.5 of 
[Draine] for details.

- [Ryden] assumes that .z = 1
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⇡ 0.67 at high densities
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• How many recombinations occur for He: Suppose that we have a Strömgren 
sphere with the cosmic abundance ratio of helium to hydrogen                             . 
Now define:

- In the very central region, the hydrogen would be fully ionized, and the helium would 
be all singly ionized. Even the hottest O stars don’t produce a significant number of 
photons with ; hence, there will be no significant amount of doubly 
ionized He+2.

- This will result in

- The volumetric rate of the hydrogen recombination is

- The volumetric rate of He recombination is

hν > 54.5 eV
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- Comparing the two equations, we see that

- Thus, for every helium recombination, we expect about 9 hydrogen recombinations.
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• Remember the recombination paths, under the Case B condition:
-  : A stellar photon will ionize one H atom.
-  : For a fraction of    of the photoionization followed by the direct 

recombinations to the ground state, a stellar photon will ionize one H atom. For the 
remaining fraction  of these, a stellar photon will ionize one He atom.

-  : For the photoionization followed by the recombinations to excited states, 
a stellar photon will ionize one H atom for a fraction of    of the recombination events.

• Number of ionized atoms: The number of ionized helium and hydrogen,              
and           , within the ionized regions can be estimated by balancing 
recombinations and photoionizations:

13.6 eV < h⌫ < 24.6 eV
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- Condition for full ionization of the He in the H+ Strömgren sphere:

- Radius of the He+ zone:

- On the main sequence, a star with spectral class O7, corresponding to effective 
temperature Teff = 37,000 K, will have a critical ratio Q1/Q0 ~ 0.14.
‣ For cooler ionizing stars, the ionized helium sphere will have a radius that is 

smaller than the radius of the ionized hydrogen sphere.
‣ For stellar temperature Teff > 37,000 K, the ionized helium sphere has the same 

size as the ionized hydrogen sphere, because of the limit on the abundance. The 
photons with                      will be used up to ionize H.
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Figure 15.5 Q1/Q0 = ratio of rate of emission of hν > 24.6 eV photons to rate of
emission of hν > 13.6 eV photons, as a function of Teff , for luminosity classes V, III,
and I (see Table 15.1). Q1/Q0 >∼ 0.15 is required for He to be ionized throughout the
H II region, corresponding to Teff

>∼ 37000K.

N(He+)

N(H+)
≈ 0.68(Q1/Q0)

1− 0.17(Q1/Q0)
. (15.35)

Full ionization of the He is achieved when N(He+)/N(H+) = nHe/nH = 0.096,
which is attained for Q1/Q0 ≈ 0.15.

For N(He+)/N(H+) < nH/nHe, the radius of the He+ zone is smaller than the
H+ zone:

R(He+)

R(H+)
≈

[
(nH/nHe)(1− y)αB(H)(Q1/Q0)

αB(He) + yα1S(He)− (1− y)(1− z)(Q1/Q0)αB(He)

]1/3
.

(15.36)

Ions that require hν > 24.6 eV for their formation will be present only in the He+
zone. A list of these ions is given in Table 15.2.

Table 15.1 [Draine] Figure 15.5 [Draine]
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Table 15.1 Radiative Properties of Massive Starsa.

SpTp M/M! Teff(K) log10(Q0/ s
−1) b Q1/Q

c
0 log10(L/L!)

d

O3V 58.0 44850 49.64 0.251 5.84
O4V 46.9 42860 49.44 0.224 5.67
O5V 38.1 40860 49.22 0.209 5.49

O5.5V 34.4 39870 49.10 0.204 5.41
O6V 31.0 38870 48.99 0.186 5.32

O6.5V 38.0 37870 48.88 0.162 5.23
O7V 25.3 36870 48.75 0.135 5.14

O7.5V 22.9 35870 48.61 0.107 5.05
O8V 20.8 34880 48.44 0.072 4.96

O8.5V 18.8 33880 48.27 0.0347 4.86
O9V 17.1 32830 48.06 0.0145 4.77

O9.5V 15.6 31880 47.88 0.0083 4.68
O3III 56.0 44540 49.77 0.234 5.96
O4III 47.4 42420 49.64 0.204 5.85
O5III 40.4 40310 49.48 0.186 5.73

O5.5III 37.4 39250 49.40 0.170 5.67
O6III 34.5 38190 49.32 0.158 5.61

O6.5III 32.0 37130 49.23 0.141 5.54
O7III 29.6 36080 49.13 0.129 5.48

O7.5III 27.5 35020 49.01 0.105 5.42
O8III 25.5 33960 48.88 0.072 5.35

O8.5III 23.7 32900 48.75 0.0417 5.28
O9III 22.0 31850 48.65 0.0257 5.21

O9.5III 20.6 30790 48.42 0.0129 5.15
O3I 67.5 42230 49.78 0.204 5.99
O4I 58.5 40420 49.70 0.182 5.93
O5I 50.7 38610 49.62 0.158 5.87

O5.5I 47.3 37710 49.58 0.151 5.84
O6I 44.1 36800 49.52 0.141 5.81

O6.5I 41.2 35900 49.46 0.132 5.78
O7I 38.4 34990 49.41 0.115 5.75

O7.5I 36.0 34080 49.31 0.100 5.72
O8I 33.7 33180 49.25 0.079 5.68

O8.5I 31.5 32270 49.19 0.065 5.65
O9I 29.6 31370 49.11 0.0363 5.61

O9.5I 27.8 30460 49.00 0.0224 5.57
a After Martins et al. (2005).
b Q0 = rate of emission of hν > 13.6 eV photons.
c Q1 = rate of emission of hν > 24.6 eV photons.
d L = total electromagnetic luminosity.

28.0
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Q1/Q0 vs. stellar temperature

Q1/Q0 > 0.15 is required for He to be ionized 
throughout the H II region, corresponding to 
Teff > 37,000 K.
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If we suppose that the He+ zone is much smaller than the H+ zone, then through-
out most of the H+ zone the electrons come only from ionization of H, but in 
the He+ zone, the electrons come from ionization of both H and He. With this 
simplification, 

(2.28) 

2.5 Photoionization of He+ to He++ 33 

1.0 

0.8 

,:-..... 
Q) 
C: 
0 0.6 N 
+ Q) 
J: 
0 
rn :::, 
'i5 
f! 0.4 

E 
Q) a: 

0.2 

40,000 50,000 
Effective temperature of star r. (K) 

Figure 2.5 
Relative radius of He+ zone as a function of effective temperature of exciting star. 

A plot of r 2Jr1, calculated according to this equation for n (He)/ n (H) = 0.15 and 
T = 7,500 K, is shown in Figure 2.5, and it can be seen that, for T* ::'.. 40,000 K, the He+ 
and H+ zones are coincident, while at significantly lower temperatures, the He+ zone 
is much smaller. The details of the curve, including the precise effective temperature 
at which r2/ r1 = I, are not significant, because of the simplifications made, but the 
general trends it indicates are correct. For a smaller relative helium abundance, for 
instance n (He)/ n (H) = 0.10 instead of 0.15, r2/ r1 is larger by approximately 16% at 
corresponding values of T*' up to r2/r 1, = 1. 

2.5 Photoionization of He+ to He++ 

Although ordinary O stars of Population I do not radiate any appreciable number of 
photons with hv > 54.4 eV (hence galactic H II regions do not have a He++ zone), the 
situation is quite different for the central stars of planetary nebulae. Many of these stars 
are much hotter than even the hottest 03 stars, and do radiate high-energy photons 

Figure 2.5 [Osterbrock]Figure 2.4 [Osterbrock]

Relative radius of He+ zone as a 
function of effective temperature of 
exciting star.Ionization structure of two homogeneous H + He 

models for H II regions.
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• Metals: Ions that requires E > 24.6 eV for their formation will present only in the He+ zone.
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Table 15.2 Abundant Ions in H II Regionsa

H II and He I zoneb H II and He II zonec

Element Ion hν (eV)d Ion hν (eV)d

H H II 13.60 H II 13.60
He He I 0 He II 24.59
C C II 11.26 C III e 24.38

C IV 47.88
N N II 14.53 N III 29.60

N IV 47.45
O O II 13.62 O III 35.12
Ne Ne II 21.56 Ne III 40.96
Na (Na II)f 5.14 (Na II)f 5.14

Na III 47.29
Mg Mg II 7.65 (Mg III)f 15.04

(Mg III)f 15.04
Al Al III 18.83 (Al IV)f 28.45
Si Si III 16.35 Si IV 33.49

(Si V)f 45.14
S S II 10.36 S III 23.33

S III 23.33 S IV 34.83
Ar Ar II 15.76 Ar III 27.63

Ar IV 40.74
Ca Ca III 11.87 Ca IV 50.91
Fe Fe III 16.16 Fe IV 30.65
Ni Ni III 18.17 Ni IV 35.17

a Limited to elements X with NX/NH > 10−6.
b Ions that can be created by radiation with 13.60 < hν < 24.59 eV.
c Ions that can be created by radiation with 24.59 < hν < 54.42 eV.
d Photon energy required to create ion.
e Ionization potential is just below 24.59 eV.
f Closed shell, with no excited states below 13.6 eV.

15.6 Planetary Nebulae

Planetary nebulae are a special class of H II regions, where the ionized gas is a
dense stellar wind that is ionized when the central star evolves quickly from being
a cool red giant to an extremely hot “planetary nebula nucleus.”

There are two ways in which planetary nebulae can differ from classical H II
regions produced by O or B0 stars.

• First, the dense gas being ionized is limited to the outflowing wind. A typical
planetary nebula precursor can have a mass loss rate Ṁw ≈ 10−4M"/ yr for
∼ 2000 yr, with a wind velocity vw ≈ 15 km s−1. A spherically symmetric
steady outflow with these properties would have a r−2 density profile, but
in fact the density profiles in planetary nebulae are much more complicated,
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9.2.2 Nebular Structure with Heavy Elements 

As mentioned above, it is the hydrogen and helium which dominate the opac-
ity and consequently which control the local ionizing field in the nebula. Since 
the ionization state of the heavy elements is determined by the local ionizing 
radiation field, then this must also be closely correlated to the local ionization 
state of hydrogen and helium. As a consequence, we can expect that those 
elements which have ionization potentials above 4 Rydberg are located in the 
He III zone, those with ionization potentials between 1.8 and 4 Rydberg are 
to be found in the He II zone, those with ionization potentials between 1 and 
1.8 Rydberg occur in the H II/He I zone, and finally, neutral species and ions 
with ionization potentials below 1.0 Rydbergs are co-extensive with atomic 
hydrogen. This predicts that the dominant ionization zones of the nebula for 
the most abundant elements and important coolants are as follows: 

HI, HeI 
HII, HeI 
HIl, Hell 
H II, He m 

C II, N I, 0 I, Ne I, S II, 

CIl, (Cm), Nu, Ou, Nell, SIl, (Sm), 
Cm, (CIV), NIII, o III, Nem, Sm, (SIV, Sv), 
CIV, NIV, OIV, NeIll, Sv, and higher, 

where non dominant ionization stages are indicated in parentheses. 
Within each of these zones, but especially in the first three, the ionization 

structure is appreciably modified by the charge-exchange reactions: 

A (Hl)+ + HO AH + H+ + I1E, 

and 
A (i+l)+ + Heo N+ + He+ + I1E. 

These, for instance, lock the ionization ratio 0 Il/O I so that it varies very 
much as the H II/H I ratio, and serve to lower the 0 Ill/O U ratio in the 
intermediate ionization zones. 

The distinction between the atomic, A-band ionized and B-band ionized 
regions can be clearly seen in Fig. 9.4 which is a full MAPPINGS III pho-
toionization model for an isochoric (constant density) region excited by a star 
with an effective temperature of 3.5 x 104 K. 

9.2.3 Nebular Equilibrium Temperature 

In an H II region, the local heat input is determined by the local rate of 
photoionizations of hydrogen and helium and the mean energy of the liberated 
photoelectrons, which is a function of the intensity and shape of the local 
ionizing radiation field: E(U, Teff, T). At low densities, the local energy loss rate 
is given by the cooling function appropriate to the local electron temperature, 
ionization state and the heavy element abundance set; A(Te, Z). If, locally, 
we also have photoionization equilibrium, then the photoionization rate is 

[Draine]

[Page 238, Dopita]
The dominant ionization zones of the nebula for the most 
abundant elements and important coolants are as follows:

[Figure 5.3, Dyson]
Ionization stratification in a nebula. (i) Low stellar temperature, 
(ii) High stellar temperature
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[Figure 9.4, Dopita, Astrophysics of the Diffuse Universe]

The temperature, density, and ionization structure of a 
model H II region illuminated by a star with an effective 
temperature of 53,000 K. Note how the ionization 
structure in the heavy elements follows that of hydrogen 
and helium.
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Figure 4. Top: brightness profiles of Hα, He i λ5867, [N ii] λ6583, and [S ii] λ6716 lines (in units of erg cm−2 s−1 sr−1) for various central ionization sources. Bottom:
brightness profiles of line ratios He i/Hα, [N ii]/Hα, and [S ii]/Hα. Elemental abundances for WNM and hydrogen density of nH = 10 cm−3 were assumed for the
photoionization models. The curves from the outermost to innermost correspond to O3V to B1V stars progressively. Solid and dashed lines were alternatively used
for clarification.

spectral type of the central ionizing source. Hydrogen num-
ber density was varied as 0.1, 1, 10, and 100 cm−3. Figure 4
shows brightness profiles of line intensities (Hα, He i, [N ii],
and [S ii]) and intensity ratios (He i/Hα, [N ii]/Hα, and
[S ii]/Hα), projected onto the sky, for various spectral types
of ionizing source. In the figure, the hydrogen density and el-
emental abundances were assumed to be 10 cm−3 and WNM,
respectively. The curves from the outermost to innermost cor-
respond to later-type stars progressively. The outermost curve,
corresponding to the largest H ii region, is obtained from an
O3V star, and the innermost curve corresponds to a B1V star.

Emissivities of the low ionization lines [S ii] and [N ii]
increase suddenly near the ionization boundary of the H ii
region, for most of ionizing stellar types except B1V, and
then drop, whereas the Hα and He i recombination lines (RLs)
decrease continuously. In other words, both [N ii] and [S ii]
arise primarily in the transition region between the ionized
and partially ionized zones of the H ii region (e.g., Evans
& Dopita 1985). Therefore, the line ratios of [S ii]/Hα and
[N ii]/Hα increase rapidly at the ionization boundary. Such a
rapid increase in the line ratios at the ionization boundary is
shown in the Orion Nebula (Pogge et al. 1992; Sánchez et al.
2007; Mesa-Delgado et al. 2011). The giant H ii region NGC 595
in M33 also shows an increase in the line ratios at the ionization
boundary (Relaño et al. 2010).

The line ratio [N ii]/Hα shows a less rapid increase at the
boundaries than [S ii]/Hα. S+ is much more confined to the
outer regions of the Strömgren sphere than is N+ (Mathis 2000).
The reason is that the change in the predominant ionization
state between the central and outer H ii regions is smaller for
N because of its higher ionization potential for N+ → N2+: the
ionization potentials for N+ → N2+ and S+ → S2+ are 29.6 eV
and 23.3 eV, respectively, and therefore S exists in the doubly
ionized state out to larger radius than N.

For the hottest (O3V and O4V) stars, which emit a sufficient
number of photons at higher energies than the He0 ionization
potential (24.6 eV), photons with E < 24.6 eV run out slightly
faster than those with E > 24.6 eV at the ionization boundary.
This resulted in a less rapid decline of the He i line intensity than
Hα and a weak spike in the line ratio He i/Hα at the ionization
boundary, as shown in Figure 4. However, for later stars, He
becomes neutral at the inner zone relative to H, and thereby the
He i/Hα line declines rapidly at a much smaller radius than the
Strömgren radius.

As already noted, the surface brightness of the dust-scattered
halo depends on the total luminosity of the source only, for
a fixed dust configuration. Therefore, the intensity ratio of a
pair of emission lines in the dust-scattered halo is expected
to be determined by the ratio of total luminosities of the
lines, rather than by the ratio of surface brightnesses at the
main part of the H ii region, if their wavelengths are close
enough to each other. If their wavelengths are different to
the extent that dust-extinction cross-sections and albedos are
significantly different, their ratio in the dust-scattered halo
would also differ from the luminosity ratio. In the brightness
profiles, the highest [N ii] and [S ii] intensities occur in relatively
small regions at the ionization boundary. However, the transition
zones can contribute significantly to total luminosities because
the luminosities are defined by integrals 4π

∫
εr2dr and the

highest emissivities of [N ii] and [S ii] are found at the largest
radii. Therefore, the line ratios of [S ii]/Hα and [N ii]/Hα at
the dust-scattered halo should be larger than the values at the
central part of the H ii region, but lower than the values at the
boundary as a result of dust scattering.

Figure 5 shows the dust-scattered halo profiles of emission
lines originating from H ii regions surrounding O4V and O9V
stars, in the homogeneous dusty medium with hydrogen density
of 10 cm−3 and the WNM abundances. The top panels of the
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becomes neutral at the inner zone relative to H, and thereby the
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a fixed dust configuration. Therefore, the intensity ratio of a
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to be determined by the ratio of total luminosities of the
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main part of the H ii region, if their wavelengths are close
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Recombination lines
• Recombination Radiation = Recombination Lines + Recombination Continuum
• Diagnostics using the recombination lines

- Temperature: The hydrogen recombination spectrum depends on temperature T, 
and therefore measured line ratios can be used to estimate T.

- Reddening: Measurements of the relative intensities of recombination lines with 
different wavelengths can be used to estimate the reddening by dust between us and 
the emitting region.

• Case A Recombination Spectrum
- In the optically thin limit, the power radiated per volume in the transition    is n` ! n0`0

<latexit sha1_base64="4jAoALKJyDXlAbFgBAacz4QphhA="></latexit>
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Note a typo in Eq (14.7) of Draine

is the Case A probability that an atom in level  will follow a decay path 
that takes it through level . It can be readily calculated from the known 
transition probabilities   using straightforward branching 
probability arguments.
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• Case B Recombination Spectrum
- The resonant absorption cross-sections for Lyɑ, Lyβ,… are much larger than 

photoionization cross sections.

- Any nebula that is optically thick to Lyman continuum (E > 13.6 eV) will be very 
optical thick to all of the Lyman series ( ) transitions.

- (Note that the cross sections for resonant absorption in the   transitions 
becomes equal to the photoionization cross section as  .)

n → 1

1 → n
n → ∞
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Table 14.4 Rate Coefficientsa q for 2s → 2p transitions in H due to electron and
proton collisions at T = 104 K.

qp,2s→22P o
1/2

2.51× 10−4 cm3 s−1

qp,2s→22P o
3/2

2.23× 10−4 cm3 s−1

qe,2s→22P o
1/2

0.22× 10−4 cm3 s−1

qe,2s→22P o
3/2

0.35× 10−4 cm3 s−1

qp,2s→2p + qe,2s→2p 5.31× 10−4 cm3 s−1

a From Osterbrock (1974); Osterbrock & Ferland (2006).

jν =
nenpαeff2s

(1 + ne/ne,crit)

hν

4π
P (2s)
ν for 0 < ν < ν(Lyα) . (14.12)

Therefore, in bright H II regions (e.g., the Orion Nebula), the two-photon contin-
uum is suppressed by collisional processes: the fraction of radiative recombinations
that produce two-photon emission is a decreasing function of density ne. Thus,
measurement of the ratio of two-photon continuum to Hα, Hβ, or other recombi-
nation line from levels n ≥ 3 allows one to determine the electron density in an
ionized nebula.

An atom entering the 2p level (whether 2P o
1/2 or 2P o

3/2) has a radiative lifetime
of only 1/A2p→1s = 1.59 ns. At interstellar densities, the probability of collisional
depopulation of the 2p state is negligible.

The Lyman α optical depth at line center can be written

τ0(Lyα) = 8.02× 104
(
15 km s−1

b

)
τ(Ly cont) , (14.13)

where τ(Ly cont) = 6.30× 10−18 cm2N(H) is the optical depth due to photoion-
ization just above the H ionization edge. Case B conditions presume that the Lyman
continuum optical depth τ(Ly cont) > 1, so it is apparent that the Lyman α op-
tical depth is very large, τ(Lyα) >∼ 105. The Lyman α photons will therefore be
scattered (i.e., reabsorbed and reemitted in a different direction) many times. The
scattering is coherent: the frequency is essentially unchanged in the center-of-mass
frame of the incident photon and the H atom doing the scattering. However, be-
cause the H atoms have velocities ∼ 10 km s−1, each scattered photon undergoes a
random walk in frequency, which tends to take the photon away from line center
and into the wings of the profile, where the optical depth is smaller. The combined
effects of spatial diffusion and diffusion in frequency space will eventually allow
the photon to escape the nebula, if it is not first absorbed by some absorber other
than H — for example, dust — and if collisional deexcitation does not occur dur-
ing the ∼ 1.59 ns intervals between absorption and reemission. This is discussed
further in §15.7.
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where τ(Ly cont) = 6.30× 10−18 cm2N(H) is the optical depth due to photoion-
ization just above the H ionization edge. Case B conditions presume that the Lyman
continuum optical depth τ(Ly cont) > 1, so it is apparent that the Lyman α op-
tical depth is very large, τ(Lyα) >∼ 105. The Lyman α photons will therefore be
scattered (i.e., reabsorbed and reemitted in a different direction) many times. The
scattering is coherent: the frequency is essentially unchanged in the center-of-mass
frame of the incident photon and the H atom doing the scattering. However, be-
cause the H atoms have velocities ∼ 10 km s−1, each scattered photon undergoes a
random walk in frequency, which tends to take the photon away from line center
and into the wings of the profile, where the optical depth is smaller. The combined
effects of spatial diffusion and diffusion in frequency space will eventually allow
the photon to escape the nebula, if it is not first absorbed by some absorber other
than H — for example, dust — and if collisional deexcitation does not occur dur-
ing the ∼ 1.59 ns intervals between absorption and reemission. This is discussed
further in §15.7.

⌧reson.(1 ! n) � ⌧reson.(1 ! 1) = ⌧photo.
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- On-the-spot approximation:
‣ Therefore, under Case B condition, Lyman series photons will (immediately) be 

resonantly absorbed by other hydrogen atoms in the ground state. They will travel 
only a short distance before being reabsorbed.

‣ It is helpful to think about the radiative decay and resonant reabsorption as through the 
photon were reabsorbed by the same atom as emitted.

‣ Consider a hydrogen atom in level                                             . Then, Lyβ, Lyɣ,… will 
immediately be resonantly absorbed, returning back to the initial state . After 
returning to the initial state, the atom will again decay one of its allowed decay paths (for 
instance,  and ). The atom may emit another Lyman series photon, 
which will be again be absorbed.

‣ This process will repeat until eventually “non-Lyman transitions” + a “Lyɑ transition” 
(or “non-Lyman transitions” + 2-photon transition) occur.
For instance,
Hɑ(3-2) + Lyɑ(2-1) for n = 3
Pɑ(4-3) + Hɑ(3-2) + Lyɑ(2-1) or Hβ(4-2) + Lyɑ(2-1)  for n = 4.
Two-photon continuum emission can also occur, if the repeated process eventually 
populates 2s state, instead of 2p.

‣ Under this condition, no Lyman series (except for Lyɑ) lines will be produced.

n � 3
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n � 3 (for instance, n = 3)
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- Balmer lines:
‣ Under Case B condition, the rate coefficients for recombinations that result in emission of 

Hɑ, Hβ can be approximated by

‣ Emissivities of Balmer lines:
Using the statistical balance for the level population, we can obtain the emissivity. (Note 
that, in the case of hydrogen and helium, the population caused collisional 
excitation is negligible.)

‣ Balmer Decrement : The ratio between Balmer lines can be used to estimate the dust 
reddening.
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See Table 14.2 of Draine for other lines.
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- Lyman ɑ
‣ Let             and            be the effective rate coefficients for populating the 2s and 2p states. 

By definition, it is clear that the case B radiative recombination process must eventually 
take the atom to either the 2s level or the 2p level. Thus,

‣ The fractions                                   and                                   are given in the following 
table.

‣ Then, the emissivity for Lyɑ is
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T(K) f(2s) f(2p)
4000 0.285 0.715
5000 0.305 0.695

10000 0.325 0.675
20000 0.356 0.644

Tables 14.2 and 14.3 of [Draine]

4⇡jLy↵ = nenp↵e↵,2ph⌫Ly↵

⇡ 2
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In a high density medium (                                ), the Lyɑ 
emissivity will be increased by the collisional transition from 
2s to 2p state (see 14.2.4 of [Draine]).
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A minor discrepancy between this and 
Cantalupo et al. (2008, ApJ, 672, 48):



• Radiative Recombination: Heavy Elements
- We do not concern ourselves with the possibility that photons emitted from 

recombination to the ground state could be reabsorbed locally by another atom.
- That is, we assume Case A condition when studying the recombination of heavy 

elements.

- Radiative recombination of elements such as O and Ne is accompanied by emission 
of characteristic lines - the recombining electrons are captured into excited states, 
which then emit a cascade of line radiation.

- For example, radiative recombination of O III sometimes populates an excited state, 
resulting in O II 4462.8Å and O II 4073.79Å emission (allowed lines).

- In H II regions and planetary nebulae, these recombination lines are faint compared to 
the recombination lines of H, simply because of the greatly reduced abundance of 
heavy elements, but can nevertheless be measured.

- The abundances obtained from recombination lines should, in principle, agree with 
the abundances derived from the much stronger collisionally excited lines. However, 
it is known that recombination lines give abundances that are larger than that 
estimated from collisionally excited lines. This is a puzzle that is yet to be resolved.
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Appendix: Ionization Fraction within an H II region
• Let’s consider a shell between radii  and .

- Number of ionizing photons within the volume = Number of Recombinations within in 
the volume

• At each point,
- The rate of Case B recombinations per volume must be balanced by the rate of 

photoionization per volume:

r
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where Q0 ⌘ Q(r = 0)

x ⌘ np/nH = ne/nH

y ⌘ r/Rs
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- This can be rewritten as

• Now, we can estimate the ionization degree    at each point   , by 
simultaneously solving the following equations:

x
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Heating and Cooling in H II Regions: Heating
• Temperature

- THII ~ 10,000 K. Observations indicate that the temperatures of H II regions are 
remarkably independent of the effective temperature of the central star.

- The temperature is not determined by the central star. It is the result of a balance 
between heating and cooling mechanisms in the ionized gas of the H II region.

- The main source of heating in an ionized nebula is photoionization.
• Photoionization Heating

- When hydrogen is photoionized from its ground state, the photoelectron that is 
emitted carries away a kinetic energy:

The mean energy of the ejected electrons, averaged over the all photoionization, is

- The average energy         of an ionizing photon must be weighted by the 
photoionization cross-section.
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- Although stars are not blackbodies, we will use the Planck function. Because the 
energy of ionizing photons is                     , we use the high-energy Wien tail with an 
effective temperature Teff.

The integral in the denominator is the first exponential integral             . Then, we 
obtain  
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- Volumetric heating rate: In photoionization equilibrium,

Hence, the volumetric heating rate is

Notice that the volumetric heating rate decreases with increasing gas temperature.

- Necessity of the cooling mechanisms
‣ An O3 main sequence star has an effective temperature Teff ~ 44,850 K (kTeff ~ 3.9 eV), 

and thus the photoelectrons will have a mean energy of 3.9 eV.
‣ However, the free electrons in a 10,000 K nebula have a mean energy (3/2) kTgas ~ 1.3 eV.
‣ Therefore, some cooling mechanism must be reducing the average kinetic energy of the 

photoelectrons.
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Heating and Cooling in H II Regions: Cooling
• Main cooling sources in H II regions:

- Recombination Continuum and Line Emission (free-bound)
- Thermal Bremsstrahlung (free-free)
- Collisionally Excited Line Emission

• Recombination Cooling:
- Recombination cooling occurs when electrons undergo radiative recombination with 

protons to form neutral hydrogen atoms. The volumetric cooling rate is then

where          is the mean kinetic energy of the recombining electrons. The mean 
kinetic energy is obtained by weighting by cross section and integrating over the 
Maxwell distribution

Note that . This is because the radiative recombination cross-section 
is a decreasing function of electron kinetic energy.
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We will perform the integration by approximating that the radiative recombination 
cross-section, at about T ~ 104 K, by a power-law:

Then, the mean energy per recombining electron (for Case B) is

The cooling rate from the recombination is

- Gas temperature:
If radiative recombination were the only cooling mechanism, then the gas 
temperature would be found by equating the photoionization heating with the 
recombination cooling.
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The resulting temperature would be ~46% higher than the effective temperature 
of the central star. For an O3 main sequence star with Teff = 44,900 K, the nebula 
temperature will be Tgas = 66,000 K
This is because radiative recombination selectively removes the lower-energy free 
electrons (because of the higher cross section at lower energy), and thus increases 
the mean kinetic energy of electrons that are left without being captured.

- Hence, we need an additional cooling mechanism.
• Free-free cooling:

- Bremsstrahlung cooling occurs when free electrons are accelerated by close 
encounters with protons or other ions, and thus emit radiation.

- The emissivity is

where       is the Quantum mechanical Gaunt factor.
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- The volumetric cooling rate for a pure hydrogen gas is

where       is the frequency-averaged Gaunt factor. For temperature near Tgas = 104 K, 
a Quantum-mechanical calculation yields
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- The ratio between the RR cooling and free-free cooling rates is

- Adding the free-free cooling, we can estimate the gas temperature, as follows:

Example: for an O3 main sequence star with Teff = 44,900 K, the nebula temperature 
will be Tgas = 30,000 K if both the radiative recombination and free-free coolings are 
taken into account. This temperature is still higher than that is actually observed in H II 
regions.

•  Collisional excited line cooling
- If a free electron collisionally excites an atom or ion from a lower energy level to an 

excited level, the energy difference between the levels is taken from the free electron’s 
kinetic energy. If the excited atom or ion then undergoes radiative de-excitation, and if 
the emitted photon escapes from the nebula, then there is a net cooling of the gas.
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- To cool from T ~ 30,000 K to ~ 10,000 K, the energy levels of the excited system must be 
separated by a difference                                                                 .
‣ If  is much lower than this value, then the photons emitted by radiative de-excitation will carry 

away only a small amount of energy.
‣ If  is much higher than this value, then only a small fraction of free electrons will have high 

enough energies to excite the ions or atoms.
‣ In H II regions, most of the hydrogen will be ionized. Even if some He or He+ is present, the 

energy of the first excited state is so far above the ground state that the rate for collisional 
excitation is negligible. Ly𝛼 ( ) emission from neutral hydrogen atoms is not 
effective at cooling H II regions. Similarly, the first excited state of neutral helium is far too 
energetic ( ) to be collisional excited.

- This is where the heavy atoms such as oxygen and nitrogen play a key role in 
cooling H II regions.
‣ In particular, O II, N II, and O III have forbidden transitions in the 1 - 3 eV range.
‣ If the collisional excitation is followed by a collisional de-excitation, the kinetic energy of 

the gas will be unchanged.
‣ Therefore, if a collisional excitation is to result in cooling, it must be followed by a 

radiative de-excitation. For radiative de-excitation to dominate over collisional de-
excitation, the number density of electrons must be lower than the critical density . 

‣ The critical density for these forbidden lines are indeed high compared to typical 
densities in an H II region.
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�E ⇡ 1� 3 eV
⇥
T ⇡ (1.2� 3.5)⇥ 104 K

⇤
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- Calculation of the cooling rate for the collisionally excitation lines (electron impact emission lines)
‣ If the collisionally excited levels are radiatively de-excited, the rate of energy loss by the gas is

where the sum is over species  and excited states .X
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[collisional excitation & de-excitation rate coefficients]

[population balance for two level atoms], ignoring the stimulated emission

[emissivity] 4⇡j⌫ = nuAu` (Eu � E`)
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Recall:

[principle of detailed balance]
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�
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k`u = h�`uvi =
�

T 1/2
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�
� = 8.62942⇥ 10�6
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We need (1)          and (2)          .
For three or more levels, the balance 
equation becomes more complicated.
See Appendix F of Draine, Table 4.1 of 
Lequeux, Table 9.3 & 9.4 in Draine
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Density and Metallicity Effects

- Metallicity Effect:
‣ The equilibrium temperature of a nebula also depends on its metallicity. If the metallicity is 

lowered, its temperature raises.
‣ An Orion-like nebula (around a star with Teff = 35,000 K) has a gas temperature of Tgas ~ 8050 

K.

‣ If the metallicity is lowered to , its temperature rises to 15,600 K.

‣ If the metallicity were zero, the gas temperature would be Tgas ~ 250,000 K.
‣ If the metallicity were 3 times that of the Orion Nebula, its temperature would be Tgas ~ 5400 K.

Z = Z⊙/10
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Main contributors to line cooling
in H II regions [Table 4.1 in Ryden]

- Density Effect: If the density is high, fewer 
of the possible cooling lines are above the 
critical density.
‣ Thus, cooling becomes less effective at 

higher densities, and the equilibrium 
temperature of the nebula goes up.

‣ For instance, the temperature of an Orion-
like nebula increases from Tgas = 6600 K at 
nH = 100 cm-3 to T = 9050 K at nH = 106 cm-3.

4.3 Heating & Cooling in H II Regions 97 

Table 4.1: Main contributors to line cooling in H n regions 

Aue ncrit 

Name A [A] [10- 3 s- 1 ] [104 cm- 3 ] 

Q II 4 S - 2D 3726 0.16 1.5 
3729 0.036 0.34 

NII 3P - 1D 6548 0.98 6.6 
6583 3.0 6.6 

0 III 3P - 1 D 4959 6.8 68 
5007 20. 68 

Among the lines that cool H n regions are our old friends, the nebulium lines 
that actually are produced by forbidden transitions in O 111. All the lines in 
Table 4.1 are forbidden lines, with Aue~ l kilosecond- 1 . 

If a collisional excitation is to result in cooling, it must be followed by a 
radiative de-excitation. If it's followed by a collisional de-excitation, then the 
kinetic energy that is taken from the exciting electron is merely transferred 
to the de-exciting electron; this is a zero-sum Robin Hood event that doesn't 
decrease the total thermal energy of the electron gas. For radiative de-excitation 
to dominate over collisional de-excitation, the number density of free electrons 
must be lower than the critical density ncriu as defined in section 3.3. The 
critical density at an electron temperature T 10,000K is given in Table 4.1 
for the cooling lines of greatest interest in H II regions. The critical densities 
range from ncrit ~ 3400cm- 3 for the [O II] 3729A line to ~680,000 cm- 3 for the 
[O 111] lines. These densities are high compared to typical densities in an H II 
region, but not compared to the density in a planetary nebula, where densities 
can reach ne ~ 10,000cm- 3 or more. Thus, if we crank up the electron density 
in a planetary nebula to high values, fewer and fewer of the possible cooling 
lines are above the critical density. Thus, cooling becomes less effective at 
higher densities, and the equilibrium temperature of the nebula goes up. For 
instance, the temperature of an Orion-like nebula increases from T = 6600 K at 
nH = l00cm- 3 to T = 9050K at nH = 105 cm- 3 . 

The equilibrium temperature of a nebula also depends on its metallicity, 
the fraction of its mass made of elements other than hydrogen and helium. 

[     ]

[     ]

[      ]



Heating and Cooling Function
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Fig. 9.5. The cooling function for a fixed ionization state produced by an O-star 
with Teff = 40,000 K and with q = 108 cm S-l is shown here as a function of electron 
temperature. The heating rate is related to the recombination rate, as described in 
the text. The equilibrium temperature is defined by the point at which these cross. 
Quite wide variations in the heating rate would produce only small changes in Te , 

which remains in the vicinity of 104 K. 

very low abundance levels. Eventually however, when the abundance is lower 
than about a tenth to a thirtieth of solar, even these fade away. 

For metal-rich OB-stars and nebulae with metallicities in excess of about 
twice solar, the equilibrium electron temperature decreases rapidly with in-
creasing cooling rate in the temperature lies in the range 3.8 > log Te > 2.8, 
approximately. Since metal-rich H II regions are too cool to excite the optical 
forbidden lines to any great extent, the optical spectrum is dominated by 
hydrogen and helium recombination lines. 

Since the forbidden lines reach a peak relative intensity at a particular 
abundance, any particular forbidden to Balmer line ratio is obtained for two 
values of the abundance. To identify which branch represents the correct 
solution, a measure of the electron temperature is required. This will be high 
for low chemical abundance and low for high abundances. 

Finally, note that the photoionization equilibrium represented in Fig. 9.5 
is thermally stable, even where it is quite sensitive to changes in the heating 
rate. Instabilities will occur only where there is an unstable time-dependent 

[Figure 9.5, Dopita]

The cooling function for a fixed ionization state produced by an O star 
with Teff = 40,000 K as a function of electron temperature.
The heating rate is related to the recombination rate. The equilibrium 
temperature is defined by the point at which these cross.

At different electron temperatures, 
different collisionally excited 
emission lines dominate the cooling 
rate.

A T ~ 1000 K (kT ~ 0.1 eV), the 
colling is dominated by infrared fine-
structure lines, such as [S II] 18.7 
m line and, at lower temperatures, 
the [O I] 63 m and [C II] 158 m 
lines, which cool the CNM.

At T ~ 25,000 K, the cooling is 
dominated by ultraviolet lines such 
are Ly .

At intermediate temperatures, T ~ 
8000 K, optical forbidden lines from 
O II, N II, and O III dominate the 
cooling rate.

μ

μ μ

α
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Figure 27.1 (a) Photoelectric heating function Γpe and radiative cooling function Λ as
functions of gas temperature T in an H II region with Orion-like abundances and den-
sity nH = 4000 cm−3. Heating and cooling balance at T ≈ 8050K. (b) Contributions
of individual lines to Λce.

27.3.3 Collisionally Excited Line Radiation

In an H II region, most of the hydrogen will be ionized. Even if some He or He+

is present, the energy of the first excited state is so far above the ground state that
the rate for collisional excitation is negligible. However, if heavy elements such as
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Figure 27.1 (a) Photoelectric heating function Γpe and radiative cooling function Λ as
functions of gas temperature T in an H II region with Orion-like abundances and den-
sity nH = 4000 cm−3. Heating and cooling balance at T ≈ 8050K. (b) Contributions
of individual lines to Λce.

27.3.3 Collisionally Excited Line Radiation

In an H II region, most of the hydrogen will be ionized. Even if some He or He+

is present, the energy of the first excited state is so far above the ground state that
the rate for collisional excitation is negligible. However, if heavy elements such as

Heating and Cooling function as a function of 
gas temperature in an H II region with Orion-
like abundances and density                           . 

Heating and cooling balance at Tgas ~ 8050 K.

nH = 4000 cm�3
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Contributions of individual collisionally-excited 
lines to the cooling function.

[Figure 27.1 in Draine]
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Figure 27.2 (a) Photoelectric heating function Γpe and radiative cooling function Λ as
functions of temperature T in an H II region with abundances that are (a) only 10%, or
(b) enhanced by a factor of 3 relative to the Orion Nebula. A density nH = 4000 cm−3

is assumed. Thermal equilibrium occurs for T ≈ 15600K and ∼ 5400K for the two
cases.

heavy-element abundances by a factor of 3, as might be appropriate in the cen-
tral regions of a mature spiral galaxy, the H II region temperature drops to just
∼ 5400K.
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Figure 27.2 (a) Photoelectric heating function Γpe and radiative cooling function Λ as
functions of temperature T in an H II region with abundances that are (a) only 10%, or
(b) enhanced by a factor of 3 relative to the Orion Nebula. A density nH = 4000 cm−3

is assumed. Thermal equilibrium occurs for T ≈ 15600K and ∼ 5400K for the two
cases.

heavy-element abundances by a factor of 3, as might be appropriate in the cen-
tral regions of a mature spiral galaxy, the H II region temperature drops to just
∼ 5400K.

Heating and Cooling function for different metal abundances

(a) For an abundance of 10% of that of the Orion Nebula
(b) For 3 times higher abundance

Figure 27.2 in Draine
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324 CHAPTER 27

Figure 27.3 Cooling function Λ(T ) for different densities nH. The gas is assumed
to have Orion-like abundances and ionization conditions. As the gas density is var-
ied from 102 cm−3 to 105 cm−3, the equilibrium temperature varies from 6600 K to
9050 K, because of collisional deexcitation of excited states.

For a given ionizing star and gaseous abundances, the H II region temperature
will also be sensitive to the gas density. When the density exceeds the critical
density of some of the cooling levels, the cooling will be suppressed, and the
equilibrium temperature will rise. Figure 27.3 shows how, at fixed Orion Nebula-
like abundances and ionization balance, the cooling function Λ(T )/nHne responds
to changes in the density. As the density is increased from nH = 102 cm−3

to nH = 105 cm−3, the thermal equilibrium temperature shifts from 6600 K to
9050 K.

27.5 Emission Spectrum of an H II Region

When the gas is near thermal equilibrium, the principal cooling lines are shown in
Fig. 27.1(b), and listed in Table 27.2.

The optical spectrum of an H II region is dominated by the major hydrogen re-
combination lines (Hα 6565 Å, Hβ 4863 Å, H γ 4342 Å), and collisionally excited

Cooling function for different densities.

The gas is assumed to have Orion-like abundances and ionization conditions.
As the gas density is varied from 102 to 105 cm-3, the equilibrium temperature varies from 6600 K to 
9050 K, because of the contribution of collisional de-excitation.

Figure 27.3 in Draine



Additional Cooling Mechanisms
• Thermal Emission of Dust

- H II regions contain dust which scatters the light of the 
exciting stars. Dust grains also absorbs some of the 
photons emitted by the stars and some of the Lyman 𝛼 
emission that fills the H II region. They re-emit the absorbed 
energy in the mid- and far-infrared, producing thermal 
continuum.

• Two-Photon (Continuum) Emission
- The emission of radiation from an atomic level can arise 

through the intermediate of a virtual state. In this case, two 
photons are emitted, the sum of their energies being equal 
to the energy of the transition.

- The probability of this 2-photon emission is small, but it can 
become the main channel for the de-excitation of a 
metastable level if collisions are negligible.

- This is the case for neutral hydrogen and helium.

39

May 17, 2005 14:40 WSPC/SPI-B267: Astronomical Spectroscopy ch03

Atomic Hydrogen 49

Table 3.6. Lifetimes, τ , for decay by spontaneous emission for
low-lying excited states of the hydrogen atom.

Level 2s 2p 3s 3p 3d
τ/s 0.14 1.6× 10−9 1.6 × 10−7 5.4× 10−9 2.3× 10−7

1s

2s

Fig. 3.23. Decay of the metastable 2s state of hydrogen giving two continuum
photons.

∼ 0.14 s, i.e. it lives 108 times longer than the 2p state. This is because the
transition 2s → 1s is strongly forbidden. The 2s state is metastable which
means that on the atomic scale, it is long-lived.

So how does the 2s state decay? By the process of two-photon emis-
sion, which is an inefficient process and in this case has an Einstein A
coefficient of 7 s−1 which can be compared to A(2p → 1s) = 6.3× 108 s−1.
The combined energy of the photons emitted must correspond to the
energy difference E(2s) − E(1s) but the photons themselves can take any
energy within this constraint (see Fig. 3.23). The photons thus appear as
continuous emission radiation. Indeed the two-photon decay of the H 2s
state is responsible for approximately one half the continuum emission
observed from H II regions.

Problems
3.1 Give an expression for the energy levels of the hydrogen atom in terms

of the Rydberg constant RH. Assuming a value RH = 109677.58 cm−1,
derive a wavenumber for the Lyα transition of atomic hydrogen
in cm−1. Explain why the Rydberg constant, R∞ = 109737.31cm−1,
is more appropriate than RH for a heavy one-electron atom. Hence
obtain an estimate for the wavenumber of the Lyα transition of

⌫1
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Nebular, Auroral Lines
• Definitions:

- Auroral: the transitions between two higher terms of configurations p2, p3, and p4 are named 
auroral.

- Nebular: the transitions between the middle and the lowest terms give nebular lines.
- Transauroral: the transitions between the highest and the lowest terms give the transauroral lines.
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The term structure for the 
ground configurations with p, p2 
p3, p4, and p5 outermost shells.
(not to scale)

OIII OII OI
p2
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Temperature, Density & Abundance Diagnostics
• In the figure, the continuum is a mixture of free-bound continuum (from radiative 

recombination), free-free emission (thermal bremsstrahlung), and two-photon 
emission.

• If we know enough about the temperature dependence of these continuum 
radiation, we can estimate the nebula temperature. However, the collisionally 
excited emission lines are much stronger than the continuum spectrum.
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Spectrum of a disk HII region in the 
Whirlpool galaxy (M51).

(top) bright lines
(bottom) scaled to show faint lines.

Figure 4.5 [Ryden]
Data from Croxall et al. (2015)
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4.4 Temperature and Density Diagnostics

How do we measure the temperature and density of an H ii region or a planetary
nebula? Since we can’t do sample-return missions, or deploy a kiloparsec-long
thermometer, we must rely on determining the physical characteristics of a nebula
from its spectrum.

Estimating the temperature of an astronomical object from its spectrum
is a recurring theme in astronomy. For opaque objects such as stars, with
(approximate) blackbody spectra, the temperature can be estimated from the
continuum spectrum. However, ionized nebulae are far from being blackbodies.
A spectrum of a typical H ii region at visible and near-infrared wavelengths is
shown in Figure 4.5. The continuum radiation is a mix of free–bound emission
(from radiative recombination), free–free emission (or bremsstrahlung), and two-
photon emission. To understand “two-photon” continuum emission, consider
the lowest energy levels of the hydrogen atom. The ground state of hydrogen
has principal quantum number n = 1 and orbital quantum number ! = 0; in
spectroscopic notation, the ground state of hydrogen is 1 2S. If the principal
quantum number is n = 2, there are two permissible values for the orbital angular
momentum: ! = 0 and ! = 1. If n = 2 and ! = 1 (written 2 2Po in spectroscopic
notation), then the downward transition 2 2Po → 1 2S is a permitted transition,
with Au! = 6.26×108 s−1 and hνu! = 10.2 eV; this is the transition that produces
Lyman α photons. By contrast, if n = 2 and ! = 0 (written 2 2S in spectroscopic
notation), then the downward transition 2 2S → 1 2S is a forbidden transition,
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Temperature Determination
• The key to using emission lines to estimate temperature is finding two excited 

states of the same ion whose energy differs by ~ kT. For nebulae with T ~ 104 
K, this implies energy differences of order of 1 eV or so.
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• Atoms and ions with six (or 14) 
electrons have 2p2 (or 3p2) as 
their lowest configuration, and 
have 3 terms, as shown in the 
figure. Because the energy 
difference between the terms 
are very different. The relative 
strengths of the emission lines 
will be very sensitive to 
temperature.

• The measured intensity ratio 
can be used to determine the 
nebula temperature.

Figure 4.6 [Ryden]
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with Au! = 8.22 s−1. This forbidden transition can occur only through the emis-
sion of two photons, with total energy hν′+hν′′ = 10.2 eV. Although the spectral
distribution of photons produced by this two-photon process peaks at 5.1 eV, it’s
a fairly broad peak, and photons are produced over the whole range 0 → 10.2 eV.
If you know enough about the temperature dependence of free–free, free–bound,
and two-photon emission, you can use the continuum emission from an ionized
nebula to estimate its temperature. However, since the emission lines of a nebula
rise above the continuum like skyscrapers above gently rolling plains, it is usually
easier to use the emission lines as a diagnostic of the nebula’s temperature.

The key to using emission lines to estimate temperature is finding two excited
states of the same ion whose energy differs by ∼ kT , where T is the temperature of
the gas. For nebulae with T ∼ 104 K, this implies energy differences #E ∼ 1 eV.
In practice, the lowest excited states of doubly ionized oxygen (O iii), singly
ionized nitrogen (N ii), and doubly ionized sulfur (S iii) are useful tools for
estimating the temperatures of H ii regions and planetary nebulae. The ions O iii,
N ii, and S iii have similar electronic structure; they are all four electrons short of
a filled outer shell. Thus, their lowest energy levels have a similar form, as shown
in Figure 4.6.

In each of these three ions, the ground state is compactly symbolized by the
term symbol 3PJ , with three fine-structure sub-levels corresponding to angular
momentum quantum number J = 0, 1, and 2. The first excited state of the ion is
symbolized as 1D; from this excited state, a leap to the J = 1 or J = 2 sub-level
of the ground state is a forbidden magnetic dipole transition, while the leap to the
J = 0 sub-level is a more strongly forbidden electric quadrupole transition.

Figure 4.6 Energy levels of the ions O iii, N ii, and S iii; the energy separations among
levels 0, 1, and 2 (typically #E ∼ 0.03 eV) are exaggerated for clarity.

1s2 2s2 2p6 3s2 3p21s2 2s2 2p2



• Candidate 2p2 ions are C I, N II, O III, Fe IV, Ne V, and so on.
- C I is easily photoionized, and will have very low abundance in an H II region.
- Fe IV, Ne Vl,… have  an ionization potential exceeding 54.8 eV, and we do not expect such high ionization 

states to be abundant in H II regions.
- This leaves N II and O III as the only 2p2 ions that will be available in H II regions.

• The lowest excited states of singly ionized nitrogen (N II) and doubly ionized oxygen (O III) are useful 
tools for estimating the temperatures of H II regions and planetary nebulae.

• N II and O III have six bound electrons, and thus their fine structure energy levels in their lowest 
configuration are very similar in structure.
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Fig. 3.4. The temperature dependence of the emissivity (left) and the ratio (right) 
of the two [ 0 III] lines, .A 5007 A and .A 4363 A . 

Table 3.1. Some important temperature-sensitive nebular lines (A) 

p2 Ions [NIl] [0 III] [Nev] [S III] 
ISO ID2 5755 4363 2974 6312 
ID2 3P2 6583 5007 3426 9532 
ID2 3Pl 6548 4959 3346 9069 

p4 Ions [Or] [NeIll] [Ar III] 
ISO ID2 5577 3343 5192 
ID2 3D2 6300 3869 7136 
ID2 3Pl 6363 3968 7751 

3.2.2 Ions in Which E 23 « E12 

For three-level ion configurations like that shown in Fig. 3.5, and in the low-
density limit, we can neglect collisionally induced transitions between the 
higher levels. Hence, N 1C12 = N 2A 21 , and N 1C13 = N 3 A 31 . Therefore, in 
the low-density case the line flux ratio is given by 

F31 = E31 A 31 N 3 = E 31 C13 rv [231 exp ( - E 23 ) rv [231. 

F21 E21A21N2 E21 C12 [221 kT [221 
(3.20) 

3P2
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Temperature-sensitive nebular lines (Å).

Appendix D

Ionization Potentials (eV)
Element I→II II→III III→IV IV→V V→VI VI→VII VII→VIII
1 H 13.5984
2 He 24.5874 54.416
3 Li 5.3917 75.640 122.454
4 Be 9.3227 18.211 153.894 217.719
5 B 8.2980 25.155 37.931 259.375 340.226
6 C 11.2603 24.383 47.888 64.494 392.089 489.993
7 N 14.5341 29.601 47.449 77.474 97.890 552.072 667.046
8 O 13.6181 35.121 54.936 77.414 113.899 138.120 739.293
9 F 17.4228 34.971 62.708 87.140 114.243 147.163 185.189

10 Ne 21.5645 40.963 63.423 97.117 126.247 154.214 207.271
11 Na 5.1391 47.286 71.620 98.91 138.40 172.183 208.50
12 Mg 7.6462 15.035 80.144 109.265 141.270 186.76 225.02
13 Al 5.9858 18.829 28.448 119.992 153.825 190.477 241.76
14 Si 8.1517 16.346 33.493 45.142 166.767 205.267 246.481
15 P 10.4867 19.769 30.203 51.444 65.025 220.422 263.57
16 S 10.3600 23.338 34.790 47.222 72.594 88.053 280.948
17 Cl 12.9676 23.814 39.911 53.465 67.819 97.030 114.201
18 Ar 15.7596 27.630 40.735 59.686 75.134 91.00 124.328
19 K 4.3407 31.628 45.806 60.913 82.66 99.4 117.6
20 Ca 6.1132 11.872 50.913 67.27 84.51 108.8 127.2
21 Sc 6.5615 12.800 24.757 73.489 91.69 110.7 138.0
22 Ti 6.8281 13.576 24.492 43.267 123.7 119.533 140.846
23 V 6.7462 14.655 29.311 46.709 65.282 128.125 150.641
24 Cr 6.7665 16.486 30.959 49.160 69.456 90.635 160.175
25 Mn 7.4340 15.640 33.668 51.2 72.4 95.60 119.203
26 Fe 7.9024 16.188 30.651 54.801 75.010 99.063 124.976
27 Co 7.8810 17.084 33.50 51.27 79.5 102. 129.
28 Ni 7.6398 18.169 35.187 54.925 76.06 107.87 133.
29 Cu 7.7264 20.292 36.841 57.380 79.846 103.031 138.862
30 Zn 9.3492 17.964 39.723 59.573 82.574 133.903 133.903

Notes:
• Ionization potentials from Ralchenko et al. (2010)
• The light line separates ions with I < IHe from ions with I > IHe = 24.6 eV.
• Ions to right of the heavy line (with I > IHe II = 54.4 eV) are not abundant in

gas photoionized by O or B stars and are therefore indicative of photo-
ionization by WR stars, PN nuclei, or collisional ionization in shocked gas.

• For elemental abundances, see Table 1.4.
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can be solved for the relative population in each level, and then for the collisionally 
excited radiative cooling rate 

Le= L n; L AiJhv;j [erg cm- 3 s- 1]. 
j<i 

(3.29) 

In the low-density limit, ne 0, this becomes a sum of terms like (3.22), but if 

neqij > L A;k 
k<i 

for any i, j, collisional deexcitation is not negligible and the complete solution must 
be used. In fact, for any level i, a critical density nc(i) may be defined as 

(3.30) 
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Figure 3.1 [Osterbrock]
Astrophysics of Gaseous Nebulae
and Active Galactic Nuclei

See Table 3.12  for A and
Table 3.6 for Collision Strength
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Table 3.6 
Collision strengths Y for C-like 2p 2, O-like 2p 4, Si-like 3p2 and S-like 3p4 ions 

Ion 3p, 'D 3 P, 15 1D, 15 3 Po, 3 P, 3 Po, 3 P2 3 P1, 3 P2 3 P, 550 

N+ 2.64 0.29 0.83 0.41 0.27 1.12 1.27 
0+2 2.29 0.29 0.58 0.55 0.27 1.29 0.18 
Ne+ 4 2.09 0.25 0.58 1.41 1.81 5.83 1.51 
Ne+ 2 1.36 0.15 0.27 0.24 0.21 0.77 
5+2 6.95 1.18 1.38 3.98 1.31 7.87 2.85 
Ar+4 3.21 0.56 1.65 2.94 1.84 7.81 
Ar+ 2 4.83 0.84 1.22 1.26 0.67 3.09 

N+, 0+ 2, and Ne+4 from Lennon, D. J., & Burke, V. M. 1994, A&AS, 103, 273; Ne+ 2 from Butler, K., & 
Zeippen, C. J. 1994, A&AS, 108, I; s+ 2 from Tayal, S.S., and Gupta, G. P. 1999 ApJ 526, 544; Ar+ 2, Ar+4 

from Galavis, M. E., Mendoza, C., & Zeippen, C. J. 1995, A&AS, 111,347. 

Table 3.7 
Collision strengths Y for N-like 2p 3 and P-like 3p3 ions 

Ion 450, 2Do 450, 2po 2Do 
3/2' 

2Do 
5/2 

2Do 
3/2' 

2po 
1/2 

o+ 1.34 0.40 1.17 0.28 
Ne+ 3 1.40 0.47 1.36 0.34 
s+ 6.90 3.53 7.47 1.79 
Ar+3 1.90 1.18 7.06 1.51 

Ion 2Do 
3/2' 

2po 
3/2 

2Do 2po 
5/2' 1/2 

2Do 
3/2' 

2vo 
5/2 

2po 
1/2' 

2po 
3/2 

o+ 0.82 0.33 1.23 0.157 
Ne+3 0.51 0.37 0.90 0.34 
s+ 3.00 2.20 4.99 2.71 
Ar+3 2.14 1.53 7.06 2.07 

o+ Pradhan, A. K. 1976, MNRAS, 177, 31, 1998, and J Phys B, 31, 4317; Ne+3, Giles, K. 1981, MNRAS, 195, 
63, and Ramsbottom, C. A., Bell, K. L., & Keenan, F. P. 1998, MNRAS, 293, 233; s+ Ramsbottom, C. A., Bell, 
K. L., Stafford, R. P. 1996, ADNDT, 63, 57; Ar+ 3 Ramsbottom, C. A., & Bell, K. L. 1997, ADNDT, 66, 65. 

if either S = 0 or L = 0. The factors (21' + 1) and (2S' + 1)(2L' + 1) are the statistical 
weights of the level and of the term, respectively. On account of this relation, the rate 
of collisional excitation in p 2 or p4 ions (such as o++) from the ground 3 P term to 
the excited (singlet) 1 D and 1 S levels is very nearly independent of the distribution of 
ions among 3 P0, 3 P1, and 3 P2 . 
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• Let’s suppose that we are in the low-density limit, so that the 
free electron density is less than the critical density for 
collisional de-excitation of each line.
- In this case, every collisional excitation will be followed by 

radiative decays returning the ion to the ground state, with 
branching ratios that are determined by the Einstein coefficients.

-  transition:
‣ The emissivity of the  transition, integrated over the entire line 

width is:

‣ The rate of collisional excitation from “0” to level “4” is balanced by 
radiative de-excitation from “4” to “3” and “1”:

‣ Therefore,

4 ! 3
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-  transition:
‣ The level “3” can be populated in two ways: (1) by collisional excitation 

directly from the ground state, and (2) by a collisional excitation from the 
ground to “4”, followed by radiative de-excitation to “3”.

- The relative strength between  and  emission line:

- We notice that the temperature dependence in the above equation 
enters solely through the collisional rate coefficients k04 and k03. 
Using the relation between the collisional excitation and de-excitation 
rate coefficients,

3 ! 2
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- We obtain

- Notice that all the temperature dependence, aside from the weak dependence of 
collision strengths on temperature, is contained in the exponential factor. Thus, the 
line ratio is sensitive to the temperature  (2.15 eV for N II, 2.84 eV for O III).

- At the high and low temperatures, the ratio can be expressed as

At high temperatures, the line ratio becomes more or less independent of 
temperature.

kT ⇠ h⌫43
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<latexit sha1_base64="X2q/RSHSR7yObIY67zK9+bw33qs="></latexit>

where

j(4 ! 3)

j(3 ! 2)
⇡ A43

A32

⌫43
⌫32

(A32 +A31) h⌦40i
(A43 +A41) h⌦30i+A43 h⌦40i

for kT � h⌫43

⇡ A43

A32

⌫43
⌫32

(A32 +A31) h⌦40i
(A43 +A41) h⌦30i

e�h⌫43/kT for kT ⌧ h⌫43

<latexit sha1_base64="lao3BLjMBfInESDw05ZzTv/XBhg="></latexit>
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j(4 ! 3)

j(3 ! 2)
=

A43

A32

⌫43
⌫32

(A32 +A31) h⌦40i e�h⌫43/kT

(A43 +A41) h⌦30i+A43 h⌦40i e�h⌫43/kT

<latexit sha1_base64="udzzldAODPgz1tfWjZON999GY5Q="></latexit>

[O III]

h⌦30i = 2.64⇥ (1/9)

h⌦40i = 0.29⇥ (1/9)

<latexit sha1_base64="3aMqnv9u67oAyry1FwqgrSGQuUs="></latexit>

[N II]

A32 = 2.0⇥ 10�2 [s�1]

A31 = 6.8⇥ 10�3 [s�1]

A43 = 1.6 [s�1]

A41 = 2.3⇥ 10�1 [s�1]

<latexit sha1_base64="WaXId5p49QSfkagwvzjc+MmkbB8="></latexit>

A32 = 3.0⇥ 10�3 [s�1]

A31 = 9.8⇥ 10�4 [s�1]

A43 = 1.0 [s�1]

A41 = 3.3⇥ 10�2 [s�1]

<latexit sha1_base64="0fedhW//+RMeWg+0LQU5RGMDmNA="></latexit>

h⌦30i = 2.29⇥ (1/9)

h⌦40i = 0.29⇥ (1/9)

<latexit sha1_base64="0fEx3KABIunmtghj6i6tv8JIvv8="></latexit>

j(4364)

j(5008)
= 0.1655

e�3.2038/T4

1 + 0.1107e�3.2038/T4

<latexit sha1_base64="SXXdxwDqKtjpgPJ7d/MPaeTke1s="></latexit>

j(5756)

j(6585)
= 0.1614

e�2.4996/T4

1 + 0.1063e�2.4996/T4

<latexit sha1_base64="weFHX8sKAN+Yz1OOxxMgovCeQpU="></latexit>

Dependence of collision strength on temperature is very weak.
So, we will adopt a typical value.

E40/k = 47033 [K]

E30/k = 22037 [K]

E20/k = 188 [K]

E10/k = 70 [K]

<latexit sha1_base64="LIO1IFpPleuuPagv+zISV+WYRZo="></latexit>

E40/k = 61207 [K]

E30/k = 29169 [K]

E20/k = 441 [K]

E10/k = 163 [K]

<latexit sha1_base64="M8/IwgHAKVMmwpUXhOCnPfYmM1A="></latexit>

T4 ⌘ T/104 K

<latexit sha1_base64="+H7i+H/sRk3i/HDJU1holFvPtMI="></latexit>
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NEBULAR DIAGNOSTICS 207

Figure 18.2 Line ratios that are useful as temperature diagnostics (see text). Curves
are labeled by ne (cm−3). For each ion, the low density limit is shown, as well as
results for higher densities, showing deviations from the low density behavior.

Line ratios for temperature 
diagnostics.

Curves indicate electron density. 
For each ion, the low density limit 
is shown, as well as results for 
higher densities.

Figure 18.2 [Draine]

Line ratios as a function of temperature, which is 
obtained using the equations in the previous slide.

Unfortunately, the auroral line at [O III]  4364Å can 
only be observed when the temperature is 
sufficiently high.
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• Sometimes, it would be better to combine  and  transitions:
-  transition:

- Recall that

Combining these equations, we obtain

3 ! 2

<latexit sha1_base64="aaB8bUVo0CuN411GUjOiukqbq4g="></latexit>

3 ! 1

<latexit sha1_base64="jcUK/xrWl3g19alMJuHcvFymQYE="></latexit>

3 ! 1

<latexit sha1_base64="jcUK/xrWl3g19alMJuHcvFymQYE="></latexit>
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4⇡j(3 ! 2) = nen0

✓
k03 + k04

A43

A43 +A41

◆
A32

A32 +A31
h⌫32

<latexit sha1_base64="3K3vCNb9LUVvlcP8F9Nkl8Gi/g8="></latexit>

4⇡j(3 ! 1) = nen0

✓
k03 + k04

A43

A43 +A41

◆
A31

A32 +A31
h⌫31

<latexit sha1_base64="/svB610VD3nxjwQYurSbNOfQyhQ="></latexit>

4⇡j(4 ! 3) = nen0k04
A43

A43 +A41
h⌫43

<latexit sha1_base64="ADeOSNZdOnzI/+GpFtOsrpTc4Ps="></latexit>

4⇡ [j(3 ! 1) + j(3 ! 2)] = nen0

✓
k03 + k04

A43

A43 +A41

◆
h⌫

<latexit sha1_base64="YWlHP1vgaTIX4mqCQR2O0/igKnQ="></latexit>

where ⌫ ⌘ A32⌫32 +A31⌫31
A32 +A31

<latexit sha1_base64="BEAR9c36vbHrmI4P2L6ZUxEV5fQ="></latexit>

j(3 ! 1) + j(3 ! 2)

j(4 ! 3)
=

⌫

⌫43

A43 +A41

A43

k03
k04

✓
1 +

k04
k03

A43

A43 +A41

◆

<latexit sha1_base64="QuRTaZqxws2sV+XIJEEM/tdRPRQ="></latexit>
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Thus, the second term inside the parenthesis is negligible.

51

k03
k04

=
h⌦30i
h⌦40i

e�h⌫30/kT

e�h⌫40/kT
=

h⌦30i
h⌦40i

eh⌫43/kT (where ⌫43 = ⌫40 � ⌫30)

<latexit sha1_base64="ntQO5ULhSk69ijq2M4pwdux7GnE="></latexit>

k0u =
�

T 1/2

h⌦u0i
g0

e�Eu0/kTgas

<latexit sha1_base64="V+JnSDS4+WjLXIBBB4nkL5IX1MA="></latexit>

j(3 ! 1) + j(3 ! 2)

j(4 ! 3)
=

⌫

⌫43

A43 +A41

A43

h⌦30i
h⌦40i

eh⌫43/kT

✓
1 +

h⌦40i
h⌦30i

A43

A43 +A41
e�h⌫43/kT

◆

' ⌫

⌫43

A43 +A41

A43

h⌦30i
h⌦40i

eh⌫43/kT

<latexit sha1_base64="kdh/h+IS4u7G+viwcvnZcf0GmgY="></latexit>

h⌦40i < h⌦30i and e�h⌫43/kT ⌧ 1

<latexit sha1_base64="PzpRgAwZT8gwvTSqsJyCPsfj9sI="></latexit>
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[O III]

h⌦30i = 2.64⇥ (1/9)

h⌦40i = 0.29⇥ (1/9)

<latexit sha1_base64="3aMqnv9u67oAyry1FwqgrSGQuUs="></latexit>

[N II]

A32 = 2.0⇥ 10�2 [s�1]

A31 = 6.8⇥ 10�3 [s�1]

A43 = 1.6 [s�1]

A41 = 2.3⇥ 10�1 [s�1]

<latexit sha1_base64="WaXId5p49QSfkagwvzjc+MmkbB8="></latexit>

A32 = 3.0⇥ 10�3 [s�1]

A31 = 9.8⇥ 10�4 [s�1]

A43 = 1.0 [s�1]

A41 = 3.3⇥ 10�2 [s�1]

<latexit sha1_base64="0fedhW//+RMeWg+0LQU5RGMDmNA="></latexit>

h⌦30i = 2.29⇥ (1/9)

h⌦40i = 0.29⇥ (1/9)

<latexit sha1_base64="0fEx3KABIunmtghj6i6tv8JIvv8="></latexit>

E40/k = 47033 [K]

E30/k = 22037 [K]

E20/k = 188 [K]

E10/k = 70 [K]

<latexit sha1_base64="LIO1IFpPleuuPagv+zISV+WYRZo="></latexit>

E40/k = 61207 [K]

E30/k = 29169 [K]

E20/k = 441 [K]

E10/k = 163 [K]

<latexit sha1_base64="M8/IwgHAKVMmwpUXhOCnPfYmM1A="></latexit>

[O III] 4960 + 5008

[O III] 4364
= 8.12 e3.20/T4

<latexit sha1_base64="BKnejDLj9IZmawnFQs6YW/HlQK8="></latexit>

[N II] 6549 + 6585

[N II] 5756
= 8.23 e2.50/T4

<latexit sha1_base64="5LLs0dMHpqXURHUBpgxVSGKFKK0="></latexit>

Use the following data: We obtain the line ratio as a function 
of temperature.

j(3 ! 1) + j(3 ! 2)

j(4 ! 3)
' ⌫

⌫43

A43 +A41

A43

h⌦30i
h⌦40i

eh⌫43/kT

<latexit sha1_base64="XdMr/AOsbqHQTvSQ5hY/gh5H1Yk="></latexit>
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Figure 5.1 [Osterbrock]
110 Comparison of Theory with Observations 

Temperature (K) 

Figure 5.1 
Four temperature sensitive forbidden line ratios are shown as a function of the electron 
temperature. The [0 I] (solid line) and [NII] (dashed) ratios are nearly coincident, partially 
because of their similar excitation potentials. The ratios are shown in the low density limit 
(ne = 1 cm- 3). 

An exactly similar treatment may be carried out for [NII], [Ne III], and [S III], 
and the resulting equations analogous to (5.4) are 

[NII] },.6548 + },.6583 = 8.23 exp(2.50 x 104 / T) 
},.5755 1 + 4.4 X 10- 3ne/T 112 

(5.5) 

[Ne m/,_3869 + j,. 3968 = 13.7 exp(4.30 x 104/T) 
},.3343 1 + 3.8 X 10- 5ne/T 112 

(5.6) 

[S IIl/,_9532 + J,.9069 = 5.44 exp(2.28 x 104 / T) 
},.6312 1 + 3.5 x l0- 4ne/T 112 

(5.7) 

These equations form the basis for optical temperature determinations in gaseous 
nebulae. Since the nebulae are optically thin in forbidden-line radiation, the ratio 
of the integrals of the emission coefficients along a ray through the nebula is ob-
served directly as the ratio of emergent intensities, so if the nebula is assumed to 
be isothermal and to have sufficiently low density that the low-density limit is ap-
plicable, the temperature is directly determined. Alternatively, the ratio of the fluxes 

where 

5.2 Temperature Measurements from Emission Lines 109 

j M9s9 + h,soo? 

j)A363 

= Y(3P, 1D) [A(1S, 1D)+A(1S, 3P)] v(3P, 1D) ex (J",;.E/kT) 
Y( 3P, 1S) A( 1S, 1D) v(1D, 1S) p 

(5.1) 

v(3 p 1 D) = A(1 Di, 3 P2)v()..5007) + A( 1 D2, 3 P 1)v()..4959), (5_2) 
' A( 1D 2,3P2)+A(1D2, 3P1) 

and t,;.E is the energy difference between the 1D2 and 1S0 levels. 
Equation (5.1) is a good approximation up tone~ 105 cm- 3. However, at higher 

densities collisional deexcitation begins to play a role. The lower 1 D term has a 
considerably longer radiative lifetime than the 1 S term, so it is collisionally deexcited 
at lower electron densities than 1S, thus weakening )..4959 and )..5007. In addition, 
under these conditions collisional excitation of 1 S from the excited 1 D level begins to 
strengthen A.4363. The full statistical equilibrium Equations (3.27) can be worked out 
numerically for any ne and T, but an analytic solution correct to the first order in ne 
and to the first order in exp(-J",;.E / kT) is that the right-hand side of (5.1) is divided 
by a factor 

I+ C(1D, 3 P)C( 1D, 3 P) + C(1D, 3 P) 
C(1S,3P)A( 1D, 3P) A( 1D, 3P) 

f = I+ C(IS, 3 P) + C(IS, ID) 
A( 1S,3 P) + A(1S, 1D) 

(5.3) 

where 

. . . . -6 ne Y(i, j) -1 C(z, ]) = q(z, J)ne = 8.629 x 10 1/2-- [s ]. 
T W; 

Inserting numerical values of the collision strengths and transition probabilities 
from Chapter 3, this becomes 

jM959 + j,.5001 7 .90 exp(3.29 x 104 / T) 
jA4363 - 1 + 4.5 x I0- 4ne/T 112 . 

(5.4) 

Here the representative values of the collision strengths from Table 3.6 have 
been used to calculate the numerical coefficients, but actually in o++, there are 
several resonances and the resulting average collision strengths vary appreciably with 
temperature, so Equation (5.4) is not exact. However, in Figure 5.1 the intensity ratio 
is plotted (at a density of 1 cm- 3) using the correct collision strengths at each T, but 
to within the thickness of the line it is the same as the result of Equation (5 .4 ), so very 
little error results from the use of mean collision strengths. 
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Figure 5.1 
Four temperature sensitive forbidden line ratios are shown as a function of the electron 
temperature. The [0 I] (solid line) and [NII] (dashed) ratios are nearly coincident, partially 
because of their similar excitation potentials. The ratios are shown in the low density limit 
(ne = 1 cm- 3). 

An exactly similar treatment may be carried out for [NII], [Ne III], and [S III], 
and the resulting equations analogous to (5.4) are 

[NII] },.6548 + },.6583 = 8.23 exp(2.50 x 104 / T) 
},.5755 1 + 4.4 X 10- 3ne/T 112 

(5.5) 

[Ne m/,_3869 + j,. 3968 = 13.7 exp(4.30 x 104/T) 
},.3343 1 + 3.8 X 10- 5ne/T 112 

(5.6) 

[S IIl/,_9532 + J,.9069 = 5.44 exp(2.28 x 104 / T) 
},.6312 1 + 3.5 x l0- 4ne/T 112 

(5.7) 

These equations form the basis for optical temperature determinations in gaseous 
nebulae. Since the nebulae are optically thin in forbidden-line radiation, the ratio 
of the integrals of the emission coefficients along a ray through the nebula is ob-
served directly as the ratio of emergent intensities, so if the nebula is assumed to 
be isothermal and to have sufficiently low density that the low-density limit is ap-
plicable, the temperature is directly determined. Alternatively, the ratio of the fluxes 

[O III]See Equations (5.4)-(5.7) for a correction factor 
for the density effect.


