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Stochastic Heating of Very Small Grains
• Temperature History:

‣ Two effects become increasingly important with diminishing grain size: (1) the heat capacity of 
the dust becomes sufficiently small that single-particle hits can cause large spikes in the dust 
temperature and (2) the absorption rate with photons becomes sufficiently low that the 
cooling of the dust between successive collisions becomes important.

‣ Therefore, it is clear that one cannot speak of a representative grain temperature under 
these conditions - one must instead us a temperature distribution function.

‣ As the grain size is increased, however, photon absorption events occur more frequently, 
the temperature rise at each event is reduced by the increased heat capacity, and 
temperature varies over only a small range.

• Energy content:
- Heat capacity = heat energy required to raise the temperature of a material
- When a grain is at a temperature , the vibrational (internal) energy content of the grain 

(per unit volume) is

where    is the heat capacity of the grain (per unit volume) at temperature .
- Small grains are subject to temporal fluctuations in temperature, because their steady state 

internal energies are small compared with the energies of absorbed UV photons.
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(1) Peak Temperature
- Peak Temperature
‣ Heat Capacity: We need to know the heat capacity for dust grains to estimate the 

peak temperature.
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FIG. 2.ÈHeat capacity of graphite (deSorbo & Tyler 1953 ; Furukawa
& Douglas 1972) and model speciÐc heat given by eq. (9), as well as heat
capacity of glass, obsidian glass, and basalt glass et al. 1985),SiO2 (Le" ger
together with the model speciÐc heat given by eq. (11).

one-third of the modes are described by a Debye model
with n \ 3 and # \ 1500 K:
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where is the number of atoms in the cluster and isN
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ngiven by equation (10). Equation (11) agrees quite well with

the measured speciÐc heats for obsidian and basalt, so we
use this model to estimate the mode spectrum for silicate
grains.
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Note that for n \ 3 this gives b3 \ 0.
For small silicate grains, two-thirds of the vibrational
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shown in Figure 3.

2.3. Density of States
Let there be a total of distinct normalN
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modes. The general vibrational state can then be speciÐed
by the giving the vibrationalN

m
-tuple (v1, v2, . . . , v

Nm
)

quantum numbers for each of these modes. If each mode is
approximated by a harmonic oscillator, then N(E), the
number of distinct vibrational states with total vibrational
energy less than or equal to E, can be calculated using the
Beyer-Swinehart algorithm (Beyer & Swinehart 1973 ; Stein
& Rabinovitch 1973). In Figure 4 we show N(E) computed

FIG. 3.ÈVibrational mode spectrum adopted for silicate clusters with
35, and 100 atoms.N

a
\ 20,

for using both the actual normal mode spectrumC24H12,
for coronene and our model normal mode spectrum for

(see Fig. 1). The resulting N(E) are essentially iden-C24H12tical for cm~1.E/hc Z 300
The Beyer-Swinehart algorithm is remarkably efficient,

and with IEEE standard 64 bit arithmetic can be applied to
calculate N(E) up to E/hc \ 105 cm~1 for clusters with up
to D600 atoms. For a given cluster, we employ the Beyer-
Swinehart algorithm for energies up to an energy whereE

tbeyond which we are limited by inability toN(E
t
) B 10300,

calculate Ñoating point numbers exceeding 21024 B 10308.

FIG. 4.ÈTotal number of vibrational states N(E) with energy less than
E for coronene and for the model PAH with andNC \ 24 NH \ 12.

Heat capacity of graphite and silicate
Fig 2 of Draine & Li (2001, ApJ, 551, 807)

Here, Debye temperature  ~ temperature at which 
the highest-frequency mode is excited.

θD

= number density of atoms in the grain.

For graphite,

For silicate (olivine),
µ = 170, ⇢ = 3.8 g cm�3, ✓D = 665K
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µ = 12, ⇢ = 2.24 g cm�3, ✓D = 420K
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In the low temperature limit: For a plausible grain material, the expected grain temperature 
would be in general lower than the Debye temperature; we may then use the Debye approximation 
for the heat capacity:
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= number of atoms forming the grain particle
= volume of a grain particleV = (4⇡/3)a3
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Mg2SiO4 ⇒ 12 × 2 × 2 + 14 × 2 + 8 × 2 × 4

C ⇒ 6 × 2



‣ Internal Energy: The internal energy at  is then given byT

4

In the high temperature limit: the heat capacity is given by the rule of Dulong-Petit:
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The internal energy in the low temperature limit,
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The peak temperature can be estimated as follows:

Therefore, the internal energy of a very small grain is much smaller than the absorbed photon 
energy.

The peak temperature for a small grain is in general much higher than the equilibrium 
temperature.

h⌫ = U(Tp)� U(T0)
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Now, the peak temperature can be estimated from:
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U(T0) ⌧ h⌫ for a ⌧ 270 Å

U(T0) � h⌫ for a � 270 Å
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However, the internal energy of a large grain is much larger than the absorbed photon energy. 
Therefore, large grains will stay in a steady state with an equilibrium temperature.



(2) Heating and Cooling Time Scales
• Time Scales

- There are three time scales to understand the temperature fluctuation of very small 
grains.
‣ Absorption time scale : How often a grain will absorb a photon?
‣ Diffuse time scale : How fast the absorbed energy is distributed over the whole grain?
‣ Cooling time scale : How fast the excited vibration modes radiates back the energy to the 

interstellar space?
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- Absorption Time Scale:
‣ The absorption rate of starlight photons by very small grains is

B. T. Draine does not provide an approximate formula for the absorption rate, but we can roughly 
estimate it from the heating rate.

From the right figure, we take

Hence, the photon absorption rate for small grains is given by

7

Here,          is a typical photon energy of the ISRF.
We will take                                                               .

hh⌫i
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hh⌫i ⇡ 1⇥ 10�11 erg for � ⇡ 2000 Å
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Figure 24.2 Absorption efficiency 〈Qabs〉ISRF averaged over the ISRF spectrum of
Mathis et al. (1983) for spheres of amorphous silicate and aromatic carbonaceous ma-
terial (graphite/PAH), as a function of radius a.

1µm. It is convenient to define a spectrum-averaged absorption cross section:

〈Qabs〉! ≡
∫
dν u!νQabs(ν)

u!
, u! ≡

∫
dν u!ν , (24.2)

so that the radiative heating rate is simply
(
dE

dt

)

abs

= 〈Qabs〉!πa2u!c . (24.3)

We use the subscript # because starlight is often the dominant source of radiation
heating the dust. Figure 24.2 shows 〈Qabs〉! as a function of radius a for graphite
and silicate grains, and the spectrum of the interstellar radiation field (ISRF) from
Mathis et al. (1983) (see Chapter 12). The numerical results in Fig. 24.2 can be
approximated by

〈Q〉ISRF ≈ 0.18(a/0.1µm)0.6 , for silicate, 0.01 <∼ a <∼ 1µm , (24.4)

≈ 0.8(a/0.1µm)0.85 , for graphite, 0.005 <∼ a <∼ 0.15µm . (24.5)

The starlight energy density u! = 1.05× 10−12U erg cm−3, where U = 1 for the
ISRF estimated by Mathis et al. (1983) (see Table 12.1).
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Recall that the absorption efficiency is proportional 
to the grain size in the Rayleigh limit.

u⇤/ hh⌫i ⇡ 1⇥ 10�1 U [cm�3]
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- Absorption Rate for Large grains (using the absorption cross-section in the figure)

‣ Absorption time scale:

‣ In diffuse interstellar space, the smaller component of interstellar dust will absorb 
star light photons once in two hours (for  ~ 50Å) - 11 days (for  ~ 10Å). Large dust 
grains (  ~ 0.1μm) will absorb photons once in a couple of seconds.
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- Diffuse Time scale: How long does it take to heat up the whole grain?
‣ The macroscopic diffuse equation:

‣ Sound crossing time: Energy disturbance in a solid is transmitted to its lattice vibrational 
modes (photons) and phonons travel at the speed of sound, which is about a few 105 cm/s.

‣ We may conclude that the grain is heated to a peak temperature instantaneously 
upon the absorption of a photon, which is determined by:

where   is the temperature just prior to the absorption event.T0
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 in a cold material.cs ∼ 1 km s−1



- The cooling time scale
‣ The time evolution of grain temperature can be calculated by solving 

‣ The initial cooling time scale can be estimated by

‣ We will assume an approximate, absorption efficiency, following S. S. Hong (홍승수, 1979, 
JKAS):
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Because of the strong temperature dependence of the cooling rate, the grain actually needs 
much longer time (up to 104 sec) to radiate its excess (absorbed) energy back to the 
interstellar space.

In summary,
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The cooling rate is:

The cooling time scale at the peak temperature is:
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From the previous formula for

the planck-averaged absorption efficiency is given by
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One may want to use the following 
formula for :β = 2
⟨Qabs⟩T

≈ 1 × 10−6 (a /0.1 μm) (T/K)2



The Stochastic Time Evolution of Grain Temperature
12

Temperature versus time during 105 s (~1 day) for five carbonaceous grains in two radiation fields: 
the local starlight intensity (U = 1; left panel) and 102 times the local starlight intensity (U = 102; right 
panel). The importance of quantized stochastic heating is evident for the smallest sizes.

[Fig 24.5, Draine]

Monte-Carlo simulations of the temperature fluctuation:
See Draine & Anderson (1985, ApJ, 292, 494) and Krugel (The Physics of Interstellar Dust, IoP).



- Temperature History:
‣ Two effects become increasingly important with diminishing grain size: (1) the heat 

capacity of the dust becomes sufficiently small that single-particle hits can cause large 
spikes in the dust temperature and (2) the absorption rate with photons becomes 
sufficiently low that the cooling of the dust between successive collisions becomes 
important.

‣ For very small dust grains, one cannot speak of a representative grain temperature 
under these conditions - one must instead us a temperature distribution function.

- Temperature Distribution Function:
‣ Consider a large ensemble of identical grains in some interstellar environment. Let use 

define:

‣ The temperature distribution will depend on grain size, composition, and the intensity (and 
spectrum) of the radiation illuminating the grains.
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=  the probability that its temperature lies in the interval from T and T + dT.
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The probability density is of course normalized:



‣ For normal interstellar grains of average size, the temperature oscillates only a little 
around an equilibrium value   and in the limit of large grains, the distribution density 
function approaches the delta-function:

where the equilibrium temperature follows from the steady-state balance between 
emission and absorption:

‣ Even for a very small particle we will assume that its radiation obeys at any time 
Kirchhoff’s law, so in the case of a sphere of radius , we can express the average 
monochromatic emission per solid angle by

Although the emission of a single such grain is not time-constant, the whole ensemble 
radiates at any frequency at a steady state.

Teq

a
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First, calculate the equilibrium temperature.



- The following figure shows temperature distribution functions calculated for graphite/
PAH dust grains of selected radii, exposed to the ISRF of Mathis et al. (1983).
‣ We see that the distribution function for a grain with  = 10Å extends to T = 400 K - this is 

the temperature that this grain will be heated to when it absorbs a single photon with 
energy just below the Lyman limit cutoff at 13.6 eV.

‣ Most of the energy radiated by the grain is radiated while it is at temperature above 100 K - 
the typical absorbed photon raises the grain temperature to T > 200 K. Such grains radiate 
strongly in the PAH features at 7.7, 8.6, and 11.3 μm.

a
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Figure 24.6 Temperature distribution function dP/d lnT for seven carbonaceous
grains in ISRF with U = 1. Curves are labeled by grain radius a. For the a = 10
and 20 Å curves, the dot indicates the first excited state, and P (0) is the fraction in the
ground state.

strongly in the PAH features at 7.7, 8.6, and 11.3µm.
It should also be noted that dP/dT shown for the a = 10 Å grain does not extend

below ∼ 23K. This is because this “temperature” corresponds the grain having a
single vibrational quantum in the lowest vibrational mode.

For U = 1 and radii a >∼ 50 Å, dP/dT has a well-defined peak, and the distri-
bution becomes narrower as a is increased. Note that for a = 316 Å, dP/d lnT
peaks at 22K, close to Tss = 23K predicted by Eq. (24.20).

24.3 Infrared Emission from Grains

In a typical spiral galaxy, perhaps 1
3 of the energy radiated by stars is absorbed

by dust grains, and reemitted in the infrared. The spectrum of this emission is
determined by the temperatures and composition of the dust grains.

Ultimately, infrared emission is a quantum process – a radiative transition be-
tween an upper and lower energy level of the grain. However, it has been shown
(Draine & Li 2001) that a “thermal” approach provides an excellent approxima-
tion – the power per unit frequency radiated by a grain containing energy Eu is
approximated as Pν = 4πBν(T )Cabs(ν), where T is the temperature for which

Temperature distribution function for seven 
carbonaceous grains in ISRF with U = 1. Curves 
are labeled by grain radius. For  = 10 and 20Å 
curves, the dot indicates the first excited state 
and P(0) is the fraction in the ground state.

[Fig 24.6, Draine]
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• Monte-Carlo simulation (Draine & Anderson 1985)
- The cooling flux of low energy infrared photons and heating by photons with  

are assumed to be continuous. However, heating by photons with  must be treated as 
a sequence of stochastic absorptions of single energetic photons.

- The probability a photon is absorbed by a grain in a time interval ( ) is given by

- The energy (wavelength) of the absorbed photon is randomly determined according to

- The temperature of the grain is then assumed to be immediately increased to that estimated 
from:

Here,  is the temperature just prior to the absorption event.

� > �c (= 1000µm)
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Method of Calculation
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- For each grain type and size, the temperature evolution can be followed by solving 
the differential equation:

The right side describes the difference between the power absorbed from the 
radiation field    and the cooling rate.

- Having followed  or  over a long period, one can obtain the probability 
density  from the fraction of time that the grain has spent in the temperature 
interval  and .

Jν

U(t) T(t)
P(T )
T T + dT
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• Discretized steady state distribution function
-  It is far more efficient to solve directly for the discretized steady state distribution 

function.
‣ Guhathakurta & Draine (1989, ApJ, 345, 230) developed a fast method to calculate the 

temperature distribution function.
‣ Draine & Li (2001, ApJ 551, 807) presented a statistically exact, and quantum-mechanical 

treatment.

‣ Desert et al. (1986, A&A, 160, 295) also developed a different method to compute the 
temperature distribution function, which is publicly available (DustEM; https://www.ias.u-
psud.fr/DUSTEM/; Campiegne et al. 2010, A&A, 724, 44).

‣ Dwek (1986, ApJ, 302, 363) presented a method to calculate the temperature fluctuations 
in dust particles when they collide with low-density, X-ray emitting electrons.

- Guhathakurta & Draine (1989)
‣ When a grain absorbs or emits a photon, its internal energy , which is a function of 

temperature, changes. We bin  into  states (bins)    of width .
U(T )

U(T ) N Uj ΔUj
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Let          the probability for a grain to be within the    th state.
Let          the transition probability that a single grain changes from state     to    .
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‣ In statistical equilibrium, for each level    the number of populating and depopulating events 
must be equal.

With the purely mathematical definition:

We can write the equilibrium equation as the following matrix equation:

‣ Only  of these  equations are linearly independent.
One may first put             (or             )  and then solve for                     (or                       ), and 
then rescale them:  

j
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N − 1 N

Note that       is proportional to the 
energy width
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- Matrix Elements
‣ Heating:

‣ Cooling:

‣ Above the main diagonal stand the cooling elements, below those for heating. The energy 
balance requires for the cooling and heating rate for each level :

‣ “Thermal Continuous” Cooling Approximation: As cooling proceeds via infrared 
photons which have low energy, their emission changes the grain temperature very little. 
This suggests that in cooling one needs to consider only the transitions to the 
levels immediately below ( ,  ).

j

k = j − 1 j → j − 1
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Setting                                         , we can obtain the steady state solution for the distribution 
function:

One can, therefore, put all matrix elements           above the main diagonal to zero, except            
 . Then, in order to fulfill the energy equation, the cooling elements have to be 

written as:

‣ However, heating should not be reduced to single transitions  .
‣ Guhathakurta & Draine (1989) describe a simple trick to avoid numerical rounding errors in 

calculating the temperature distribution.

However, in practice, even adopting the trick, calculating the temperature distribution 
function is a bit tricky; it is hard to define a proper interval for  or .
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• Infrared Emission from Grains
- In a typical spiral galaxy, perhaps 30-50% of the energy radiated by stars is absorbed 

by dust grains, and reemitted in the IR. The spectrum of this emission is determined 
by the temperatures and composition of the dust grains.

- IR emission is a quantum process - a radiative transition between an upper and lower 
vibrational level of the grain. However, it has been shown (Draine & Li 2001) that a 
“thermal” approach provides an excellent approximation.

- In the approximation, the emissivity of a population of grains can be written:

where                  is the number density of grains of type  with radii in [ ].
‣ We, therefore, need a grain model to provide the size distribution for each composition, the 

absorption cross sections and temperature distribution functions.
‣ For large grains, the temperature distribution is sufficiently narrow that it may be 

approximated by a delta function                                      , where          is the steady-state 
temperature for which the time-averaged cooling equals the time-averaged heating.

‣ But for  , one should use a realistic temperature distribution  
rather than a delta-function.

i a, a + da

a ≲ 0.01 μm = 100 Å dP/dT
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- Model IR emission spectra have been calculated by Draine & Li (2007).
‣ The spectra shown in the following figure is normalized by the ISRF strength U.
‣ The peak in the Far-IR corresponds to emission from “large” grains. The equilibrium 

temperature of the “large” grains are approximately:

‣ The peak shifts toward shorter wavelength as U increases and the grains become warmer. 
the peak                  occurs at                                      .
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Figure 24.7 Infrared emission spectrum for model with silicate and graphite/PAH
grains in ISRF intensity scale factor U from 0.1 to 104 (U = 1 is the local ISRF).
Spectra are scaled to give power per H nucleon per unit U , calculated using the model
of Draine & Li (2007).

〈Eint〉T = Eu. Therefore, the emissivity of a population of grains can be written

jν =
∑

i

∫
da

dni

da

∫
dT

(
dP

dT

)

i,a

Cabs(ν; i, a)Bν(T ) , (24.22)

where (dni/da)da is the number density of grains of type i with radii in [a, a+da].
Calculation of jν , therefore, requires a grain model to provide the size distribu-

tions dni/da for each composition i, the absorption cross sections Cabs(ν; i, a),
and the temperature distribution functions (dP/dT )i,a. For large grains, the tem-
perature distribution function is sufficiently narrow that it may be approximated
by a delta function dP/dT → δ(T − Tss), where Tss is the steady-state temper-
ature for which the time-averaged cooling equals the time-averaged heating, but
for a <∼ 0.01µm, one should use a realistic temperature distribution dP/dT rather
than a delta-function.

Model infrared emission spectra have been calculated by Draine & Li (2007)
for a grain model that consists of carbonaceous grains and amorphous silicate
grains, with size distributions that reproduce the average interstellar extinction
curve. Spectra for this grain model are shown in Fig. 24.7. The spectra are nor-
malized by U . We see that the power per logarithmic interval has a peak in the far-
infrared that corresponds to emission from “large” grains with more-or-less steady

Teq ⇡ 20U1/6 K

<latexit sha1_base64="UXpfXQIy2cxKMU4cxt0QI8xKUB0="></latexit>

(�I�)peak

<latexit sha1_base64="cqAs1nKqvsWvLon+rrGcoTvN8vU="></latexit>

�peak ⇡ 140U�1/6 µm

<latexit sha1_base64="wN6UJUZcTyep3VOmatX9ZEYH3Cw="></latexit>

‣ The additional peaks at shorter 
wavelengths are due to vibrational 
modes of PAH grains; these features 
account for ~25% of the total power, but 
these features (normalized by the total 
power) hardly change as the radiation 
intensity is changed.

‣ The PAH emission occurs following 
single-photon heating of very small 
grains.

[Fig 24.7, Draine]
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Evolution of Interstellar Dust in Galaxies
• Sources

- Stellar sources: AGB stars, Supernovae, Novae,…
- Interstellar: Growth of solid material in the ISM by accretion of gas onto grain 

surfaces
‣ If stellar injection dominates: then interstellar dust is mainly “stardust”, with composition of 

stardust. 
‣ If interstellar growth dominates: then interstellar dust consists mainly of whatever materials 

can grow (and survive) in the ISM.

- Both processes are active. Which is dominant in the Galaxy?
• Sinks

- Destruction of solid material in ISM
‣ sputtering (in shock waves and shock-heated gas)
‣ grain-grain collisions  ⇒  vaporization

‣ photodesorption
‣ other (cosmic rays, Coulomb explosions, sublimation,…)

- Incorporation into protostars
- Removal in galactic outflow

24

From B. T. Draine’s keynotes

Sputtering: a phenomenon in which 
microscopic particles of a solid material are 
ejected from its surface, after the material is 
bombarded by energetic particles of a 
plasma or gas.

Coulomb explosion: the effect of a 
molecule moving at high speed striking a 
solid; binding electrons being torn off, and 
the resulting charged constituents separating 
due to Coulomb repulsion.

Photodesorption: a quantum effect whereby 
a single photon causes the desorption of an 
atom or molecule from a solid surface.



Stellar Sources - Example
‣ Observationally, it is seen that these “dust nurseries” exist in the dense, cool stellar winds 

of AGB stars, old planetary nebulae, and the cooling envelopes of novae. In these winds, 
the densities are as much as ~ 109 cm-3, and the temperatures can drop below the 
condensation temperature of many heavy elements (~ 1000 K).

‣ For instance, Mira variable stars are AGB stars with substantial emission at mid-infrared 
wavelengths. In oxygen-rich Mira variables, most of carbon is locked up in gaseous CO, 
and the main condensates are silicates. Oxygen-rich Mira variables often have a strong 
silicate emission feature at λ ~  9.7μm.
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6.5 Making & Breaking Dust Grains 
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Figure 6.12: Continuum-subtracted spectra of oxygen-rich Mira variable 
stars; the x-axis shows wavelength in microns, while the y-axis shows flux 
in wm- 2 µm- 1 • [Speck et al. 2000] 

Our back-of-envelope calculation suggests that grains can grow to their 
observed size during times shorter than the age of our galaxy as long as atom-
grain collisions are sticky. It becomes much easier to grow grains, however, if 
there exist seed grains produced in regions that are denser and/ or cooler than 
typical regions of the ISM. Observationally, it is seen that these "dust nurseries" 
exist in the dense, cool stellar winds of AGB stars, old planetary nebulae, and 
the cooling envelopes of novae. In these winds, the densities are as much as 
~10 9 cm- 3 , and the temperatures can drop below the condensation temperature 
of many heavy elements (~1000 K). 

For instance, Mira variable stars are AGB stars with substantial emission at 
mid-infrared wavelengths. In oxygen-rich Mira variables, most of the carbon is 
locked up in gaseous CO, and the main condensates are silicates. Oxygen-rich 
Mira variables often have a strong silicate emission feature at ,\ 9.7 µm, as 
shown in Figure 6.12 for Mira itself and five other oxygen-rich Mira variable 
stars. 

In carbon-rich Mira variables, the principal condensates are PAHs and graphite 
grains. Silicon takes the form not of silicates, but of silicon carbide (SiC). In 
carbon-rich Mira variables, the mid-IR thermal dust continuum is frequently 

Continuum-subtracted spectra of 
oxygen-rich Mira variable stars.

The x-axis shows wavelength in μm 
and the y-axis flux in W m-2 μm-1

[Speck et al. 2000]



‣ In carbon-rich Mira variables, the mid-IR thermal dust continuum is frequently 
accompanied by an emission feature at  λ ~  11.3μm, due to the presence of SiC. 
However, in the winds of carbon-rich Mira variables, much of the carbon condenses out in 
the form of PAHs rather than silicon carbide grains, because of the scarcity of silicon 
relative to carbon.

‣ A typical mass loss rate for a Mira variable star is                                . Given a dust-to-gas 
ratio of ~ 0.01 (by mass, considering only hydrogen), this implies that a Mira variable can 
produce as much as 

of dust during its ~ Myr time scale for copious mass loss.

The newly formed  of stardust is spread into the ISM, where it undergoes 
competing processes of growth and destruction.

∼ 0.01M⊙
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Growth in ISM
• How dust grains form?

- Even in a fairly dense molecular cloud core, with 3x104 atoms per cm3, at cosmic 
abundances we expect only 1 Si atom and 8 C atoms per cm3. How can we make 
such widely separated atoms to form a dense solid grain?

- Gas accretion on grains - How fast dust grains can grow?
‣ Let’s imagine a solid spherical grain made of element X. The number density of X atoms in 

the interstellar gas is , and the rms thermal velocity of an X atom is

‣ If there exists a “seed” grain of radius , it will accrete additional X atoms from the 
surrounding gas, and the grain’s mass will grow at the rate

‣ where       is the “sticking probability”; that is, the probability that an X atom striking the 
grain will stick instead of bouncing off. The mass of the spherical grain is

nX

a

27

vX =

✓
3kT

2mX

◆1/2

<latexit sha1_base64="RVbwg5RzGRwvZzwykHE42j/zq5U="></latexit>

Ps

<latexit sha1_base64="EKmuJf3NwsHhf40QguRWNpsEESE="></latexit>

Mgr =
4⇡

3
a3⇢gr

<latexit sha1_base64="3vBxy92gQ1N04Y0JjqdxsftzOH0="></latexit>

⇢gr

<latexit sha1_base64="XJ/KnIhC3bRnOGF0wn0g6WXHSK8="></latexit>

= the bulk density of element X.

= the gas temperature
= the mass of an X atom

T

<latexit sha1_base64="nT0qODTX4PfPTuH4y/AwPtJWsbM="></latexit>

mX

<latexit sha1_base64="wdt3+H23W61OlwSMeuGc+FA7Yz8="></latexit>

dMgr

dt
= (nXvX)(⇡a2)mXPs

<latexit sha1_base64="6WyIpc67DRd3HtVNZ7/8vqHujdI="></latexit>



‣ We can rewrite the mass growth rate as a radius growth rate:

‣ Thus, the growth rate   is independent of the grain size , unless the sticking 
probability         is a function of grain size. For carbon atoms in the cold neutral medium (T ~ 
100 K,                               .

‣ This simple calculation suggests that grains can grow to the observed size during a 
time scale shorter than the age of our galaxy as long as atom-grain collisions are 
sticky.

‣ It becomes much easier to grow grains, if there exist seed grains produced in regions that 
are denser and/or cooler than typical regions of the ISM.

- Grain-Grain collisions: Dust grains can grow as the result of grain-grain collisions. 
However, they can also be shattered into smaller fragments by high-speed collisions.
[shattering: action of breaking something into small pieces]

da /dt a
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Destruction of Grains: Sputtering in Hot Gas
- Sputtering: Grains can be vaporized by shock heating in supernova blast wave.
‣ Gas atoms moving at slow speeds can be accreted onto a dust grain. However, in a hotter gas, the 

collision of high-speed ions can erode the grain, chipping away one or more atoms at a blow. This 
process of erosion by high-speed atoms or ions is called sputtering.

‣ The molecular bonds holds together the atoms in a dust grain. They typically have a bond energy 
 ~ 5eV. Thus, if a dust grain is surrounded by gas, the gas particles will cause sputtering if 

‣ Detailed studies: For temperatures in the range 106 K < T < 109 K, the sputtering rate for a graphite or 
silicate grain can be approximated as

This sputtering rate corresponds to a lifetime:

In a supernova remnant,   and  , giving a lifetime of 0.1 Myr for a typical dust 
grain in the ISM.

‣ In the intracluster medium of the Coma Cluster,    and , the lifetime is 
~ 30 Myr for a typical dust grain. Thus, we don’t expect the intracluster medium to be dusty unless 
there are strong Galactic outflow sources.[However, there is indirect evidence of the existence of dust 
in intracluster medium, from the study of statistical reddening of background galaxies/quasars.]

Ebond

nH ∼ 1 cm−3 T ≳ 106 K

nH ∼ 3 × 10−3 cm−3 T ∼ 108 K
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T � 2Bbond

3k
⇠ 40, 000K

✓
Ebond

5 eV

◆
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- In low-velocity gas, Si is heavily depleted.
- Gas moving at high speeds in ISM
‣ has been accelerated by a shock wave.
‣ shows evidence of grain destruction: enhanced gas-phase abundances of Si and other 

species that are normally depleted.

- Survival time of random Si atoms in grain is                                    .
(Barlow 1978; Draine & Salpeter 1979; Dwek & Scalo 1979, 1980; Jones et al. 1994, 1996).

30

Sputtering in Hot Gas

• In low-velocity gas, Si is heavily depleted.

• Gas moving at high speeds in ISM

� has been accelerated by a shock wave.
� shows evidence of grain destruction: enhanced gas-phase abundances of Si and other species that are

normally depleted:

From Cowie (1978)

6 B.T. Draine Origin and Evolution of Interstellar Dust IPMU 2010.04.27

[Fig 1 in Cowie (1978, ApJ, 225, 887)]

tdest ⇡ (3� 5)⇥ 108 yr
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Stardust or Growth in ISM: (1) Dust Mass Balance in the ISM
31

Taken from B. T. Draine’s keynotes
This is the Residence Time scale of atoms (grains) in the ISM.
There is enough time that grain seeds can grow in the ISM.

• MW: star formation more-or-less steady for 
past ~ 8 Gyr (Rocha-Pinto et al. 2000):

 stars are dying at ~ same rates 
as being formed.

•  in MW
• Sources and Sinks:

• ISM declining on timescale 

• Atom (or grain) in ISM incorporated in a star 
on timescale

M > 1 M⊙

MISM ≈ 5 × 109M⊙

·MISM ≈ + 1M⊙/yr : Infall
≈ − 3M⊙/yr : Star Formation
≈ + 1M⊙/yr : StellarOutflows

Net : − 1M⊙/yr

MISM/ ·MISM ≈ 5 Gyr

MISM

SFR
≈

5 × 109M⊙

3M⊙/yr
≈ 1.5 Gyr

Flow of baryons in the Milky Way.

Stardust or Growth in ISM: (1) Dust Mass Balance in the ISM
59

Taken from B. T. Draine’s keynotes

Mass Budget for the ISM

Flow of Baryons in MW
• MW: star formation more-or-less

steady for past ⌅8 Gyr (Rocha-Pinto
et al. 2000):
M > 1M⇤ stars are dying at ⌅same
rates as being formed.

• MISM ⇧ 5⇥ 109M⇤ in MW

• Sources and Sinks:
ṀISM ⇧ +1M⇤/ yr : Infall

�3M⇤/ yr : Star Formation
+1M⇤/ yr : Stellar Outflows

Net : �1M⇤/ yr

• ISM declining on timescale
MISM/|ṀISM| ⇧ 5 Gyr

• Atom (or grain) in ISM incorporated in
a star on timescale

MISM

SFR
⇧ 5⇥ 109M⇤

3M⇤/ yr
⇧ 1.5 Gyr

2 B.T. Draine Origin and Evolution of Interstellar Dust IPMU 2010.04.27
Residence Time scale of atoms (grains) in the ISM.



(2) Stellar Sources
32

Stellar Sources

M > 1M⇥ stars die at rate ⇤ 1/ yr.

Injection of Gas and Dust (“Stardust”) from Stellar Sources
gas dust stellar source

(M⇥/ yr) (M⇥/ yr)
0.4 0.002 Planetary Nebulae (⇤0.3/yr)
0.5 0.0025 Red Giant, Red Supergiant, C star winds

0.06 < 0.0001? OB, WR, other warm/hot star winds
0.25 0.0002? Sne (1/100yr, ⇤ 10�2M⇥ dust/SN?)
0.01 0.00001 Novae (100/yr, 10�7M⇥ dust/nova?)
⇤1.2 ⇤0.005 All stellar sources

Ṁdust ⌅ 0.005M⇥/ yr from stellar sources

• O-rich stars (O/C > 1) produce (mainly) silicate dust (C is in CO)

• C-rich stars (C/O > 1) produce (mainly) carbonaceous dust and SiC (O is in CO)

3 B.T. Draine Origin and Evolution of Interstellar Dust IPMU 2010.04.27

Sources of Interstellar Dust
Stardust in Stellar Outflows

• Cool star winds
⇠0.0025M� yr�1

• Planetary Nebulae
⇠ 0.006M� dust/PN ⇥0.3/yr
⇠ 0.002M�/yr

• novae – not important
• OB star winds – not important
• Supernovae

(⇠0.01/yr ⇥0.02M� dust/SN?
⇠ 0.0002M� yr�1

Stardust Injection Rate

Sum: Ṁd ⇡ 0.005M�/yr

Core-collapse SNe (e.g., Cas A, SN87a)
(talk by Jeonghee Rho this morning)

• Cas A: silicates, etc.
Mdust

<⇠ 0.14M� (Arendt et al. 2014)
Mdust ⇡ 0.6M� (Priestley et al. 2019)

• SN87a:
Mdust ⇡ 0.8M� (Matsuura et al. 2015)

• Cas A, SN87a: very young (pre-Sedov)
much ejecta still unshocked
reverse shock ! grain destruction
how much SN dust survives to mix into ISM?
some does: presolar grains in meteorites.

• SN presolar grains in meteorites rare
guess: < 10% of SN-formed dust enters ISM

• SN dust production: secondary importance today
possibly important in first ⇠108 yr of galaxy

4 B.T. Draine Origins of Interstellar Dust Tucson 2019.03.04

Stellar Sources

M > 1M⇥ stars die at rate ⇤ 1/ yr.

Injection of Gas and Dust (“Stardust”) from Stellar Sources
gas dust stellar source

(M⇥/ yr) (M⇥/ yr)
0.4 0.002 Planetary Nebulae (⇤0.3/yr)
0.5 0.0025 Red Giant, Red Supergiant, C star winds

0.06 < 0.0001? OB, WR, other warm/hot star winds
0.25 0.0002? Sne (1/100yr, ⇤ 10�2M⇥ dust/SN?)
0.01 0.00001 Novae (100/yr, 10�7M⇥ dust/nova?)
⇤1.2 ⇤0.005 All stellar sources

Ṁdust ⌅ 0.005M⇥/ yr from stellar sources

• O-rich stars (O/C > 1) produce (mainly) silicate dust (C is in CO)

• C-rich stars (C/O > 1) produce (mainly) carbonaceous dust and SiC (O is in CO)

3 B.T. Draine Origin and Evolution of Interstellar Dust IPMU 2010.04.27

Ṁdust ⇡ 0.005M�/yr
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Stardust Injection Rate

C and O combine to form CO, and the remaining atoms are 
consumed for dust grains.



(3) Sputtering in Hot Gas
- Substantial grain destruction occurs in a shock of                         and                       .
- A SN explosion ejects                   kinetic energy. The SNR blastwave shock-heats the 

ISM.
-  In the energy-conserving Sedov-Taylor phase, the mass of the SNR would be

- Detailed studies show that most dust grains materials are sputtered if .

- Every  , the SN blastwave destroys grains in    of the ISM.

- Therefore, the grain lifetime against destruction is:

- This lifetime is short compared to 1.5 Gyr residence time.

Vs ≳ 220 km s−1

∼ 102 ∼ 103M⊙

33

Ts = 7⇥ 105 K
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⇠ 1051 ergs
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MSNRV
2
s ⇡ 1051 ergs

MSNR ⇡ 103M�
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◆2

<latexit sha1_base64="aaalMDBphnx0xlOwCfL2C0Q8QCw="></latexit>

Vs & 220 km s�1

<latexit sha1_base64="bpAm1uQwsBlWM/CT/XsNflLXfJ4="></latexit>

Vs & 220 km s�1

<latexit sha1_base64="bpAm1uQwsBlWM/CT/XsNflLXfJ4="></latexit>

tdest ⇡
5⇥ 109M�

103M�/102 yr
⇡ 5⇥ 108 yr
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MOST STARDUST WILL NOT SURVIVE

Lecture 11: The SN frequency in the Galaxy 
is estimated to be one event every 30-50 yr.



Balance of Formation and Destruction
34

Total dust mass in ISM:

Balance: 

Mdust ⇠ 0.007⇥MISM ⇡ 3.5⇥ 107M�
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Stardust Injection + Formation in ISM = Removal

⇠ 0.005M� yr�1
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+ Formation in ISM

Formation in ISM
Stardust injection

Formation in ISM
Stardust injection

Conclusion: Stardust accounts for only ~ 5-10% of interstellar dust.
                     ~ 90-95% is grown from gas in the ISM.

=
⇠ 3.5⇥ 107 M�
⇠ 5⇥ 108 yr
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Molecular Clouds
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[Born-Oppenheimer Approximation]
• Born-Oppenheimer approximation:

- To a very good approximation, the motions of the electrons and nuclei could be treated 
separately. The electrons move much faster than the nuclei.

- This come about because of the great difference between the masses of the electron and a typical nuclei. 

- The slowly moving nuclei only sense the electrons as a kind of smoothed-out cloud. As the nuclei move 
the electrons have sufficient time to adjust to adiabatically the new nuclear positions. (It is like flies 
buzzing round an elephant - as the elephant moves the flies move with it.) The nuclei then feel only an 
equivalent potential that depends on the internuclear distance and on the particular electronic state.

- One separates the wavefunction for the motions of electrons from the wavefunction for the 
motions of the nuclei. One can then consider the electronic wavefunction separately for each 
position of nuclei, as if the nuclei are held fixed. 

- Due to very different energies of the electronic, vibrational, and rotational states, these 
interactions can be assumed to be decoupled. The separation of wavefunctions is referred to as 
the Born-Oppenheimer approximation. Under the Born-Oppenheimer approximation, the total 
wavefunction is a product of the nuclear, electronic, vibrational, and rotational wavefunctions.

 tot =  nuc el vib rot
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• Order of magnitude of energy levels
- Electronic energy: 

As the separation between the two atoms  (at very small ), the overall interactions are strongly 
repulsive. There is repulsion due to nuclear-nuclear interaction whose potential depends on . 
There is also repulsion due to the electron-electron interactions, which also behave approximately as 

. However, these repulsive interactions are largely cancelled by the attractive electron-nuclear 
interaction.

As , the molecule is pulled apart and it separates into atoms in a process known as dissociation. 
The energy of the system at dissociation is clearly just the sum of the atomic exchange.

At intermediate , to get binding there must be some region of  where the molecular energy is less 
than the sum of the atomic energies. In this case, the electronic state is described as ‘attractive’ and 
there is a minimum in the potential energy curve.

For a diatomic molecule, a stable chemical bond can form between two atoms that approach within a 
distance of each other comparable to the Bohr radius . Then, the electron energy will be 
given by

R → 0 R
ZAZB /R

1/R

R → ∞

R R

a0 = ℏ2/mec2

⇒ visible/UV (a few eV)

en
er
gy
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- Vibrational energy:

If the two nuclei are displaced from the equilibrium separation  by a displacement comparable to 
, they will vibrate about the equilibrium position with a frequency  such that the vibrational 

energy contained in the motion and displacements of the two nuclei (of typical mass ) will be 
comparable to the depth of the electronic potential well.

- Rotational energy:

The nuclei can also rotate about each other. Then, the energy of rotation is

where  I  is the moment of inertia of the molecule:   .  Therefore, we obtain 

In summary,  

R0
ξ ∼ a0 ωvib

M

I = Ma2
0

E = Eelect + Evib + Erot

⇒ Near-IR / Mid-IR

⇒ radio

Then, the vibratinal energy is

38
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Chapter I. Propaedeutics in Dust Physics I.2. The Interaction of Light with Solids
;=<

FIGURE I.15 – Molecular transitions. The different types of transitions are illustrated with the CO
molecule. Licensed under CC BY-SA 4.0.

I.2.2 Grain Optical Properties

I.2.2.1 Why Are Most Dust Features in the MIR?

All but one spectral features of the interstellar grain candidates we have listed in Table I.3 are in the
MIR. This is a general trend (e.g. Table 1 of van der Tak et al., 2018a). It can be understood by making
an analogy with the different types of molecular transitions (cf. e.g. Chap. 2 of Tielens, 2005, for a
review). Those are illustrated in Fig. I.15.

Electronic transitions are transitions between the quantum harmonic oscillator levels of the bond-
ing electron. In the case of solids, they are transitions between bands, such as the º ! º?

transition of aromatic carbon, at 2175 Å (cf. Sect. I.1.4). The natural frequency of these reso-
nances is given by Eq. (I.6): !0 =

p
ke /me . The energy of these resonances is comparable to the

binding energy, or the band gap. They typically range between ' 4 and ' 20 eV. They are thus
in the UV domain (∏' 0.06°0.30µm).

Vibrational transitions are associated with the stretching or bending of a bond. These modes in-
volve the motion of the nuclei, which are much heavier than the electrons. Their frequency is
!v =

p
kv /µ1,2, where µ1,2 = m1m2/(m1 +m2) is the reduced mass of the two atoms, m1 and

m2. Typically, µ1,2 = 0.9,6,10£mp for C–H, C–C and Si–O bonds, respectively (mp is the proton
mass; cf. Table B.2). At first order, the new force constant is similar to previously, ke ' kv . The
frequency is now reduced by a factor '

p
me /µ1,2 ' 0.007°0.02. These transitions are thus in

the MIR (∏' 2°40µm). They are the most relevant transitions for ISD.

Rotational transitions are associated with the rotation of the molecule. Their energy depends on
the centrifugal force, which reduces the frequency by a factor ' me /mp . These transitions are
thus in the millimeter regime. Most dust grains do not have detectable rotational transitions,
because of their inertia. Only the smallest, charged grains have a non-negligible rotational
emission that will be discussed in Sect. II.2.2.3.

I.2.2.2 Dielectric Functions of Realistic Materials

The dielectric functions of Eq. (I.15) and Eq. (I.28) correspond to simple cases where there is only one
type of oscillator. Realistic materials have more complex structures, with several modes per bond.
Deriving dielectric functions of potential interstellar grain analogs is the subject of a rich literature.
There are three types of approaches to determine the dispersion relation of a medium.

The theoretical knowledge of the microscopic structure of the crystal can be used to determine the
different resonances that we have demonstrated in Sect. I.2.1. The resonant or plasma fre-

;F<
Frédéric GALLIANO 23 HDR, Université Paris-Saclay

Molecular transitions.
The different types of transitions are illustrated with the CO molecule.

[credit: Frédéric Galliano]
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Schrödinger equation for a diatomic molecule

May 17, 2005 14:40 WSPC/SPI-B267: Astronomical Spectroscopy ch09

126 Astronomical Spectroscopy

interactions between two atoms. Such curves, examples of which are given
in Fig. 9.2, only exist within the Born–Oppenheimer approximation.

To a less good approximation, one can also consider separately the
two types of nuclear motion: vibration and rotation. The energies of these
motions are such that the energy associated with motion of the electrons
(the electronic energy) is always very much greater than the energy con-
tained in vibrational motion which, in turn, is greater than the energy of
rotation. This ordering is very useful when considering molecular struc-
ture but it is important to remember that in molecular spectra a particular
transition can involve changes in more than one type of motion. For exam-
ple, one gets rotational structure on vibrational transitions, and electronic
transitions have vibrational structure and also fine structure due to simul-
taneous changes in rotational motion. The rotational fine structure in elec-
tronic transitions produces many lines close together. This fine structure
can only be resolved at very high resolution which is often not available
for astronomical spectra. If the rotational fine structure is not resolved,
then the result is characteristic molecular band spectra.

9.2 Electronic Structure of Diatomics
Within the Born–Oppenheimer approximation, consider the electronic
state of a diatomic molecule as a function of the separation, R, between
the two atoms. Figure 9.1 shows typical coordinates for a diatomic, AB,
where the atoms have nuclear charges ZA and ZB respectively. For clar-
ity only two electrons are shown explicitly, so this figure can be taken to
represent molecular hydrogen, H2.

When considering the electronic state of the molecule AB as a function
of R, the following considerations come into play:

As R → 0, at very small R the overall interactions are strongly
repulsive. There is repulsion due to nuclear–nuclear interaction

A B

e1 e2

R

r12

rB2

rA1

rB1 rA2

Fig. 9.1. Coordinates for a diatomic molecule, AB, with two electrons.

The first two terms are the kinetic energy operators for the motions of 
nuclei A and B, the third term gives the kinetic energy operator for the 
electrons,  is the potential and  is the total energy of the system.

The potential is given by the various Coulomb interactions within the 
molecule:

(1) attraction of the electrons by nucleus A
(2) attraction of the electrons by nucleus B
(3) electron-electron repulsion
(4) nuclear-nuclear repulsion

Ve E

• Born-Oppenheimer approximation: One can write the wave function as a product of electronic and nuclear 
wave functions.

For a diatomic molecule with N electrons,

Ve = �
NX

i=1

ZAe2

rAi
�

NX

i=1

ZBe2

rBi
+

NX

i=2

i�1X

j=1

e2

rij
+

ZAZBe2

R
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Then the equation becomes

• In this case the electronic wavefunction satisfies the following equation:

This equation is solved separately for each value of the internuclear separation R.

Then, the resulting eigenvalue Ee is the electronic energy at R and gives the electronic potential  
upon which the nuclei move.

The equation for the wavefunction of nuclei is obtained to be

Here,  (the eigenvalue) is the total energy of the system.

V(R) = Ee

E

✓
� ~2
2MA

r2
A � ~2

2MB
r2

B + V (R)� E

◆
 n(RA,RB) = 0
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where V (R) ⌘ Ee.
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• The Schrödinger equation for the nuclei:

The equation deals with three types of motions of the nuclei: (1) translation of the whole system, 
(2) vibrations, and (3) rotations. The motions can be separated into the translational motion of the 
center-of-mass of the system plus the internal motion of one body in a ‘central’ potential, which 
depends on the distance between the particles. The effective mass of this one-body problem is the 
reduced mass:

The Schrödinger equation for nuclear motion, neglecting the translational motion, becomes:

where . R is the internuclear separation,  is the orientation of the molecular 
axis relative to the laboratory z-axis.

The vibrational and rotational motion cannot be separated rigorously. However, as a good first 
approximation, the vibration and rotational motion may be separated.

R = (R, θ, ϕ) (θ, ϕ)

µ =
MAMB

MA +MB
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Then, we obtain two equations for the rotational motion and vibrational motion:

(1) The solution of the angular equation is: 

(2) The potential V(R) is not a simple function and thus the radial equation has no general 
algebraic solution. But, we can approximate V(R)  about its minimum by a parabola:
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2µR2
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angular equation:

radial equation:
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Setting the zero of energy at the minimum potential,   , the radial equation becomes

This is the QM equation for the harmonic oscillator with the spring constant k.  The energy levels 
of this equation are:

V0 = V(Re) = 0
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[Energy Levels]
• Energy Levels

An electronic transition consists of vibrational bands, which in turn are made up of rotational 
transitions.

Here, q denotes an electronic state.

• Angular Momentum

Molecules are not spherical and the orbital angular momentum of the individual electrons is no 
longer a conserved quantity.
- For diatomic molecules, the total orbital angular momentum L is strongly coupled to the nuclear axis.

- It is therefore necessary to consider the components of L, designated   (or  ), along the diatomic 
nuclear axis which, by convention, is taken to define the z-axis of the system.

- While the value of the total orbital angular momentum in a diatomic molecule can change, its projection 
onto the diatomic axis is conserved.

- As the projection of L onto z-axis can be either positive or negative, states with             are twofold 
degenerate while states with            are singly degenerate.

L
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= moment of inertia of the molecule.

L = 0
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• Heteronuclear diatomic molecule (e.g., HD, OH, or CO): The notation of the electronic structure of a 
diatomic molecule is similar to that for atomic structure under LS coupling. Each electronic state is 
designated by the term symbol.

• The uppercase Greek letters to denote the total “orbital” angular momentum.

• If the term symbol     is 𝚺 (Lz = 0), then additional superscript      is applied. 

[Labelling of Electronic States of Diatomic Molecules]

L = ⌃,⇧,�, · · · (for Lz = 0, 1, 2, · · · )
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by the electrons, resulting in “hyperfine splitting”: the energy will depend on the
orientation of the nuclear angular momentum (or angular momenta) relative to the
axis. As in atoms, this splitting is small, of order ∼ 10−6 eV.

5.1.3 Designation of Energy Levels: Term Symbols

Diatomic molecules with identical nuclei (e.g., H2, N2, O2) are referred to as
homonuclear. Note that the nuclei must be truly identical – HD and 16O17O are
not homonuclear molecules. The energy levels of homonuclear diatomic molecules
are designated by term symbols

(2Σ+1)Lu,g ,
where

L = Σ, Π, ∆, ... for Λ = 0, 1, 2, ..., where Λh̄ = projection of the electron
orbital angular momentum onto the internuclear axis,

Σh̄ = projection of the electron spin angular momentum onto the internuclear
axis.

u, g =

⎧
⎪⎪⎨

⎪⎪⎩

g (“gerade”) if symmetric under reflection through the
center of mass,

u (“ungerade”) if antisymmetric under reflection through the
center of mass.

For the special case of Σ states, a superscript + or – is added to the term symbol:

(2Σ+1)Σ±
u,g ,

where the superscript

± =

⎧
⎪⎪⎨

⎪⎪⎩

+ if symmetric under reflection through (all) planes
containing the nuclei,

− if antisymmetric under reflection through a plane
containing the nuclei.

In the case of a heteronuclear diatomic molecule (e.g., HD, OH, or CO), the
energy levels are designated

(2Σ+1)LJe,z

where L and Σ have the same meaning as for homonuclear diatomic molecules,
but now Je,z is indicated as a subscript. As for homonuclear molecules, if the term
symbol is Σ, then an additional superscript ± is applied, specifying the symmetry
of the wave function under reflection through planes containing the nuclei.

Because a given molecule may have more than one electronic state with the same
term symbol, the electronic states are distinguished by a letter X, A, B, ..., a, b, ...

2S+1⇤⌦
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In some literatures,  the following symbol  
is used.

Nearly all 𝚺 states are  + state      .
One exception is O2, of which the 
lowest electronic state is           .

⌃+
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Recall     in the atomic spectroscopy.S, P, D, ⋯
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S = total electronic spin
L = projection of the total electronic “orbital” angular momentum along the internuclear axis

(! Lz)

Jez = projection of the total electronic angular momentum onto the internuclear axis
= |L+ Sz| (! Jez = Lz + Sz; Sz = �S, �S + 1, · · · S � 1, S)



• Homonuclear diatomic molecule: Diatomic molecules with identical nuclei (H2, N2, O2, C2) are 
referred to as homonuclear. The energy levels of homonuclear diatomic molecules are designated 
by

For the special case of 𝛴 state, a superscript + or - is added.

• The electronic states of diatomic molecules are also labelled with one of the following letters, 
appearing in front of the term symbol.

X                labels the ground electronic state
A, B, C, … label states of same spin multiplicity as the ground state
a, b, c, …    label states of different spin multiplicity to the ground state

⇒ even

⇒ odd

(게하드)

(운게하드)
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by the electrons, resulting in “hyperfine splitting”: the energy will depend on the
orientation of the nuclear angular momentum (or angular momenta) relative to the
axis. As in atoms, this splitting is small, of order ∼ 10−6 eV.

5.1.3 Designation of Energy Levels: Term Symbols

Diatomic molecules with identical nuclei (e.g., H2, N2, O2) are referred to as
homonuclear. Note that the nuclei must be truly identical – HD and 16O17O are
not homonuclear molecules. The energy levels of homonuclear diatomic molecules
are designated by term symbols

(2Σ+1)Lu,g ,
where

L = Σ, Π, ∆, ... for Λ = 0, 1, 2, ..., where Λh̄ = projection of the electron
orbital angular momentum onto the internuclear axis,

Σh̄ = projection of the electron spin angular momentum onto the internuclear
axis.

u, g =

⎧
⎪⎪⎨

⎪⎪⎩

g (“gerade”) if symmetric under reflection through the
center of mass,

u (“ungerade”) if antisymmetric under reflection through the
center of mass.

For the special case of Σ states, a superscript + or – is added to the term symbol:

(2Σ+1)Σ±
u,g ,

where the superscript

± =

⎧
⎪⎪⎨

⎪⎪⎩

+ if symmetric under reflection through (all) planes
containing the nuclei,

− if antisymmetric under reflection through a plane
containing the nuclei.

In the case of a heteronuclear diatomic molecule (e.g., HD, OH, or CO), the
energy levels are designated

(2Σ+1)LJe,z

where L and Σ have the same meaning as for homonuclear diatomic molecules,
but now Je,z is indicated as a subscript. As for homonuclear molecules, if the term
symbol is Σ, then an additional superscript ± is applied, specifying the symmetry
of the wave function under reflection through planes containing the nuclei.

Because a given molecule may have more than one electronic state with the same
term symbol, the electronic states are distinguished by a letter X, A, B, ..., a, b, ...

2S+1Lu,g
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• Examples:

• For most (stable) diatomics, the electronic ground state is a closed shell, meaning that it is .

- Examples include H2, N2 and most other homonuclear diatomics. The exception is O2 which has a  
ground state. (Each O has 4 valence electrons, and thus S = 1) 

- CO and many other heteronuclear diatomics with an even number of electrons also have  ground 
states.

- Diatomics with an odd number of electrons usually have S = 1/2. For example,       ,          , and        all 
have        ground state.

- CH, OH and NO all have  and thus their ground states are       . These molecules have extra lines 
in their spectra due to a process called -doubling.
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ENERGY LEVELS OF MOLECULES 39

by the electrons, resulting in “hyperfine splitting”: the energy will depend on the
orientation of the nuclear angular momentum (or angular momenta) relative to the
axis. As in atoms, this splitting is small, of order ∼ 10−6 eV.

5.1.3 Designation of Energy Levels: Term Symbols

Diatomic molecules with identical nuclei (e.g., H2, N2, O2) are referred to as
homonuclear. Note that the nuclei must be truly identical – HD and 16O17O are
not homonuclear molecules. The energy levels of homonuclear diatomic molecules
are designated by term symbols

(2Σ+1)Lu,g ,
where

L = Σ, Π, ∆, ... for Λ = 0, 1, 2, ..., where Λh̄ = projection of the electron
orbital angular momentum onto the internuclear axis,

Σh̄ = projection of the electron spin angular momentum onto the internuclear
axis.

u, g =






g (“gerade”) if symmetric under reflection through the
center of mass,

u (“ungerade”) if antisymmetric under reflection through the
center of mass.

For the special case of Σ states, a superscript + or – is added to the term symbol:

(2Σ+1)Σ±
u,g ,

where the superscript

± =






+ if symmetric under reflection through (all) planes
containing the nuclei,

− if antisymmetric under reflection through a plane
containing the nuclei.

In the case of a heteronuclear diatomic molecule (e.g., HD, OH, or CO), the
energy levels are designated

(2Σ+1)LJe,z

where L and Σ have the same meaning as for homonuclear diatomic molecules,
but now Je,z is indicated as a subscript. As for homonuclear molecules, if the term
symbol is Σ, then an additional superscript ± is applied, specifying the symmetry
of the wave function under reflection through planes containing the nuclei.

Because a given molecule may have more than one electronic state with the same
term symbol, the electronic states are distinguished by a letter X, A, B, ..., a, b, ...

May 17, 2005 14:40 WSPC/SPI-B267: Astronomical Spectroscopy ch09

Molecular Structure 129

be considered. Of course, all diatomic molecules are linear molecules and
only two separate symmetry cases need to be considered:

Homonuclear diatomics, where both atoms are the same, e.g. H2, N2, O2.

Heteronuclear diatomics, where the atoms are different, e.g. CO, HF, CH.

As the electron spin is usually not strongly coupled to the frame of the
molecule, the treatment of spin follows very much the same principles as
in the atomic case. Each electron has its individual spin angular momen-
tum, si. These can be summed to give a total spin angular momentum,
S, again remembering that paired electrons in closed shells make zero
contribution to this sum. The electronic states of molecules are designated
by their spin multiplicity, 2S + 1, which is given as a leading superscript,
exactly as in the atomic case.

In an atom the treatment of the individual orbital angular momenta,
li, follows along similar lines to the treatment of spin. However molecules
are not spherical and the orbital angular momentum of the individual
electrons is no longer a conserved quantity. For diatomic molecules, the
total orbital angular momentum L is strongly coupled to the nuclear axis.
It is therefore necessary to consider the components of L, designated Λ,
along the diatomic nuclear axis which, by convention, is taken to define
the z-axis of the system. What this means is that while the value of the
total orbital angular momentum in a diatomic molecule can change, its
projection onto the diatomic axis is conserved. As the projection of L onto
z-axis can be either positive or negative, states with Λ != 0 are
twofold degenerate while Σ states, which have Λ = 0, are singly
degenerate.

Electronic states are labelled by their value of Λ rather than L. Values
of Λ are denoted using the Greek letter equivalent of the Latin letter
used to denote L (see Table 9.1), thus Σ, Π, ∆ are equivalent to the atomic

Table 9.1. Letter designations for projected
total orbital angular momentum quantum
number, Λ.

Λ = 0 1 2 3 4 . . .
Orbitals σ π δ φ γ . . .
States Σ Π ∆ Φ Γ . . .
Degeneracy 1 2 2 2 2 . . .
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D 
F  
G 

→ Σ
→ Π
→ Δ
→ Φ
→ Γ

H: 
C: 
N: 
O: 

1s1

1s22s22p2

1s22s22p3

1s22s22p4



[Energy levels of Molecular Hydrogen]
• The short horizontal lines in each of the bound 

states indicate the vibrational levels.

• The transition from the ground state               to 
the excited states                               are called 
Lyman and Werner bands.
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Werner band:  at 
Lyman band:  at 

In principle, states are labelled alphabetically in 
ascending energy order. However, there are many 
exceptions.

The lowest triplet state of H2 is the    with 
the    lying somewhat higher.

C1Πu − X1Σ+
g λ ≈ 970 − 1650Å

B1Σ+
u − X1Σ+

g λ ≈ 930 − 1240Å
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Other molecules
40 CHAPTER 5

Table 5.1 Selected Diatomic Moleculesa

Ground B0/hc b B0/k b r0 d µ c ν0/c b

term ( cm−1) (K) (Å) (D) ( cm−1) Λ-doubling
H2

1Σ+
g 59.335f 85.37 0.741 0 4161 –

CH 2Π1/2,3/2 14.190 20.42 1.120g 1.406g 2733. ν ≈ 3.3GHz

CH+ 1Σ+
0 13.931 20.04 1.131 1.679e 2612. –

OH 2Π3/2,1/2 18.550 26.69 0.9697 1.6676 3570. ν ≈ 1.61GHz

CN 2Σ+
1/2 1.8910 2.721 1.1718 0.557i 2042. –

CO 1Σ+
0 1.9225 2.766 1.1283 0.1098 2170. –

SiO 1Σ+
0 0.7242 1.042 1.5097 3.098 1230. –

CS 1Σ+
0 0.8171 1.175 1.5349 2.001h 1272. –

a Data from Huber & Herzberg (1979) unless otherwise noted.
b E(v, J) ≈ hν0(v + 1

2 ) +B0J(J + 1) [see Eq. (5.2)].
c µ = permanent electric dipole moment. g Kalemos et al. (1999).
d r0 = internuclear separation. h Maroulis et al. (2000).
e Folomeg et al. (1987). i Neogrády et al. (2002).
f Jennings et al. (1984).

appearing in front of the term symbol. The letter X is customarily used to designate
the electronic ground state. The ground terms for a number of diatomic molecules
of astrophysical interest are given in Table 5.1, along with the internuclear separa-
tion r0 and the electric dipole moment µ.

5.1.4 O, P, Q, R, and S Transitions

A diatomic molecule can vibrate (stretch) along the internuclear axis, and it can
rotate around an axis perpendicular to the internuclear axis. The rotational angular
momentum adds (vectorially) to the electronic angular momentum.

The rotational levels of diatomic molecules are specified by a single vibrational
quantum number v and rotational quantum number J . Transitions will change J
by either 0, ±1, or ±2. It is customary to identify transitions by specifying the
upper and lower electronic states, upper and lower vibrational states, and one of the
following: O(Jℓ), P (Jℓ), Q(Jℓ), R(Jℓ), S(Jℓ), where the usage is given in Table
5.2. Thus, for example, a transition from the vℓ = 0, Jℓ = 1 level of the ground
electronic state to the vu=5, Ju=2 level of the first electronic excited state would
be written B–X 5–0 R(1).

Table 5.2 Usage of O, P , Q, R, and S

Designation (Ju−Jℓ) Note
O(Jℓ) −2 Electric quadrupole transition
P (Jℓ) −1 Electric dipole transition
Q(Jℓ) 0 Electric dipole or electric quadrupole; Q(0) is forbidden
R(Jℓ) +1 Electric dipole transition
S(Jℓ) +2 Electric quadrupole transition
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The electronic ground state of  (two electrons) has zero electronic 
orbital angular momentum ( ), has zero electron spin ( ), is 
symmetric under reflection through the center of mass (g), and is 
symmetric under reflection through planes containing the nuclei (+). The 
ground state is .

CO has two (2) p electrons contributed by C and four (4) p electrons 
contributed by O; together these six (6) p electrons fill the 2p subshell, 
and as a result, the ground electronic state of CO has zero electronic 
angular momentum and zero electronic spin: , just like .

OH is an example of a molecule with the ground electronic state having 
nonzero electronic orbital angular momentum: with seven electrons, the 
OH ground state has  and , and is therefore designated 
by . The electron spin and orbital angular momenta can couple 
to give  = 1/2 or 3/2, with energies that are separated due to spin-orbit 
coupling (i.e., fine-structure splitting in atoms or ions); the  = 3/2 state 
has the lower energy.

H2
Le = 0 Se = 0

X1Σ+
g

1Σ+
0 H2

Lez = 1 Sez = 1/2
2Π1/2,3/2

Je
Je

H(1): 
C(6): 
N(7): 
O(8): 
Si(14): 
S(16): 

1s1

1s22s22p2

1s22s22p3

1s22s22p4

1s22s22p63s23p2

1s22s22p63s23p4



[Pure rotational & ro-vibrational transitions] 
• Energy Levels

An electronic transition consists of vibrational bands, which in turn are made up of rotational 
transitions.

Here, q denotes an electronic state.

• Pure rotational spectrum: In the lowest vibrational and electronic states, it is possible to have 
transitions solely among the rotational states. Such transitions give rise to a pure rotational 
spectrum.

• Rotational-vibration spectrum: Because the energies required to excite vibrational modes are 
much larger than those required to excite rotation, it is unlikely to have a pure vibrational 
spectrum in analogy to the pure rotational spectrum. The transitions then yield a rotation-
vibrational spectrum, in which both the vibrational state and the rotational state can change 
together.

Eq(v, J) = Vq(r0) + h⌫0

✓
v +

1

2

◆
+BvJ(J + 1)
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= moment of inertia of the molecule.
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90 Molecular Regions

wave function can be factored into separate parts. This is known as the
Born–Oppenheimer approximation and it means that the vibrational and
rotational energy levels are almost fully independent of each other,

E(v,J ) = Evib + Erot. (7.5)

There can also be a separate electronic term due to the arrangement of
the electron shells which we will come back to later. Here, we restrict
our attention to vibration and rotation modes that are excited in the cold
and dusty regions where most molecular line observations are made.

The vibrational energies are linearly spaced,

Evib =
(

v + 1
2

)
hωvib, (7.6)

where ωvib is the vibrational constant. Classically, this can be modeled
as a harmonic oscillator with a spring constant relating to the bond
strength. Typical ωvib values for diatomic molecules are several 1013 Hz.
Note that the ground state energy, v = 0, is greater than zero. This is
known as the zero point energy and is a consequence of the uncertainty
principle which implies that the two nuclei can never be completely at
rest with respect to each other.

The rotational energies have a quadratic form,

Erot = hBJ(J + 1), (7.7)

where B is the rotational constant and has units of Hz. Classically, this
can be viewed as a rotating, and therefore accelerating, charge. From
Equation 7.4, B ∼ 1/Ma2

0 so heavier molecules generally rotate slower
and have lower rotational energy levels. Typical B values for abundant
molecules in the ISM are several 1010 Hz. Note that the ground state is at
zero so molecules can stop rotating, although they will still be vibrating.

Fig. 7.2. The rotational and
vibrational energy levels for
carbon monoxide. The left
side shows the vibrational
energy for each level v. The
rotational transitions are
illustrated by the gray
shading at each level. The
rotational energies are about
100 times smaller than the
vibrational and the inset on
the right hand side shows a
zoomed-in region of the
J-ladder.

v = 0

1

2

E = 0.108eV

0.324eV

0.541eV

J = 0

1

2

3

∆E = 0

0.839

2.518

5.036
×10−3eV

CO

The rotational and vibrational energy levels for CO. The left side show the vibrational energy 
for each level . The rotational transitions are illustrated by the gray shading at each level. The 
rotational energies are about 100 times smaller than the vibrational and the inset on the right 
hand side shows a zoomed-in region of the J-ladder.

[J. Williams, Introduction to the interstellar medium]
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[Selection Rules]
• Electric-dipole selection rules for electronic transitions in a diatomic molecule.

• Electric-dipole selection rule for ro-virational transitions:

• Note that H2 has no permanent electric-dipole moment.

The electric-quadrupole are allowed for                  within the ground electronic state.

(1) �L = 0,±1, e.g., ⌃� ⌃, ⇧� ⌃,��⇧, etc.

(2) �S = 0

(3) �Jz = 0,±1

(4) ⌃+ � ⌃+, ⌃� � ⌃�, but not ⌃+ � ⌃�

(5) g  ! u
<latexit sha1_base64="4AGdtbQT0bhHNOypNxPA1hVRfwI="></latexit>

�v = any

�J = 0, ± 1 not J = 0 $ 0
<latexit sha1_base64="5aEXj4Ai4c4qxGJ1K+S08Oa1dRc="></latexit>

�J = ±2
<latexit sha1_base64="358YuXxYxk6WZkt1xxl4VnRO8FI=">AAAB+XicbVBNSwMxEM36WevXqkcvwSJ4KrtV1ItQ0IN4qmA/oFtKNs22oUl2SWYLZek/8eJBEa/+E2/+G9N2D9r6YODx3gwz88JEcAOe9+2srK6tb2wWtorbO7t7++7BYcPEqaasTmMR61ZIDBNcsTpwEKyVaEZkKFgzHN5O/eaIacNj9QTjhHUk6SsecUrASl3XDe6YAIIf8A0OEokrXbfklb0Z8DLxc1JCOWpd9yvoxTSVTAEVxJi27yXQyYgGTgWbFIPUsITQIemztqWKSGY62ezyCT61Sg9HsbalAM/U3xMZkcaMZWg7JYGBWfSm4n9eO4XoupNxlaTAFJ0vilKBIcbTGHCPa0ZBjC0hVHN7K6YDogkFG1bRhuAvvrxMGpWyf16uPF6Uqpd5HAV0jE7QGfLRFaqie1RDdUTRCD2jV/TmZM6L8+58zFtXnHzmCP2B8/kDHa6R+w==</latexit>
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O, P, Q, R, and S transitions

 

• The rotational levels of diatomic molecules are specified by a single vibrational quantum 
number      and rotational quantum number J.

- Transitions will change  J  by either  .

- It is customary to identify transitions by specifying the upper and lower electronic states, 
upper and lower vibrational states, and one of the follows: 

- The usage of the symbols are shown in the following table.

- For instance, a transition from the the                          level of the ground electronic state to 
the                            level of the first electronic excited state would be written to be              

B-X 5-0 R(1)

0, ± 1, ± 2

v
<latexit sha1_base64="SLelyW72LD6vAHYWge4jnRAd468=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQYhN2I6idARvLBMwFkhBmJ2eTMbMXZmYDYckTWGihiK3PYeUj2Pkg9k4uhSb+MPDx/+cw5xw3Elxp2/6yUiura+sb6c3M1vbO7l52/6CmwlgyrLJQhLLhUoWCB1jVXAtsRBKp7wqsu4PrSV4folQ8DG71KMK2T3sB9zij2liVYSebswv2VGQZnDnkrt7z3x8PrdNyJ/vZ6oYs9jHQTFClmo4d6XZCpeZM4DjTihVGlA1oD5sGA+qjaifTQcfkxDhd4oXSvECTqfu7I6G+UiPfNZU+1X21mE3M/7JmrL3LdsKDKNYYsNlHXiyIDslka9LlEpkWIwOUSW5mJaxPJWXa3CZjjuAsrrwMtWLBOSsUK3audA4zpeEIjiEPDlxACW6gDFVggHAPT/Bs3VmP1ov1OitNWfOeQ/gj6+0HKoCQ3A==</latexit>

O(J`), P (J`), Q(J`), R(J`), S(J`)
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Table 5.1 Selected Diatomic Moleculesa

Ground B0/hc b B0/k b r0 d µ c ν0/c b

term ( cm−1) (K) (Å) (D) ( cm−1) Λ-doubling
H2

1Σ+
g 59.335f 85.37 0.741 0 4161 –

CH 2Π1/2,3/2 14.190 20.42 1.120g 1.406g 2733. ν ≈ 3.3GHz

CH+ 1Σ+
0 13.931 20.04 1.131 1.679e 2612. –

OH 2Π3/2,1/2 18.550 26.69 0.9697 1.6676 3570. ν ≈ 1.61GHz

CN 2Σ+
1/2 1.8910 2.721 1.1718 0.557i 2042. –

CO 1Σ+
0 1.9225 2.766 1.1283 0.1098 2170. –

SiO 1Σ+
0 0.7242 1.042 1.5097 3.098 1230. –

CS 1Σ+
0 0.8171 1.175 1.5349 2.001h 1272. –

a Data from Huber & Herzberg (1979) unless otherwise noted.
b E(v, J) ≈ hν0(v + 1

2 ) +B0J(J + 1) [see Eq. (5.2)].
c µ = permanent electric dipole moment. g Kalemos et al. (1999).
d r0 = internuclear separation. h Maroulis et al. (2000).
e Folomeg et al. (1987). i Neogrády et al. (2002).
f Jennings et al. (1984).

appearing in front of the term symbol. The letter X is customarily used to designate
the electronic ground state. The ground terms for a number of diatomic molecules
of astrophysical interest are given in Table 5.1, along with the internuclear separa-
tion r0 and the electric dipole moment µ.

5.1.4 O, P, Q, R, and S Transitions

A diatomic molecule can vibrate (stretch) along the internuclear axis, and it can
rotate around an axis perpendicular to the internuclear axis. The rotational angular
momentum adds (vectorially) to the electronic angular momentum.

The rotational levels of diatomic molecules are specified by a single vibrational
quantum number v and rotational quantum number J . Transitions will change J
by either 0, ±1, or ±2. It is customary to identify transitions by specifying the
upper and lower electronic states, upper and lower vibrational states, and one of the
following: O(Jℓ), P (Jℓ), Q(Jℓ), R(Jℓ), S(Jℓ), where the usage is given in Table
5.2. Thus, for example, a transition from the vℓ = 0, Jℓ = 1 level of the ground
electronic state to the vu=5, Ju=2 level of the first electronic excited state would
be written B–X 5–0 R(1).

Table 5.2 Usage of O, P , Q, R, and S

Designation (Ju−Jℓ) Note
O(Jℓ) −2 Electric quadrupole transition
P (Jℓ) −1 Electric dipole transition
Q(Jℓ) 0 Electric dipole or electric quadrupole; Q(0) is forbidden
R(Jℓ) +1 Electric dipole transition
S(Jℓ) +2 Electric quadrupole transition

O, P, Q, R and S Transitions

 

v` = 0, J` = 1
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vu = 5, Ju = 2
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Do not be confused with 
electronic transitions.



[Kwok] Physics and Chemistry of the ISM
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7.2 Rotational and Vibrational Lines 91

Fig. 7.3. Model spectrum of
ro-vibrational lines for CO
v = 1−0, illustrating the two
branches corresponding to a
positive or negative change
in J and a central gap at
!J = 0.

Figure 7.2 plots the energy levels for carbon monoxide, 12C16O
(hereafter CO). This is the most frequently observed molecule in the
ISM. Each vibrational level has its own rotational ladder and transitions
are from (v,J ) → (v′,J ′). Certain transitions are much more likely
than others due to the similarity between the wavefront solutions for the
start and end states. Such selection rules show that neighboring pairs
are preferred, !v = ±1,!J = ±1. This is a more stringent criterion
for the latter case, i.e., vibrational transitions can occur between more
widely spaced levels but this is very rare for rotations.

A change in vibrational state can be accompanied by a change
in many pairs of rotational states. This produces a multi-lined
ro-vibrational spectrum, and a simple model for CO v = 1−0
is shown in Figure 7.3. The symmetry comes from the sign of the
!J = ±1 jump and produces two branches in the spectrum. The R
branch corresponds to a higher energy jump, J → J − 1, and lies at
shorter wavelengths. The P branch is a smaller jump, J → J +1, and is
at longer wavelengths. The envelope shape arises from the population
level distribution that is small at low levels due to the degeneracy,
gJ = 2J + 1, and at high levels due to the Boltzmann exponential,
eE/kTex . The difference between the relative intensity of the P and R
branches is due to different values in the Einstein A coefficient. This
emission spectrum shown here requires gas at several thousand kelvin
for collisions to excite the vibrational levels. Alternatively an absorption
spectrum can be detected in colder gas against a bright mid-infrared
source, such as an embedded protostar.

The extra bonds and degrees of freedom in molecules with three
or more atoms allow many more transitions. This requires additional
quantum numbers to describe the vibrational modes and axes of rotation,
and different selection effects. Possibilities include a Q-branch with

Model spectrum of ro-vibrational lines 
for CO , illustrating the two 
branches corresponding to a positive or 
negative change in J and a central gap at 

.

The R branch corresponds to a higher 
energy jump, , and lies at 
shorter wavelengths. The P branch is a 
smaller energy jump, , and is at 
longer wavelengths.

The envelope shape arises from the 
population level distribution that is small 
at low levels due to the degeneracy,  

, and at high levels due to the 
Boltzmann exponential, . The 
difference between the relative intensity 
of the P and R branches is due to different 
value of the Einstein A coefficient.

ν = 1 − 0

ΔJ = 0

J → J − 1

J → J + 1

gJ = 2J + 1
e−E/kTex
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