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• For pure emission,

- The brightness increase is equal to the emission coefficient integrated along the line 
of sight.

Solution: Emission Only
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I⌫(0) = 0

Iν(s) = Iν(0) + ∫
s

0
jν(s′￼)ds′￼

dIν

ds
= jν



• Pure absorption:  
Rearranging the previous equation, we obtain the equation of radiative transfer for 
pure absorption:

- The amount of reduced energy depends on how much radiation we already have.
- Integrate to find how radiation changes along path:

• The brightness decreases along the ray by the exponential of the 
absorption coefficient integrated along the line of sight.

jν = 0

Solution: Absorption Only

dIν

ds
= − ανIν

Iν(s) = Iν(0)exp [−∫
s

0
αν(s′￼)ds′￼]
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• Optical depth:
Imagine radiation traveling into a cloud of absorbing gas, the exponential defines a scale over 
which radiation is attenuated.
We define the optical depth  as:

- A medium is said to be optically thick at a frequency  if the optical depth for a typical path 
through the medium satisfies:

- The medium is optically thin if, instead:

An optically thin medium is one through which a typical photon (of frequency ) can travel without 
being (significantly) absorbed.

τν

ν

ν

τν(s) = ∫
s

0
αν(s′￼)ds′￼ or dτν = ανds

τν(s) > 1

τν(s) < 1
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Iν(τν) = Iν(0)e−τν

Iabs
ν (τν) = Iν(0)(1 − e−τν)

Transmitted Light

Absorbed Light

Iν(0) Iν(s)

Iν(τν) → Iν(0)

Iν(τν) → 0 Iabs
ν (τν) → Iν(0)

Iabs
ν (τν) → 0



• From the exponential absorption law, the probability of a photon absorbed 
between optical depths    and   is

- The mean optical depth traveled is thus equal to unity:

- The mean free path is defined as the average distance a photon can travel through 
an absorbing material until it is absorbed. In a homogeneous medium, the mean free 
path is determined by

- A local mean path at a point in an inhomogeneous material can be also defined.

• The probability of a photon being absorbed within an optical depth  is

τν τν + dτν

τν

Mean Free Path
5

= probability density function for 
the absorption at an optical depth ⌧⌫
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|dIν |
Iν(0)

=
1

Iν(0)

����
dIν
dτν

���� dτν = e−τνdτν
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→τν〉 = αν#mfp = 1 → #mfp =
1

αν
=

1

nσν
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< Thermodynamic equilibrium >
• In general, equilibrium means a state of balance.
• Thermal Equilibrium

- Thermal equilibrium refers to steady states of temperature, which defines the 
average energy of material or photons.

- In a state of (complete) thermodynamic equilibrium (TE), no net flows of matter or 
of energy, no phase changes, and no unbalanced potentials (or driving forces), within 
the system. In TE, matter and radiation are in equilibrium at the same 
temperature T.

- When the material is ‘locally’ in thermodynamic equilibrium, and only the radiation 
field is allowed to depart from its TE, we refer to the state of the system as being in 
local thermodynamic equilibrium (LTE)

- In other words, if the material is (locally) in thermodynamic equilibrium at a well-
defined temperature T, it is said to be in local thermodynamic equilibrium (LTE) 
even if it is not in equilibrium with the radiation field.

6

(for ideal gas,                    )
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Blackbody
• A blackbody is an idealized physical body that absorbs all 

incident radiation regardless of frequency or angle of 
incidence (i.e., perfect absorber). The above cavity can 
be regarded to be a blackbody.

• Radiation from a blackbody in thermal equilibrium is 
called the blackbody radiation.

• The blackbody radiation spectrum is the 
universal function.

• Imagine a container bounded by opaque walls with a 
very small hole.
- Photons will be scattered and absorbed many times, 

(and eventually trapped and completely absorbed in 
the box).

- Under such conditions, the particles and photons 
continually share their kinetic energies. In perfect thermal 
equilibrium, the average particle kinetic energy will 
equal to the average photon energy, and a unique 
temperature T can be defined.

Radiation and Thermodynamics

consider an enclosure (“box 1”)

in thermodynamic equilibrium at temperature T

the matter in box 1

• is in random thermal motion

• will absorb and emit radiation

details of which depends on

the details of box material and geometry

• but equilibrium

→ radiation field in box doesn’t change

Iν,1T

box 1

open little hole: escaping radiation has intensity Iν,14
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Spectrum of Blackbody Radiation

• The frequency dependence of blackbody radiation is given by the Planck 
function:

h = 6.63 × 10−27 erg s (Planck′￼s constant)
kB = 1.38 × 10−16 erg K−1 (Boltzmann′￼s constant)

8

B⌫(T ) =
2h⌫3/c2

exp (h⌫/kBT )� 1
or B�(T ) =

2hc2/�5

exp (hc/�kBT )� 1
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• In reality, there is no perfect blackbody.
- However, the cosmic microwave background 

comes quite close; stars can sometimes be 
usefully approximated as blackbodies.

- By the end of the 19th century, the blackbody 
spectrum was fairly well known empirically, from 
laboratory studies. In 1900, Max Planck, using his 
idea of quantized energies, derived the blackbody 
spectrum.

https://pages.uoregon.edu/imamura/321/122/lecture-3/stellar_spectra.html



Rayleigh-Jeans Law & Wien Law
9

3–9

To get all possible photons we need to count the number of al distinguishable photons at the same frequency, i.e., photons with different spin or with a different number of
nodes (=different n).

Spin is the easy one: there are only 2 polarization states.

To calculate the number of nodes, look the number in the x-, y-, or z-direction. In either direction

nx =
Lx

λ
=

kxLx

2π
⇐⇒ dnx =

Lx

λ
=

Lx dkx

2π
(3.41)

For n # 1, we can go to a “continuum of states”. Eq. 3.41 then implies

dN = dnx dny dnz =
LxLyLz d3k

(2π)3 =
V d3k

(2π)3 (3.42)

Therefore, the total number of states per unit volume and per wave number is

nk

d3k
= 2 ·

dN

V

1
d3k

=
2

(2π)3 (3.43)

where the factor 2 is due to spin.

Because of Eq. (3.40),

d3k = k2 dk dΩ =
(2π)3

c3 ν2 dν dΩ (3.44)

such that the density of states, i.e., the number of states per solid angle, volume, and frequency is given by

ρs =
nν

dν dΩ
=

2
(2π)3 ·

(2π)3

c3 ν2 =
2ν2

c3 (3.45)

Third step: Black Body Spectrum

To summarize, we had

• the mean energy of the state:

〈E〉 =
hν

ehν/kT − 1
(3.39)

3–9

• the state density:

ρs =
2ν2

c3 (3.45)

The total energy density is then

uν(Ω) = 〈E〉 · ρs =
2hν3

c3
1

exp(hν/kT ) − 1
(3.46)

(energy per volume per frequency per solid angle)

Because of Eq. (2.71) (uν = Iν/c), the intensity is given by

Iν =
2hν3

c2
1

exp(hν/kT ) − 1
=: Bν (3.18)

This is the spectrum of a black body.
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Blackbody Radiation: Properties 1

Spectrum, I

Max Planck (1858–1947)

In wavelength space, the spectrum of a
black body is blackbody radiation:

dE

dA dt dΩ dλ
=

Bλ =
2hc2/λ5

exp(hc/λkT ) − 1
(3.47)

Bλ: Energy emitted per second and wavelength interval

• h = 6.63 × 10−27 erg s: Planck’s constant
• k = 1.38 × 10−16 erg K−1: Boltzmann constant
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⌫ (T ) =

2⌫2

c2
kBT
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IW⌫ (T ) =
2h⌫3

c2
exp

✓
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kBT

◆
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Rayleigh-Jeans Law

Wein
Law

F = π∫ Bν(T )dν = σSBT4

Stephan − Boltzmann constant :

σSB =
2π5k4

B

15c2h3
= 5.67 × 10−5 erg cm2 s−1 K−4 sr−1

Stefan-Boltzmann Law (flux at the surface)



• In (full) thermodynamic equilibrium at temperature T, by definition, we know that

We also note that

- Then, we can obtain the Kirchhoff's law for a system in TE:

• Kirchhoff’s law applies not only in TE but also in LTE:
- Recall that  is independent of the properties of the radiating /absorbing 

material.

- In contrast, both  and  depend only on the materials in the cavity and on 
the temperature of that material; they do not depend on the ambient radiation field or 
its spectrum.

- Therefore, the Kirchhoff’s law should be true even for the case of LTE.
- In LTE, the ratio of the emission coefficient to the absorption coefficient is a 

function of temperature and frequency only.

Bν(T )

jν(T ) αν(T )

Kirchhoff’s Law in TE and in LTE

dIν

ds
= 0 and Iν = Bν(T )

dIν

ds
= − ανIν + jν

10

jν
αν

= Bν(T ), jν = ανBν(T )



• Blackbody radiation means . An object for which the intensity is the 
Planck function is emitting blackbody radiation.

• Thermal radiation is defined to be radiation emitted by “matter” in LTE.  
Thermal radiation means  . An object for which the source function is 
the Planck function is emitting thermal radiation.

• Thermal radiation becomes blackbody radiation only for optically thick 
media.

Iν = Bν(T )

Sν = Bν(T )

Blackbody radiation vs. Thermal radiation
11



• To see the difference between thermal and blackbody radiation,
- Consider a slab of material with optical depth  that is producing thermal radiation.
- If no light is falling on the back side of the slab, the intensity that is measured on the 

front side of the slab is

- If the slab is optical thick at frequency               , then

- If the slab is optically thin                , then

This indicates that the radiation, although it is thermal, will not be blackbody radiation.
Thermal radiation becomes blackbody radiation only for optical thick media.

⌧⌫
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The state of LTE
• Macroscopically, LTE is characterized by the following three equilibrium distributions:

- Maxwellian velocity distribution of particles, written here in terms of distribution for the absolute 
values of velocity,

where  is the particle mass and  the Boltzmann constant.
- Boltzmann excitation equation,

where  is the population of level ,  is its statistical weight, and  is the level energy, measured 
from the ground state.

- Saha ionization equation,

where  is the ionization potential of ion ,  and  are the total number density and the partition 
function of the ionization state  to which level  belongs, respectively.

• Microscopically, LTE holds if all atomic processes are in detailed balance, i.e., if the number 
of processes  is exactly balanced by the number of inverse processes .

m k

ni i gi Ei

χI I NI UI
I i

A → B B → A
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−mv2

2kT
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4πv2dv
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h2

2πmekT

)3/2

eχI/kT
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• Brightness Temperature:
- The brightness temperature is defined to be the temperature such that a blackbody at 

that temperature would have specific intensity:

• Antenna Temperature:
- Radio astronomers are used to working at very low frequencies. They define the 

antenna temperature as being the brightness temperature in the Rayleigh-Jeans tail.

- Radiative transfer equation in the RJ limit:
‣ If the matter is in LTE and has its energy levels populated according to an 

excitation temperature                    , then the source function is given by

‣ Then, RT equation becomes

Characteristic Temperatures
14

I⌫ = B⌫(Tb) ! Tb(⌫) =
h⌫/kB

ln [1 + 2h⌫3/(c2I⌫)]
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• Color Temperature:
- By fitting the spectrum to a blackbody curve without regarding to vertical scale 

(absolute intensity scale), a color temperature    is obtained.
- The color temperature correctly gives the temperature of a blackbody source of 

unknown absolute scale.

• Effective Temperature:
- The effective temperature of a source is obtained by equating the actual flux    to the 

flux of a blackbody at temperature   .

• Excitation Temperature:
- The excitation temperature of level    relative to level    is defined by

- Radio astronomers studying the 21 cm line sometimes use the term “spin temperature”   
 for excitation temperature.

Tc

F
Teff

u
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< The Hydrogen Atom >
• The most common element in the Universe!

• Electronic Energy Levels
- Ionization potential   eV,  which 

is equivalent to , or 
high-speed collisions 

.

- A neutral hydrogen atom has bound 
levels labeled by quantum number, 

, which are well described by 
the Bohr model,

.

EIP = 13.6
λ = hc/EIP = 912Å

(2EIP /m)1/2

∼ 50 km s−1

n = 1,2,3⋯

En = EIP (1 −
1
n2 )
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Fig. 3.6. The Bohr model
for the electronic energy
levels in a hydrogen atom.
Ultraviolet photons can
ionize the atom and
recombination produces
numerous spectral lines over
a wide range of energies.

n = 1

2

3

4

∞

continuum

E = 0

10.2 eV

13.6 eV

ionizing
photon

recombination
line

or high-speed collisions, v = (2EIP/m)1/2 ∼ 50 km s−1. A neutral atom
has bound levels labeled by quantum number, n= 1,2,3 . . ., which are
well described by the Bohr model,

En = EIP

(
1 − 1

n2

)
, (3.25)

illustrated in Figure 3.6.
The most striking feature is the large spacing between the lower two

levels, n = 1,2. The energy difference, !E = E2 − E1 = 10.2 eV, is
much greater than the average level found in all but the hottest parts of
the ISM, T > !E/k = 1.2 × 105 K. Collisional excitation in a neutral
hydrogen cloud is therefore rare and almost all the atoms will be in the
ground state. Consequently, an isolated hydrogen cloud in the ISM will
neither absorb nor emit optical or infrared photons as these have energies
of a few tenths to a few eV, which is below the n = 2 level. However,
the ground state, n = 1, is split by coupling between the electron and
proton spin resulting in hyperfine structure of 6 µeV corresponding to
λ = 21 cm.

In ionized gas, an electron that recombines with a proton may form a
hydrogen atom in an excited state, n> 1. The electron will then cascade



• Collisional Excitation
- The electron orbital energy of the first excited level ( ),  eV, is 

much greater than the average kinetic energy found in most parts of the ISM 
( ).

- Collisional excitation of a neutral hydrogen cloud is therefore rare. Consequently, 
almost all the atoms lie in the ground state ( ).

- A hydrogen in the ISM will neither absorb nor emit optical and infrared photons as 
these have energies of a few tenths to a few eV.

n = 2 E2 − E1 = 10.2

ΔE/k = 1.2 × 105 K

n = 1
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• Recombination
- In ionized gas, an electron that recombines with a proton may form a hydrogen 

atom in an excited state, .
- The electron will then cascade down the energy ladder, producing a series of 

recombination lines, .

- These processes produce radio or infrared emission at large , to the near-
infrared for  (Paschen series), optical for  (Balmer series), and 
ultraviolet for  (Lyman series).

n > 1

n2 → n1
n1

n1 = 3 n1 = 2
n1 = 1
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• Spectral series of the H atom
- The spectrum of H is divided into a number of series linking different upper levels  

with a single lower level  value. Each series is denoted according to its  value 
and is named after its discoverer.

- Within a given series, individual transitions are labelled by Greek letters.

n2
n1 n1

H-atom Spectra
20

Atomic Hydrogen 29 

Table3.2. Spectral series of the H atom. Each series comprises the transitions 
n2 - n1, where n1 < n2 < oo. 

Range (cm- 1 ) 

n1 Name Symbol Spectral region n2 = n1 + 1 n2 = oo 

1 Lyman Ly ultraviolet 82257 109677 
2 Balmer H visible 15237 27427 
3 Paschen p infrared 5532 12186 
4 Brackett Br infrared 2468 6855 
5 Pfund Pf infrared 1340 4387 
6 Humphreys Hu infrared 808 3047 

according to its n 1 value and is named after its discoverer. Table 3.2 sum-
marises the six main H-atom series. 

The range of each H-atom series is given by the lowest frequency transi-
tion, between the levels n1 and n2 = n1 + 1, n2 = n1 + 2, n2 = n1 + 3 and so 
on up to the series limit, which is given by the transition between n 1 and 
n 2 = oo. As discussed in Sec. 3.8.1, the series limit is not always observable. 
Table 3.2 gives the spectral region in which each series is observed. As the 
Balmer series lies in the visible region, it is particularly easy to observe 
from Earth. As a result, Balmer lines have been particularly important in 
the study of H-atom spectra. 

Within a given series, individual transitions are labelled by Greek 
letters. These letters denote the change in n or D.n. In this notation: 

D.n = 1 is a, 
D.n = 2 is (3, 
D.n = 3 is 'Y, 
D.n = 4 is 8, 
D.n = 5 is 1:. 

Thus Lya is the transition between n 1 = 1 and n 2 = 2, and H"( is that 
between n 1 = 2 and n 2 = 5. Greek letters are usually only used for the 
most important transitions with low D.n. Transitions with high D.n are 
commonly labelled by the number n 2 . Thus, H15 is the Balmer series tran-
sition between n1 = 2 and n2 = 15. 

Atomic Hydrogen 29 

Table3.2. Spectral series of the H atom. Each series comprises the transitions 
n2 - n1, where n1 < n2 < oo. 

Range (cm- 1 ) 

n1 Name Symbol Spectral region n2 = n1 + 1 n2 = oo 

1 Lyman Ly ultraviolet 82257 109677 
2 Balmer H visible 15237 27427 
3 Paschen p infrared 5532 12186 
4 Brackett Br infrared 2468 6855 
5 Pfund Pf infrared 1340 4387 
6 Humphreys Hu infrared 808 3047 

according to its n 1 value and is named after its discoverer. Table 3.2 sum-
marises the six main H-atom series. 

The range of each H-atom series is given by the lowest frequency transi-
tion, between the levels n1 and n2 = n1 + 1, n2 = n1 + 2, n2 = n1 + 3 and so 
on up to the series limit, which is given by the transition between n 1 and 
n 2 = oo. As discussed in Sec. 3.8.1, the series limit is not always observable. 
Table 3.2 gives the spectral region in which each series is observed. As the 
Balmer series lies in the visible region, it is particularly easy to observe 
from Earth. As a result, Balmer lines have been particularly important in 
the study of H-atom spectra. 

Within a given series, individual transitions are labelled by Greek 
letters. These letters denote the change in n or D.n. In this notation: 

D.n = 1 is a, 
D.n = 2 is (3, 
D.n = 3 is 'Y, 
D.n = 4 is 8, 
D.n = 5 is 1:. 

Thus Lya is the transition between n 1 = 1 and n 2 = 2, and H"( is that 
between n 1 = 2 and n 2 = 5. Greek letters are usually only used for the 
most important transitions with low D.n. Transitions with high D.n are 
commonly labelled by the number n 2 . Thus, H15 is the Balmer series tran-
sition between n1 = 2 and n2 = 15. 

�n ⌘ n2 � n1
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Lyman series   : 
Balmer series  : 
Paschen series: 
Brackett series : 

Transitions with high  are labelled by 
the . Thus,  is the Balmer series 
transition between  and .

Lyα, Lyβ, Lyγ, ⋯
Hα, Hβ, Hγ, ⋯
Pα, Pβ, Pγ, ⋯
Brα, Brβ, Brγ, ⋯

Δn
n2 H15

n1 = 2 n2 = 15
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s is the electron spin quantum number. The electron spin angular momen-
tum is given by n[s(s + 1)]½ which, for a one-electron system, equals 
4"n, since an electron always has spin one-half. 

Sz gives the projection of the electron spin angular momentum, given by 
s, along the z-axis of the system. This projection is actually nsz. In 
general, Sz can take (2s + 1) values given by -s , -s + 1, .. . , s - 1, s. 
For a one-electron system, this means Sz can take one of two values: -½ 

1 or +2 . 

The simplest notations for the various states of H is to denote each 
state by its nl quantum numbers. Thus the ground state is denoted ls; the 
first excited states are 2s and 2p; the n = 3 states are 3s, 3p and 3d. (See 
Fig. 3.3.) These notations leave them and Sz quantum numbers unspecified 
since these quantum numbers are really only significant for H in the presence 
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Fig. 3.3. Schematic energy levels of the hydrogen atom with various spectral series 
identified; vertical numbers are wavelengths in A. [Adapt ed from P.W. Merrill, Lines 
of the Chemical Elements in Astronomical Spectra (Carnegie Institute of Washington 
Publications, 1956).] 

Schematic energy levels of the hydrogen atom with various spectral series identified.
The vertical numbers are wavelengths in Å.
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< Quantum Mechanics > — Hydrogen Atom
• Each bound state of the hydrogen atom is characterized by a set of four quantum numbers 

( )
-          : [1] principal quantum number (shell)
-  : [2] orbital angular momentum quantum number (subshell)

‣ By convention, the values of  are usually designated by small letters.

-  : [3] magnetic quantum number
‣ It determines the behavior of the energy levels in the presence of a magnetic field.

‣ This is the projection of the electron orbital angular momentum along the -axis of the system.

• Spin

- The electron possesses an intrinsic, spin angular momentum with the magnitude of .

- There are [4] two spin states, , for  the spin.

• Degeneracy for a given n:

n, l, m, ms

n = 1, 2, 3,⋯
l = 0, 1, 2,⋯, n − 1

l

m = − l, − l + 1,⋯,0,⋯, l − 1, l

z

|s | =
1
2

ms = ± 1
2
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is the electron orbital angular momentum quantum number. The actual 
angular momentum is given by n[l(l + 1)]½. l can take the values 
0, 1, 2, ... , n - 1. By convention, the values of l are usually designated 
by letters (see Table 3.1). 

m is the magnetic quantum number , so called because it determines the 
behaviour of the energy levels in the presence of a magnetic field. mn 
is the projection of the electron orbital angular momentum , given by l , 
along the z-axis of the system. It can take (2l + 1) values -l, -l + 
1, ... , 0, ... , l - 1, l. 

2 
s 1=0 p 1=1 p 1=1 

m=O 

B 
m=O m=1 

0 0 m 
N -2 

d 1=2 d 1=2 d 1=2 
m=O 

~ m= + 
0 

-

-2 
-2 0 -2 0 -2 0 2 

X 

Fig. 3.2. Wavefunctions for the angular motions of the hydrogen atom which are given 
in terms of spherical harmonics , Yi, m(0, </>). Plots are for the x - z plane except for the 
l = 2, m = 2 plot for which the x--y plane is shown. The plots give the absolute value 
of the spherical harmonic as a distance from the origin for each angle; the signs indicate 
the sign of the wavefunction in each region. (S.A. Morgan, private communication.) 

Table 3.1. Letter designations for orbital angular momentum 
quantum number l. 

0 
s 

1 
p 

2 
d 

3 
f 

4 
g 

5 
h 

6 7 
k 

8 
1 

2 ×
n−1

∑
l=0

(2l + 1) = 2n2



Complex Atoms : Electron Configuration
• The configuration is the distribution of electrons of an atom in atomic orbitals. 

- The configuration of an atomic system is defined by specifying the    values of all 
the electron orbitals:   means  electrons in the orbital defined by  and .

- Each orbital labelled  actually consists of orbitals with  different  values, 
each with two possible values of . Thus the  orbital can hold a maximum 

 electrons.

• shells, subshells:
- Principal quantum number = shell: Shells correspond with the principal quantum 

numbers (1, 2, 3, ...). They are labeled alphabetically with letters used in the X-ray 
notation (K, L, M, ...).

- Orbital angular momentum quantum number = subshell: Each shell is composed 
of one or more subshells. The first (K) shell has one subshell, called “1s”; The second 
(L) shell has two subshells, called “2s” and “2p”.

nl
nlx x n l

nl 2l + 1 m
ms nl

2(2l + 1)

24

<latexit sha1_base64="+9iterlJ609hVdPOJOf+8dA+0/A=">AAACD3icbZC7TsMwFIadcivlFmBksahATFXSVoWBoRILY5HoRWrTynGc1qrjRLaDVEV9AxZehYUBhFhZ2XgbnDQDtBzJ1qf/P0f2+d2IUaks69sorK1vbG4Vt0s7u3v7B+bhUUeGscCkjUMWip6LJGGUk7aiipFeJAgKXEa67vQm9bsPREga8ns1i4gToDGnPsVIaWlknttyWIXV7IqGDVhLqZaRN0xsaz7AXqjkyCxbFSsruAp2DmWQV2tkfg28EMcB4QozJGXftiLlJEgoihmZlwaxJBHCUzQmfY0cBUQ6SbbPHJ5pxYN+KPThCmbq74kEBVLOAld3BkhN5LKXiv95/Vj5V05CeRQrwvHiIT9mUIUwDQd6VBCs2EwDwoLqv0I8QQJhpSMs6RDs5ZVXoVOt2I1K/a5ebl7ncRTBCTgFF8AGl6AJbkELtAEGj+AZvII348l4Md6Nj0VrwchnjsGfMj5/ACS0mZ0=</latexit>

1s22s22p63s23p63d10 · · ·



• Atoms contain several sources of angular momentum.
- electron orbital angular momentum  

- electron spin angular momentum     

- nuclear spin angular momentum      
- The nuclear spin arises from the spins of nucleons. Protons and neutrons both have 

an intrinsic spin of a half.

• As in classical mechanics, only the total angular momentum is a conserved 
quantity.
- It is therefore necessary to combine angular momenta together.

• Addition of two angular momenta:
- The orbital and spin angular momenta are added vectorially as  . This gives 

the total electron angular momentum.
- One then combines the total electron and nuclear spin angular momenta to give the 

final angular momentum  .

L
S
I

J = L + S

F = J + I

Angular Momentum Coupling
25



Lifting Degeneracy in Configuration: Angular Momentum Coupling, Terms

• L-S coupling (Russell-Saunders coupling):
- The orbital and spin angular momenta are added separately to give the total orbital angular momentum  and 

the total spin angular momentum .  These are then added to give .

- The configurations split into terms with particular values of  and .

• Adding two Angular Momenta

- Adding vector  and vector  gives a vector , whose length lies in the range

- In quantum mechanics, a similar rule applies except that the results are quantized. The allowed 
values of the quantized angular momentum, , span the range from the sum to the difference of  
and  in steps of one:

- For example, add the two angular momenta  and  together to give . The result is

L
S J

L S

a b c

c a
b

L1 = 2 L2 = 3 L = L1 + L2

26

L = ∑
i

li, S = ∑
i

si → J = L + S

|a − b | ≤ c ≤ a + b Here,  are the lengths of their respective vectors.a, b, c

c = |a−b | c = a+b

c = |a − b | , |a − b | + 1, ⋯ , a + b − 1, a + b

L = 1, 2, 3, 4, 5.



Energy Level Splitting
• Electronic configuration and energy level splitting

- Configurations ⇒ Terms ⇒ Fine Structure (Spin-Orbit Interaction) ⇒  Hyperfine 
Structure (Interaction with Nuclear Spin)

27

26 Atomic structure

where J is the total angular momentum of all electrons
in the atom with multiplicity or degeneracy 2J + 1. The
total J follows the vector sum: for two electrons, the val-
ues of J range from | j1 + j2| to | j1 − j2|. The states are
denoted as ( ji j2)J . For example, for a (pd) configuration
j1(1 ± 1/2) = 1/2, 3/2, and j2(2 ± 1/2) = 3/2, 5/2;
the states are designated as (1/2 3/2)2,1, (1/2 5/2)3,2,
(3/2 3/2)3,2,1,0, (3/2 5/2)4,3,2,1 (note that the total dis-
crete J = 0 – 4). The J -state also includes the parity
and is expressed as Jπ or, more completely, as (2S+1)LπJ .
The latter designation relates the fine-structure level to the
parent L S term. For each L S term there can be several
fine-structure levels. The total angular magnetic quantum
number Jm runs from −J to J .

Fine-structure levels can be further split into hyperfine
structure when nuclear spin I is added vectorially to J to
yield the quantum state J + I = F. Figure 2.2 shows
the schematics of energy levels beginning with a given
electronic configuration.

For cases where L S coupling is increasingly invalid
because of the importance of relativistic effects, but the
departure from pure L S coupling is not too severe and
full consideration of relativistic effects is not necessary,
an intermediate coupling scheme designated as L S J is
employed. (We discuss later the physical approximations
associated with relativistic effects and appropriate cou-
pling schemes.) In intermediate coupling notation, the
angular momenta l and s of an interacting electron are
added to the total orbital and spin angular momenta, J1
of all other electrons in the following manner,

J1 =
∑

i

l i +
∑

i

si , K = J1 + l, J = K + s,

(2.63)

where s = 1/2. The multiplicity is again 2J + 1, and the
total angular magnetic quantum number Jm runs from−J
to J .

L = I1 + I2
S = s1 + s2

{ni Ii}

J = L + S

F = J + I

LS terms LSJ levels

Configuration Term structure Fine structure Hyperfine
structure

FIGURE 2.2 Electronic configuration and energy level splittings.

An important point to note is that the physical exis-
tence of atomic energy states, as given by the number
of total J -states, must remain the same, regardless of
the coupling schemes. Therefore, the total number of J -
levels

(∑
i ji = J or L + S = J

)
is the same in

intermediate coupling or j j-coupling. A general discus-
sion of the relativistic effects and fine structure is given in
Section 2.13

2.8 Hund’s rules

The physical reason for the variations in subshell structure
of the ground configuration of an atom is the electron–
electron interaction. It determines the energies of the
ground and excited states. We need to consider both the
direct and the exchange potentials in calculating these
energies. Before we describe the atomic theory to ascer-
tain these energies, it is useful to state some empirical
rules. The most common is the Hund’s rules that governs
the spin multiplicity (2S + 1), and orbital L and total J
angular momenta, in that order.

The S-rule states that an L S term with the high-
est spin multiplicity (2S + 1) is the lowest in energy.
This rule is related to the exchange effect, whereby
electrons with like spin spatially avoid one another,
and therefore see less electron–electron repulsion (the
exchange potential, like the attractive nuclear potential,
has a negative sign in the Hamiltonian relative to the
direct electron–electron potential, which is positive). For
example, atoms and ions with open subshell np3 ground
configuration (N I, O II, P I, S II) have the ground state
4So, lower than the other terms 2Do, 2Po of the ground
configuration.

The L-rule states that for states of the same spin mul-
tiplicity the one with the larger total L lies lower, again
owing to less electron repulsion for higher orbital angu-
lar momentum electrons that are farther away from the
nucleus. Hence, in the example of np3 above, the 2Do

term lies lower than the 2Po. Another example is the
ground configuration of O III, which is C-like 2p2 with
the three L S terms 3P, 1D, 1S in that energy order. A more
complex example is Fe II, with the ground 3p63d64s and
the first excited 3p63d7 configurations. The L S terms in
energy order within each configuration are 3d64s (6D, 4D)
and 3d7 (4F, 4P). But the two configurations overlap and
the actual observed energies of these four terms lie in the
order 6D, 4F, 4D, 4P.

The J-rule refers to fine-structure levels L + S = J .
For less than half-filled subshells, the lowest J -level lies
lowest, but for more than half-filled subshells it is the
reverse, that is, the highest J -level lies lowest in energy.

[Pradhan & Nahar] Atomic Astrophysics and Spectroscopy



The Fine Structure of Hydrogen
• So far the discussion on H-atom levels has assumed that all states with the same principal 

quantum number, , have the same energy.
- However, this is not correct: inclusion of relativistic (or magnetic) effects split these levels 

according to the total angular momentum quantum number . The splitting is called fine 
structure.

• For hydrogen,

• Spectroscopic notation:

- The above table shows the fine structure levels of the H atom.
- Note that the states with principal quantum number  give rise to three fine-structure levels. In 

spectroscopic notation, these levels are ,  and .

n

J

n = 2
22S1/2 22Po

1/2 22Po
3/2
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S =
1
2

→ J = L ± 1
2

(2S+1)LJ
Note that the levels are called to be 

  singlet  if 2S+1 = 1 

  doublet if 2S+1 = 2 

  triplet    if 2S+1 = 3 

   (when L > 0)

S = 0, J = L
S = 1/2, J = L ± 1/2

S = 1, J = L − 1, L, L + 1



Spectroscopic Notation
• Spectroscopic Notation

- A state with S = 0 is a ‘singlet’ as 2S+1 = 1.

‣  (singlet)
- A state with S = 1/2 is a ‘doublet’ as 2S+1 = 2

‣  (doublet if )
- One with S  = 1 is a ‘triplet’ as 2S+1 = 3

‣  (triplet )

J = L

J = L − 1/2, L + 1/2 L ≥ 1

J = L − 1, L, L + 1 L ≥ 1

29

Electron conÖguration and Spectroscopic notation

Spectral Notation 

25+ 1 = Total Term 5pin Multiplicity: 
5 is vector sum of electron spins (± 1 /2 each) 
Inner full shells sum to 0 

The Number of levels in 
a term is the smaller of 
(25+ 1) or (2L+ 1) 

Electronic Configuration: 
the electrons and their orbitals 
(i.e. 1 s2 2s2 3p 1) 

nsi npi ndk ... 
) 

2.1 Atomic Spectra 21 

Term Parity: 
o for odd, nothing for even 

L = Total Term Orbital 
Angular Momentum: 
Vector sum of contributing 
electron orbitals. 
Inner full shells sum to o. 

/ = Total Level Angular Momentum: 
Vector sum of Land 5 of a particular 
level in a term. 

Fig. 2.4. Spectral notation for an atomic term comprised of one or more levels. 

that they have principal quantum number n, the term is a doublet (although 
in this particular case the lower value of j would be negative, so one of 
the levels of the doublet cannot exist), the orbital angular momentum is 
zero (S state) and the total angular momentum is 1/2. Now consider the 
orbital angular momentum l = 1. The possible levels have j = 1/2,3/2 and 
n = 1,2,3 .... In spectroscopic notation, these will be n 2P1/ 2 or n 2P3/ 2 
levels. Continuing to higher orbital angular momentum, l = 2, j = 3/2,5/2 
and n = 1,2,3 ... , so these are n 2D3/2 or n 2D5/2 levels, and so on to higher 
l states. 

Now, since the Pauli exclusion principle states that no two electrons can 
have identical quantum numbers, then the n = 1 state can be occupied by 
only two electrons (l = O,S= ±1/2). This forms a closed shell of configura-
tion 1s2. The leading number is the shell number, (here the first shell), s 
refers to the angular momentum state of the electrons occupying this shell, 
and the superscript 2 refers to the number of electrons present. Thus the 
electron configuration of the normal state of magnesium (Z = 12) would 
be: 1s22s22p63s2. Ionized magnesium, (Mg+ or MgII), which is isoelectronic 
with sodium and has one optically active electron in its outer shell will have 
the ground state, defined by the electron configuration and the ground term; 
1s22s22p63s2 Sl/2· 

While one optically active electron allows us only one way of forming 
the total angular momentum by combining the spin and the orbital angular 
momentum, with two or more electrons life gets much more complicated. 
Consider the case of two electrons. For light atoms, as first shown by Russell & 
Saunders (1925), the angular momentum vectors are coupled by electrostatic 

n = 1, 2, 3, 4, 5 · · · ! K,L,M,N,O, · · ·
` = 0, 1, 2, 3, 4 · · · ! s, p, d, f, g, · · ·
L = 0, 1, 2, 3, 4 · · · ! S, P,D, F,G, · · ·

<latexit sha1_base64="QwF4AnFVIxYgKCl1j6E9EJRrDic="></latexit>

sharp, principal, diffuse, fundamental,…



• Selection Rules

- Allowed = Electric Dipole : Transitions which satisfy all the above selection rules are referred to as 
allowed transitions. These transitions are strong and have a typical lifetime of  s. Allowed 
transitions are denoted without square brackets.

- Photons do not change spin, so transitions usually occur between terms with the same spin state 
( ). However, relativistic effects mix spin states, particularly for high Z atoms and ions. As a result, 
one can get (weak) spin changing transitions. These are called intercombination (semi-forbidden or 
intersystem) transitions or lines. They have a typical lifetime of  s. An intercombination 
transition is denoted with a single right bracket.

- If any one of the rules 1-4, 6-8 are violated, they are called forbidden transitions or lines. They have a 
typical lifetime of  s. A forbidden transition is denoted with two square brackets.

- Resonance line denotes a dipole-allowed transition arising from the ground state of a particular atom or 
ion.

∼ 10−8

ΔS = 0

∼ 10−3

∼ 1 − 103

Selection Rules
30

e.g., C IV 1548, 1550 Å

(1) one electron jumps
(2) Δn any
(3) Δl = ± 1
(4) parity change
(5) ΔS = 0
(6) ΔL = 0, ± 1 (except L = 0 − 0)
(7) ΔJ = 0, ± 1 (except J = 0 − 0)
(8) ΔF = 0, ± 1 (except F = 0 − 0)

selection rule for configuration

intercombination line if 
only this rule is violated.

It is only rarely necessary to consider this.

Helium Spectra 81 

Table 5.1. Selection rules for atomic spectra. Rules 1, 2 and 3 must always 
be obeyed. For electric dipole transitions, intercombination lines violate 
rule 4 and forbidden lines violate rule 5 and/or 6. Electric quadrupole and 
magnetic dipole transitions are also described as forbidden. 

Electric dipole Electric quadrupole Magnetic dipole 

1. ilJ = 0, ± 1 ilJ = 0, ± 1, ±2 ilJ = 0, ± 1 
Not J = 0- 0 Not J = 0 - 0, ½ - ½, 0 - 1 Not J = 0- 0 

2. ilMJ = 0, ± l ilMJ = 0, ± l, ± 2 ilMJ = 0, ± l 
3. Parity changes Parity unchanged Parity unchanged 
4. ilS = 0 ilS = 0 ilS = 0 
5. One electron jumps One or no electron jumps No electron jumps 

iln any iln any iln = 0 
ill= ±1 ill= 0, ± 2 ill= 0 

6. ilL = 0, ± 1 ilL = 0, ± 1, ± 2 ilL = 0 
Not L = 0- 0 Not L = 0- 0, 0 - l 

Photons do not change spin, so transitions usually occur between terms 
with the same spin state, as expressed by the rule ll.S = 0. However, rela-
tivistic effects mix spin states, particularly for high Z atoms or ions. As a 
result of relativistic effects, one can get (weak) spin changing transitions; 
these are called intercombination lines. Intercombination lines are denoted 
by one square bracket, for example: 

cm] 2s2 1s - 2s2p 3 P 0 at 1908. 7 A. 

This transition is important because the c2+ 2s2p 3P 0 state is metastable, 
i.e. it has no allowed radiative decay so that this transition determines the 
lifetime of this state. Actually, the situation is more subtle than this. The 
3 P 0 term splits into three levels: 3 P0, 3 P1 and 3 P:2- The electric dipole 
intercombination line at 1908.7 A is actually 1S0 - 3P'j'. It has an A value 
of 114 s- 1 . 

The transition 1S0 - 3P~, which occurs at 1906. 7 A, is completely for-
bidden by dipole selection rules as ll.J = 2. It only occurs via a very weak 
magnetic quadrupole transition. The 1906.7 A line is 105 times weaker than 
the already-weak line at 1908. 7 A; it has an A value of 0.0052 s- 1 . These two 
lines can be used to give information on the electron density, as discussed 
in Sec. 7.1. Finally, the transition 1S0 - 3P0 is a J = 0-0 transition, which 

82 Astronomical Spectroscopy (Third Edition) 

is completely forbidden by both dipole and quadrupole selection rules. This 
transition is not observed. 

Electric dipole transitions which violate the propensity rules 5 and/ or 6 
are called forbidden transitions. These are labelled by square brackets. For 
example, 

1906.7 A [Cm] 2s2 1S0 -2s2p 3P~, 

322.57 A [Cm] 2s2 1So-2p3s 1Pr 
are both forbidden lines of c2+. The former is a magnetic transition while 
the latter is an electric dipole transition involving the movement of two 
electrons. Forbidden transitions are generally weaker than intercombination 
lines. 

It is also possible to get transitions driven by higher electric multi-
poles or magnetic moments. The only important ones of these are electric 
quadrupole and magnetic dipole transitions. The selection rules for these 
transitions are also given in Table 5.1. Even when all the rules are satisfied, 
electric quadrupole and magnetic dipole transitions are both much weaker 
than the allowed electric dipole transitions. They are thus also referred to 
as forbidden transitions. 

Typical lifetimes, that is inverse Einstein A coefficients, for allowed 
decays via each mechanism are 

Tdipole ~ 10- 8s, Tmagnetic ~ 10- 3s, Tquadrupole ~ ls. 
These timescales mean that states only decay by forbidden transitions when 
there are no decay routes via allowed transitions. 

Finally, it should be noted that even the rigorous selection rules given 
above can be modified when nuclear spin effects are taken into considera-
tion. These result in rigorous selection rules for electric dipole transitions 
based on the final angular momentum. In particular: 

l:l.F must be O or ± 1 with F = 0 +-+ 0 forbidden. 

It is only very rarely necessary to consider this. 

5.3. Observing Forbidden Lines 

States decaying only via forbidden lines live for a long time on an atomic, 
if not an astronomical, timescale. Such states are called metastable states. 

( )ΔS = 1

( , )ΔS = 1 ΔJ = 2



Forbidden Lines
• Forbidden lines are often difficult to study in the laboratory as collision-free 

conditions are needed to observe metastable states.
- In this context, it must be remembered that laboratory ultrahigh vacuums are 

significantly denser than so-called dense interstellar molecular clouds.
- Even in the best vacuum on Earth, frequent collisions knock the electrons out 

of these orbits (metastable states) before they have a chance to emit the 
forbidden lines.

- In astrophysics, low density environments are common. In these environments, the 
time between collisions is very long and an atom in an excited state has enough time 
to radiate even when it is metastable.

- Forbidden lines of nitrogen ([N II] at 654.8 and 658.4 nm), sulfur ([S II] at 671.6 and 
673.1 nm), and oxygen ([O II] at 372.7 nm, and [O III] at 495.9 and 500.7 nm) are 
commonly observed in astrophysical plasmas.

- The forbidden 21-cm hydrogen line is particularly important for radio 
astronomy as it allows very cold neutral hydrogen gas to be seen.

- Since metastable states are rather common, forbidden transitions account for a 
significant percentage of the photons emitted by the ultra-low density gas in Universe.

- Forbidden lines can account for up to 90% of the total visual brightness of 
objects such as emission nebulae.
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Forbidden Emission vs. Collisional Deexcitation
32
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Notations
• Notations for Spectral Emission Lines and for Ions

- There is a considerable confusion about the difference between these two ways of 
referring to a spectrum or ion, for example, C III or C+2. These have very definite 
different physical meanings. However, in many cases, they are used interchangeably.

- C+2 is a baryon and C III is a set of photons.
- C+2 refers to carbon with two electrons removed, so that is doubly ionized, with a 

net charge of +2.
- C III is the spectrum produced by carbon with two electrons removed. The C III 

spectrum will be produced by impact excitation of C+2 or by recombination of C+3. So, 
depending on how the spectrum is formed. C III may be emitted by C+2 or C+3.

- There is no ambiguity in absorption line studies - only C+2 can produce a C III 
absorption line. This had caused many people to think that C III refers to the matter 
rather than the spectrum.

- But this notation is ambiguous in the case of emission lines.

33

C+2 + e� ! C+2⇤ + e� ! C+2 + e� + h⌫
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• Hyperfine Structure in the H atom
- Coupling the nuclear spin    to the total electron angular momentum    gives the final angular 

momentum  . For hydrogen this means
I J

F

Hydrogen Atom : Fine & Hyperfine Structures
34

F = J + I = J ± 1

2
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[Kwok] Physics and Chemistry of the ISM, [Bernath] Spectra of atoms and Molecules



• 5 & 8 electrons
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forbidden
lines

Upward heavy: allowed, Upward Dashed: intercombination, Downward solid: forbidden

[Draine] Physics of the Interstellar and Intergalactic Medium
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Multiphase ISM
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Five Phases of the ISM
Molecular clouds

- H2 is the dominant form of molecules.
- Number density ~ 106 cm-3 in the molecular cloud cores, which are self-gravitating and form stars. (Note that 

106 cm-3 is comparable to the density in the most effective cryo-pumped vacuum chambers in laboratories.)
- How to observe: for instance, 2.6, 1.3 and 0.9 mm (115, 230 and 345 GHz) emission lines from CO.

Cold neutral medium (CNM) ( )
- The dominant form of CNM is H I (atomic hydrogen).
- The CNM is distributed in sheets and filaments occupying ~1% of the ISM volume.
- How to observe: UV and optical absorption lines in the spectra of background stars and quasars.

Warm neutral medium (WNM) ( )
- Its dominant form is H I (atomic hydrogen).
- A leading method of observing the WNM is using 21 cm emission.

Warm ionized medium (WIM) or Diffuse ionized gas (DIG) ( )
- The dominant form is H II (ionized hydrogen or proton).
- The WIM is primarily photoionized by O- and B- type stars.
- Observed using Balmer emission lines (H𝛼).

Hot ionized medium (HIM) or coronal gas ( )
- The HIM is primarily heated by supernovae.
- HIM occupies ~ half of the ISM volume, but provides only 0.2% of the ISM mass.
- soft X-ray emission. O VI, N V, and C IV emission or absorption lines in the spectra of background stars.

T ∼ 102 K

T ∼ 5 × 103 K

T ∼ 104 K

T ≳ 105.5 K
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5 

Table 1.1: Five phases of the ISM 

Name T (K) nH(cm- 3 ) Mass fraction Volume fraction 
Molecular Clouds 20 > 100 35% 0.1% 

Cold Neutral Medium 100 30 35% 1% 
Warm Neutral Medium 5000 0.6 25% 40% 
Warm Ionized Medium 104 0.3 3% 10% 

Hot Ionized Medium 106 0.004 0.2% 50% 

Table 1.2: Most abundant elements in the local ISM [Asplund et al. 2009] 

Abundance Atomic 1st ionization 
Element (ppm) number energy (eV) 

hydrogen (H) 911,900 1 13.60 
helium (He) 87,100 2 24.59 
oxygen (0) 490 8 13.62 
carbon (C) 270 6 11.26 
neon (Ne) 85 10 21.56 

nitrogen (N) 68 7 14.53 
magnesium (Mg) 40 12 7.65 

silicon (Si) 32 14 8.15 
iron (Fe) 32 26 7.90 
sulfur (S) 13 16 10.36 

formed 4.56 billion years ago. Thus, they represent a dip into the interstellar 
medium at a particular location at a particular moment in time. 

Molecular clouds have H2 as their dominant form of hydrogen. The densest 
portions of molecular clouds, where the number density can be as high as about 
106 cm- 3 , are self-gravitating regions where stars can form. Although molecular 
clouds occupy a minuscule fraction of the ISM's volume, their relatively high 
density means they contribute at least a third of the ISM's mass. A leading 
method of observing molecular clouds is by looking for millimeter-wavelength 
emission from small molecules such as carbon monoxide. 

The cold neutral medium ( CNM) has atomic hydrogen, or H 1, as its domi-
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PLATE 3. a: All-sky map of H I 21 cm line intensity from the LAB survey (Kalberla et al.
2005), with angular resolution ∼0.6◦. Scale gives log10 N(H I)(cm−2). The LMC and SMC
are visible (cf. Plate 1), with a connecting H I “bridge.” Image courtesy of P. Kalberla. b: Hα
from Finkbeiner (2003). Many bubble-like ionized structures are apparent, including the Orion
Nebula and Barnard’s Loop near (", b) ≈ (209◦,−19◦); the Gum nebula (256◦,−9◦); and
the ζ Oph H II region (6◦, 23◦). Image courtesy of D. Finkbeiner. c: [C II]158µm from
Fixsen et al. (1999), reproduced by permission of the AAS. The map is smoothed to 10◦

resolution. Black stripes are unobserved regions. Scalebar shows [C II]158µm intensity in
nWm−2 sr−1.

Color Plates · Plate 1 405

Plate 1. The galaxy M 51 (NGC 5195)

This image results from the combination of images in the B band (blue) and in the V band
(green) with a monochromatic image in the Hα line (red). It was obtained with the 12K CCD
camera at the Canada-France-Hawaii (CFHT) telescope. The spiral arms of this galaxy are
particularly evident and result from the gravitational action of the companion NGC 5194,
located to the North. They correspond to the compression zones of the interstellar matter.
Absorption due to interstellar dust is clearly visible along the arms, but also elsewhere, in
particular in the companion. The many H ii regions visible in the Hα line are preferentially
located along the arms, on the convex side of the dust band. The arms sweep up interstellar
matter which enters through the concave side. This matter is then compressed and forms
massive stars which appear on the convex side and ionize the gas.

In this plate and all others, with a few exceptions which are indicated in the corresponding
caption, North is to the top and East to the left. (Courtesy Jean-Charles Cuillandre, CFHT)

M51 (NGC5195)
Plate 1 [Lequeux]

B band - blue
V band - green
Hɑ - red (DIG)

DIG: M 51 (Seon 2009)

1.2 Approaching Equilibrium 15 

Figure 1.9: An all-sky map of Ha(,\= 6563A) emission. Intensity is plotted on 
a log scale from 0.03 Rayleighs to 160 Rayleighs. [LAMBDA, D. Finkbeiner] 

a "billiard ball" with a radius r ~ 3a0, where a0 5.29 x 10- 9 cm is the Bohr 
radius. Thus, two identical atoms will collide when their nuclei are separated by 
a distanced 2r, leading to a cross section for interactions CJ~ n(2r )2 ~ l00a~ ~ 
3 x 10- 15 cm 2 . Thus, in air at sea level, where the number density of molecules 
is n ~ 2.5 x 1019 cm- 3 , the mean free path of a molecule between collisions is 
Amfp ~ 1/(na) ~ 10- 5 cm ~ 0.1 µm. In the cold neutral medium of the ISM, with 
n ~ 30cm- 3 , the mean free path is Amfp ~ 1013 cm ~ lAU. When we deal with a 
volume of gas that is larger than the mean free path Amfp, we characterize that 
volume by its bulk properties, such as density (p), pressure (P), number density 
(n), and temperature (T). 

In order to understand what we mean by a "temperature" when discussing 
the ISM and IGM, we should take one step back and look at the concept of 
equilibrium. In general, the word "equilibrium" means a state of balance. We'll 
be talking a lot about equilibrium systems in this book, so it's important to 
note up front that the ISM and IGM are not in perfect equilibrium. (If they 
were, they'd be boring.) There are times, however, when the assumption of 
some type of equilibrium is a useful approximation. Let's start with kinetic 
equilibrium, then go on to excitation equilibrium, ionization equilibrium, and 
pressure equilibrium. 

A gas is in kinetic equilibrium, sometimes known as thermal equilibrium, 

WIM: All-sky map of H  (6563Å)α

CNM + WNM: All-sky 21 cm map



< Temperature >  - Heating and Cooling in the ISM
• The temperature of the ISM is determined by a balance between 

heating and cooling.
- Each phase has a temperature where the balance is a stable one.

• Definitions
- Heating gain per atom , Cooling loss per atom   in units of erg s-1.

- Volumetric heating rate , Volumetric cooling rate  in units of erg 
cm-3 s-1.

- Cooling function  in units of erg cm3 s-1, which is useful for two-body interactions.

- , where  is the total number density of gas particles.

- Even when only one type of particle is losing energy, the energy loss is shared among 
all the gas particles due to the relatively short thermalization time scale in the ISM.

G L

g = nG ℓ = nL

Λ

ℓ = nL = n2Λ n
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Heating & Cooling in Neutral Medium
• Heating processes

- The primary heating mechanisms of the ISM involve providing free electrons with high 
energies.
Through collisions, the fast free electrons share their kinetic energy with other particles, and 
through further collisions, the distribution of velocities approaches a Maxwellian distribution.

- Source of free electrons
✦ Ionization by cosmic rays
✦ Photoionization of dust grains by starlight UV - the most important one in neutral 

medium.
✦ Photoionization of atoms (H, He, C, Mg, Si, Fe, etc) by X-rays or starlight UV.

- Other heating sources:
✦ Heating by shock waves and other MHD phenomena.

• Cooling processes
- Collisional excited lines ([C II], [O I], Ly⍺, etc)
- Thermal bremsstrahlung
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- Heating & Cooling -
• Heating: Photoelectric heating by dust

- UV and X-ray photons can knock electrons free from dust grains. The ejected 
electrons carry kinetic energy, which can be effective at heating the surrounding gas.

- Photoelectrons emitted by dust grains dominate the heating of the diffuse 
neutral ISM (CNM and WNM) in the Milky Way.

- Photoelectric heating from dust may be an order of magnitude larger than the cosmic 
ray heating rate.

• Cooling: Radiative cooling
- Decreasing the average kinetic energy of particles in the ISM is usually done by 

radiative cooling.
- In the CNM, cooling is performed by infrared photons emitted by carbon and oxygen.

✦ Oxygen is nearly all in the form of neutral O I. (the ionization energy = 13.26 eV)
✦ Carbon will be nearly always in the form of singly ionized C II. (ionization energy = 

11.26 eV).
The background starlight in our galaxy has enough photons in the relevant energy 
range  to keep the C atoms ionized.

- [C II] 158μm (collisionally excited emission line)
- [O I] 63.2μm (collisionally excited emission line)

11.26 eV < hν < 13.60 eV
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Cll 158 µm

Fig. 5.5. CII 158 µm line emission in the Galaxy. The map size is −180◦ to
+180◦ in Galactic Longitude and −60◦ to +60◦ in Galactic Latitude (the same as
the multi-wavelength panoramas in Figure 1.1). The brightness represents the
line intensity and varies from 3 to 200 nW m−2 sr−1. The data are from all-sky
maps created by the Cosmic Microwave Background Explorer.

The energy of a photoelectron is insufficient to excite the first
electronic state of hydrogen at 10.2 eV (see Chapter 3). Thus a HI–e
collision exchanges kinetic energy. Because of the large mass ratio,
many interactions are required for equipartition and interactions with
other species will also occur. The next abundant species are carbon,
nitrogen, and oxygen. Carbon differs from the others in having an
ionization potential, 11.3 eV, below that of hydrogen and can there-
fore be at least partially ionized in HI clouds. Electrostatic attraction
implies that the cross-section for CII–e collisions is relatively large
and, moreover, the CII ground state is split by E0 = 0.008 eV (this
is known as fine structure and is due to relativistic and other corrections
to the Hamiltonian describing the electron orbitals). Because CII is
relatively abundant and readily excited, it siphons off much of the photo-
electron kinetic energy. Indeed, the similarity between the temperature
T0 =E0/k = 92 K and the low end of observed HI temperatures demon-
strates that CII excitation is the dominant cooling mechanism in cold
atomic gas. The resulting line at 158 µm is the strongest far-infrared
line in the Galaxy (Figure 5.5) and an important diagnostic of the ISM
in other galaxies.

Because the collisional timescale is long compared to spontaneous
decay, every collisional excitation produces a radiative de-excitation,
and the total cooling rate of the cloud is proportional to the number
of CII–e collisions. We discuss collisional excitation in detail in the
following chapter on HII regions and here simply state a general
equation for the cooling rate per unit volume,

Cooling = n2
H!0

(
T0

T

)1/2

e−T0/T ≡ n2
H!(T ), (5.19)

where !0 is a constant that depends on the collisional cross-section
and energy of the transition, kT0. The dependence on the square of the

C II 158 𝝻m line emission in the Galaxy. The map size is -180o to 180o in Galactic longitude and -60o 
and 60o in Galactic latitude. The data is from all-sky maps created by the Cosmic Microwave 
Background Explorer.

[Fig. 5.5. Introduction to the Interstellar Medium, J. P. Williams]



Two-Phase Model & Three-Phase Model

- In the 1970s, detection of a diffuse soft X-ray background and of 
emission lines such as O VI 1032, 1038Å hinted at the existence 
of interstellar gas with T ~ 106 K. In fact, the Sun resides in a 
“Local Bubble” of hot gas, with T ~ 106 K and n ~ 0.004 cm-3.

- Cox & Smith (1974) suggested that supernova remnants could 
produce a bubbly hot phase, and that the bubbles blown by 
supernovae would occupy a large volume fraction of the ISM.

- A superbubble or supershell is a cavity which is ~100 pc 
across and is populated with hot (106 K) gas atoms, less dense 
than the surrounding ISM, blown against that medium and 
carved out by multiple supernovae and stellar winds.
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- As a result of stability analysis, Field, Goldsmith, and Habing (1969) created a two-phase 
model of the ISM, consisting of Cold Neutral Clouds, with n ~ 10 cm-3 and T ~ 100 K, 
embedded within a Warm Intercloud Medium, with n ~ 0.1 cm-3 and T ~ 10,000 K.

✦ They were unaware of the role played by dust in heating the ISM, assumed that 
collisional ionization by cosmic rays provided the heating.

✦ FGH (1969) advocated a two-phase model. However, they also speculated “an existence 
of a third stable phase at T > 106 K, with bremsstrahlung the chief cooling process.”



McKee & Ostriker’s Three-Phase Model
• McKee & Ostriker (1977)

- They made a more elaborate argument for three phases within the ISM.

- Cold Neutral Medium, with , , and a low fractional ionization 
.

- Warm Medium, containing both ionized and neutral components,  and 
, the ionization fraction ranging from  in the neutral component (WNM) to 

 in the ionized component (WIM).

- Hot Ionized Medium, consisting of the overlapping supernova bubbles, with  and 
, and  (nearly complete ionization).

• However, in many ways, the ISM is a dynamic, turbulent, dusty, magnetized 
place.

T ∼ 80 K n ∼ 40 cm−3

x = ne/n ≲ 0.001
T ∼ 8000 K

n ∼ 0.3 cm−3 x ∼ 0.02
x ∼ 0.15

T ∼ 106 K
n ∼ 0.002 cm−3 x ∼ 1
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Figure 1.13: A cartoon from the McKee & Ostriker paper on the third phase. The 
left panel shows a typical cold neutral cloud, surrounded by the warm medium 
(both neutral and ionized). The right panel shows and expanding supernova 
blast wave overtaking a population of cold clouds. 

the Sun resides in the midst of a "Local Bubble" of hot gas, with T ~ 106 K and 
n ~ 0.004cm- 3 • Cox & Smith, in 1974, suggested that supernova remnants could 
produce a bubbly hot phase, with T ~ 106 K, and that the bubbles blown by 
supernovae would have a porosity factor 

(1.33) 

where rsN is the supernova rate per unit volume, and the porosity factor q is 
essentially the fraction of the ISM volume occupied by hot bubbles. The range 
0.1 < q < 0.5 is the most topologically interesting range, in which the expanding 
SN remnants join to form clusters and elongated tunnels of hot gas. 

McKee and Ostriker, in what is usually thought of as the "third phase" 
paper, made a more elaborate argument for three phases within the ISM. Their 
first phase is the Cold Neutral Medium, with T ~ BOK, n ~ 40cm-3, and a 
low fractional ionization x = nel n ~ 0.001. Their second phase is the Warm 
Medium, containing both ionized and neutral components; in the Warm Medium, 
T ~ 8000K and n ~ 0.3cm- 3 , with the ionization fraction ranging from x ~ 0.15 
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Atomic Gas / Hydrogen Gas

45



Hydrogen Gas - 21 cm hyperfine line
• The CNM and WNM, taken together, provide over half the mass of the ISM.

- Hydrogen is the most abundant element in the universe. In the CNM and WNM, most 
of the hydrogen is in the form of neutral atoms.

- The Ly𝛼 line of hydrogen provides a useful probe of the properties of the CNM 
and WNM.
However, at its wavelength the Earth’s atmosphere is highly opaque, and thus 
observing Ly𝛼 absorption requires orbiting UV satellites. In addition, Ly𝛼 can be seen 
in absorption only along those lines of sight toward sources with a high UV flux.

- Fortunately, H I can still be detected through the hyperfine splitting of the ground 
electronic state.

- Such a way was first found in 1944, by Henk van de Hulst.
‣ He attempted to find emission lines at the wavelengths ~ 1 cm to 20 m, at which the Earth’s 

atmosphere is transparent. He then realized that the hyperfine structure line resulting from a 
flip of the electron spin within a hydrogen atom should have a wavelength of 21 cm.

‣ This was confirmed by Harold Ewen and Edward Purcell in 1951, when they first detected 
21 cm emission from the Milky Way.
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Hyperfine splitting of the 1s ground state of atomic H
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Difference between Ly𝛼 and 21 cm transitions
• The excitation energy for Ly𝛼 (E = 10.2 eV, E/k = 118,000 K) is much higher than the kinetic 

temperature of the neutral ISM.

- Collisional excitation is unimportant, and most hydrogen atoms are in the lower level of the Ly𝛼 
transition.

- The Ly𝛼 has a higher energy by a factor of 1.7x106 than the 21 cm.

• The excitation energy for 21 cm is ~ 5.9 μeV, and its equivalent temperature E/k = 0.068 K is 
much lower than the temperature of the cosmic microwave background.
- Even the CMB is able to populate the upper level.

- If collisions are frequent, then the spin temperature ( ) will be solely determined by 
collisions, and thus will be a good tracer of the gas kinetic temperature.

- Thus, there is ample opportunity to populate the upper energy level of the 21 cm hyperfine 
transition. The level populations for the 21 cm levels, since                             in all circumstances of 
the ISM.

Texc
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- Radio astronomers use the term spin temperature  for 21 cm rather than the “excitation 
temperature.”
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• Typical optical depths of the 21-cm line:

- In the CNM, a typical spin temperature  is                                :

The CNM is in general optically thin, but show significant absorption.
- In the WNM, a typical spin temperature is                                      :

The 21-cm absorption is negligible in the WNM.

Typical Optical Depths of the 21-cm line
49
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Typical H I column density in our Galaxy
• Column density: an amount of matter per unit of area along a line-of-sight

50

in our Galaxy,
(except for the Lockman hole)

Column density in  Lockman hole

Coordinates:
(l, b) = (149.77, 52.03)
(RA, dec) = (10h45m, +58deg)

Size: ~ 15 square degreesDickey and Lockman 1990

The Lockman hole is an area of the sky 
in which minimal amounts of neutral 
hydrogen gas are observed.
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21 cm emission & absorption lines
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Fig. 5.2. Galactic 21 cm HI
line emission from the HI4PI
survey, covering longitude
40◦ < l < 60◦, latitude
−5◦ < b < 5◦, at a velocity
of 30 km s−1. The inset
shows the mean spectrum of
this region in units of
brightness temperature
versus velocity. The vertical
dotted line shows the
velocity slice shown in the
image.

into masses. This led to an estimate of the total atomic mass (hydrogen
plus helium) in the Galaxy of ∼1010 M$, which is about an order
of magnitude lower than the total mass in stars. The average volume
density can also be inferred from the observed column density once the
size scales are known. It is hard to define the boundaries of intrinsically
nebulous ISM features but the typical densities for atomic clouds range
over nH ∼ 106−8 m−3.

5.3 Temperature
The simplicity of the 21 cm column density calculation is due to the HI
hyperfine states always being in Boltzmann equilibrium. Consequently,
the emission depends only on the amount of neutral hydrogen along the
line of sight and not on how dense or warm it is. So how then can we
measure the temperature of atomic gas?

The answer lies in the inverse temperature dependence of the
opacity (Equation 5.5). Cold gas absorbs more strongly than warm gas,
ultimately due to the stimulated emission term B21 in Equation 3.17.
We therefore need to consider line absorption. The simplest geometry is
shown in Figure 5.3 where two neighboring lines of sight pass through
an HI cloud with a uniform kinetic temperature TH and optical depth
τ . The first line of sight measures cloud emission only. Dropping
the ν dependence for clarity and using the definition of brightness
temperature in the Rayleigh–Jeans formulation for the radiative transfer
(Equations 5.3, 5.8), we have

TB,1 = TH (1 − e−τ ). (5.10)

48 Atomic Regions

Fig. 5.3. Schematic of an
absorption experiment to
measure the temperature of
an atomic cloud. The !rst
line of sight measures the
emission from the cloud
only, illustrated by the
spectrum in the top left. The
second line of sight contains
a background source with
continuum temperature Tc.
The difference between the
two lines of sight reveals a
dip in the continuum
emission due to absorption
by the cloud, illustrated by
the spectrum in the bottom
right.
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However, the second line of sight includes an additional component,
with brightness temperature Tc, from the background source,

TB,2 = TH (1 − e−τ ) + Tce
−τ . (5.11)

The background source is typically a quasar that emits over a
continuum so Tc can be measured at neighboring frequencies away from
the HI line. Thus the two equations can be solved to determine the two
unknowns,

τ = ln
(

Tc

TB,2 − TB,1

)
,

TH = TB,1

1 − e−τ
.

(5.12)

Just as the emission is a spectral feature that encodes information
about the HI velocities, so is the optical depth, as shown schematically
by the insets in Figure 5.3. The difference between the two lines of sight
(in practice this is most accurately measured using an interferometer)
dips below the continuum level at the velocities where the HI absorbs.

Actual data are, of course, more complicated. An example is shown
in Figure 5.4. The emission is broad and approximately Gaussian in
shape but we see several distinct absorption features. The narrowness of
the absorption lines compared to the broadness of the emission profile
is due to the greater absorbing efficiency of cold gas. The multiple
features show that there are several distinct components, with different
temperatures, along the line of sight.

This non-uniformity complicates the interpretation of the
temperature measurement described above. We can readily generalize

Galactic 21 cm H I line emission from the HI4PI 
survey.

The inset shows the mean spectrum of this region 
in units of brightness temperature versus velocity.

The vertical dotted line shows the velocity slice 
shown in the image.

Schematic of an absorption experiment to measure the 
temperature of an atomic cloud.

The first line of sight measures the emission from the 
cloud only.
The second line of sight contains a background source 
with continuum (brightness) temperature .

The difference between the two lines of sight reveals a 
dip in the continuum due to absorption by the cloud.

Tc

[Introduction to Interstellar Medium, J.P. Williams]



Homework (due date: 09/15)
[Q1] Optical Depth

a. Suppose spherical dust grains have a radius  cm and individual 
mass density . What is their ‘geometric’ cross section , 
mass , and associated opacity coefficient ?

b. If the number density of these grains is , what is the mass 
density of dust  and the mean free path  for light?

c. What is the optical depth at a physical depth 1 m of such dust absorbers

d. What fraction of impinging intensity  reaches this depth?

r = 0.1
ρgrain = 1 g cm−3 σ

m κ

ndust = 1 cm−3

ρdust ℓmfp

I0
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Homework (due date: 09/15)
[Q2] Consider an (isotropically emitting) star of uniform intensity   at the 
surface. Show that the flux at the surface is

[Q3] (a) The specific intensity at the surface of a star is, to first order, a 
blackbody. For a given effective temperature,  ,  and stellar radius,  , what 
is its bolometric luminosity?

(b) Look up values for these parameters and calculate this formula for the Sun.
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F⌫ =

Z
I⌫ cos ✓d⌦ = ⇡B

[reference] Radiative Processes in Astrophysics (Rybicki & Lightman)


